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CERTAIN EXACT COMPLEXES ASSOCIATED TO
THE PIERI TYPE SKEW YOUNG DIAGRAMS

Yoo Bong CHUN AND Hyoung J. Ko

1. Introduction

The characteristic free representation theory of the general linear
group has found a wide range of applications, ranging from the theory
of free resolutions to the symmetric function theory. Representation
theory is used to facilitate the calculation of explicit free resolutions
of large classes of ideals (and modules). Recently, K. Akin and D. A.
Buchsbaum [2] realized the Jacobi-Trudi identity for a Schur function
as a resolution of GL,-modules. Over a field of characteristic zero, it
was observed by A. Lascoux [6]. T. Jézefiak and J. Weyman [5] used the
Koszul complex to realize a formula of D. E. Littlewood as a resolution
of Schur modules. This leads us to further study resolutions of Schur
modules of a particular form.

In this article we will describe some new classes of finite free resolu-
tions associated to the Pieri type skew Young diagrams. As a special
case of these finite free resolutions we obtain the generalized Koszul
complex constructed in [1].

In section 2 we review some of the basic definitions and properties
of Schur modules that we shall use.

In section 3 we describe certain exact complexes associated to the
Pieri type skew partitions.

Throughout this article, unless otherwise specified, R is a commuta-
tive ring with an identity element and a mudule F is a finitely generated
free R-module.
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2. Schur modules

In this section we review some of the basic facts in the characteristic
free representation theory of GL,. For detailed definitions of the terms
and complete proofs of the propositions, we refer to [2] and [3].

A partition is any finite sequence A = (A1, A2, -+ , A;) of nonnegative
integers in nonincreasing order A\; > Ay > --- > A,. The length of the
partition A is the number of positive terms in the sequence, and the
weight of a partition A is the sum of the terms of A. It is often convenient
not to distinguish between (Aj, A2, -+, A;) and (A1, A2,---,A.,0). If
A = (A1, A2, -, A;) is a partition, we sometimes write A = (h{’, h{“, cee)
where exactly f; of the A; are equal to A;.

The partition y is contained in the patition A(u C A) if y; < A; for all
t. Given a pair (A, i) of partitions such that ¢ C A, a relative sequence
(A& — g1, A2 — o, -+ ) is called a skew partition and is denoted by
A/p. Observe that any partition A can be regarded as a skew partition
(0,0, ).

The diagram, or shape, of a skew partition A/y = (A1, -, Ar)/(pa,
“++, fir), denoted by Vy,,, may be formally defined as the set of points
(1,7) € Z x Z such that p; +1 < 37 < A fori = 1,---,r. We use
the ordering of the pairs (z,7) that we use for matrices. That is, the
’s increase downward and the j's increase from left to right. Thus, if
A =(4,4,3,2) and p = (2,1,0), then V,,, is usually depicted as

where each box represents an ordered pair (2, 7).

DEFINITION 2.1. Let F be a finitely generated free R-module and

k a nonnegative integer. We denote the k'" exterior and symmetric
modules of F by A*F and S F, respectively. Further, we define AF =
LEE AFF and SF = k@ SiF. Then they become Hopf algebras with
;>0 ;>0
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multiplications m and the comultiplications A. (m is defined as usual,
and A is induced by the diagonalization. Note that A*F and SiF
are ploynomial GL(F)-modules ; moreover m and A are morphisms of

GL(F)-modules.)

Suppose now that A = (a;;) is an r x p shape matrix, that is, all of
its entries are either 0 or 1. Foreach 7z = 1,--- ,r, let a; = Z?zl a;;j and
r

for each j = 1,--- ,p, let b; = >"._; ai;j. Then for a free R-module F'
we cah define the map

da(F):A"F@ - QAF — S5, F@--- @ 5, F
to be the composite

AMF@--QAYF
————»(Aa“F®--.@AGIPF)@)---®(A“”F®---®Aa'PF)
X (AF@- @AMF)® - @ (AFQ @A F)
2 (50, F® ©5,F)®  ®(5,,F® - ®8,,,F)
— Sy, F®-- @S, F

where the first map is comultiplication, the second is the isomorphism
rearranging terms, the third is the isomorphism identifying A% F' with
Sa;; F(for a;; = 0 or 1), and the last map is multiplication. The map
da(F) is called the Schur map on F associated to the matrix A.

Now let A/u be a skew partition, and let Ay, be the 7 x Ay shape
matrix whose entries a,; are defined as follows: a;; = 1if p;+1 < 5 < Ay,
and a;; = 0 otherwise. Then the map da,,, (F) is called the Schur map
on F of shape A/pu. (One usually write dy;,(F) in place of da,,, (F).)

DEFINITION 2.2. The image of da(F'), denoted by L4F, is called
the Schur mudule on F associated to the shape matrix A. When A is
the shape matrix of a skew partition A/u, we write L/, F instead of
LaF. (When R is a field of characteristic zero, LxF is an irreducible
homogenious polynomial GL(F')-module of degree |A| corresponding to
the partition A.)

Notice that if u = (0), then Vy,, = V, and we may write LyF and
da(F) for Ly;, F and dy;,(F). Also notice that if A is a partition, and
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if we denote by :\j the number of boxes in the j** column of Vy, then
the sequence A = (:\1 A, ) is also a partition, called the transpose of
the partition A. Thus, letting Ay, denote the matrix described above,
we see that the integers b; associated to A,/, are simply :\j — fij, SO
that the map dy/,(F) is a map from AM™MF @ .- @ A "#F to
S F@-- 0 S;\p_ﬁpF where p = A;. This is usually abbreviated to
dru(F) s AsjuF — S35 F.

Two shape matrices A and B are said to be equivalent if one can be
transformed into the other by permutations of its rows and columns. It
is proved in [2] that if A and B are equivalent then the Schur modules
LaF and LpF are naturally isomorphic.

PROPOSITION 2.3 [3, THEOREM [1.2.16]. For any R, F and A/,
Ly, F is a universally free R-module.

DEFINITION 2.4. When pi1,p; and k are positive integers such that
k < p2, we have the GL(F)-morphisms

l‘am

AP R @ APk p A0 Amip o ARE @ AP2 kR 12T AP P @ AP R

This composite map will be denoted by Oi(F") or [Ji.
Similarly when a = (a;,--- ,a,) is a sequence of positive integers, we

define a GL(F)-morphism as

—lait:
}: Z AMF Q- @A HFg A+ PR ... AYF

r—123i41
l}j 3180180181
i=1 k=1

ANF=AMFg. - -QA¥F

and denote it by [, (F') or O,.

PRroOPOSITION 2.5 [3, THEOREM I1.2.16). For any skew partition
A/p, the following sequence of GL(F')-morphisms is exact:

dyy,(F)
0 — Im(Ox/u(F)) — A/ F — Ly F— 0.
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DEFINITION 2.6. Let V,,, be the diagram associated to the skew

partition A\/p = (A1,--- ,Ar)/(p1,-- ,¢#r) and n a positive integer.
Then a tableau of shape A/u with values in the set {1,2,--- ,n} is
a function from Vy,, to {1,2,--- ,n}. The set of all such tableaux is

denoted by Taby;,{1,2,--- ,n}. Further, a tableau T is said to be stan-
dard if the following two conditions are satisfied:

(I) T(e,7) < T(:,7 + 1) whenever (7,7) and (¢, + 1) are both in

Viasu
(II) T(z/,'J) < T(:+1,7) whenever (z,7) and (¢ + 1,7) are both in
Va/u
Moreover let {e;, - ,e,} be a free basis of F. For a tableau T con-
tained in Taby;, {1, -+ ,n},er is defined to be an element of Ay, F as

follows:
€T = erm+n) N Aeraa @ @ eriru,-1) N N ET(r A

PROPOSITION 2.7 [3, THEOREM [1.2.16]. For any R, F and A/p,
the following set becomes an R-basis of Ly, F:

{dx;u(F)(eT)|T is a standard tableau contained in Taby;, {1, -, n}}.

Now let & = (A1, A2)/(p1, p2) and B = (M +1,A2)/(p1 +1, u2) be the
two-rowed skew partitions. Observing that «; = A; — p; = 3i(1 = 1,2)
we have the equalities A FRQA®F = AM~MFRAM M F = ANFg
AP2F. Then the identity map A®* F @ A" F — A®'F ® A°*F on the
generators induces a natural surjection v : Lgl" — L,F. Next we
recall from [2] that the kernel of v is the image of the composite map

AMmrH R g At p Drsett g p o s p ) e
and the image of the composite is exactly the Schur module L. F, where
v = (A — p2+ 1,22 — p1 — 1). In fact, it is proved as a part of the
existence of the fundamental exact sequenece of Schur modules in [2]
that there is a short exact sequence:

00— L,F X, LgF LA L, F — 0.

In general, we have
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PROPOSITION 2.8 [2]). Let a = (A1, -+, Ar)/(pt1, -+ , ftr) be a skew
partition. Then

(a) If r = 2, then there exists a short exact sequence of Schur
modules

0— L(/\l-—ﬂ2+1,/\2~ul—1)F e L(/\1+1,z\2)/(p1+1,u-_))F = L,F— 0

(b) If r > 2, then there exists a short exact sequence of Schur
modules

0 — LyF 5 LgF -5 LoF — 0

where 8 = (A1, , Ay, Ar = 1) /(p1, -+, pr—1, pbr — 1) and
T = (/\17"' w)‘r‘—]v/\f‘ - 1)/(”1? sHr—2, Hr — 17“7‘—1)‘

3. Certain exact complexes

In this section we describe new classes of finite free resolutions of cer-
tain Schur modules which are related to the Pieri type skew partitions

A/(R) and M/(1%).

For a free R-module F, we have the complex

o Sy FO AP E S S FQAPF L S F@ APV E —
which may be regarded as one of the strands of the Koszul complex
associated to the ideal (21, -+ ,2,)in R[zy, -+, 2y, where n = rnak F.

Recall that the boundary map § : SFQAPF — S F @ AP-IE is

defined as the composite
S,FONFL S FeFo AP ' F ™8 5, FQ AP~IF

and the image of the map & is just L, 4)F. Thus, we may regard the
Koszul complex as a “resolution” of L, 14)F :

00— Sp+q_nF®AnF —_ e — Sq_1F® 1\p+1F
— S FQAPF — LipiF — 0.
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Now let = A/(h) be Pieri type skew partition, and SgF ® Lo F —
L(x10)/(m)F the natural surjection (to be defined shortly). Then we
construct some exact complex

e — q_3F®4Y3 — Sq_2F®_X2 — Sq__lF(X)Xl
— SyF @ LoF — L 10y myF — 0

where X; depends on « in such a way that, when L, F = APF, we have
X; = APT'F.

To facilitate matters, we introduce some notation. If A = (A, -, A7)
is a partition and [ is a nonnegative integer, we shall denote by A+1 the
partition (A\; +1,--- , A, + ). It should be noticed that A + [ is denoted
by the skew partition (A +1,---, A, + 1)/(I""") in [1].

LEMMA 3.1. Let A/(h) = (A1, - ,Ar)/(h) be a Pieri type skew
partition with h < Ay, and A\y = p. Then the Schur map

d () AN " FoAMFg . AN FOFQ---QF
(A19y/ )y (F) ® 1 & ® F®---®

q

— 5

g1 F @55, F 8- 055, FoS;

An 41

F@---9S5 F

is the composite

l®-~_@il®1n

AMTrE @AM ES . OAMFRFE - ®F Ay F @ SgF

dajry(F)®1
=5, F& - ©S;, F®SM+ Fo - ©S5 FoSF
25, FOSFOS;, Fo-aS; F®S/\M Fo . ©S5 F
melQ:. el “
18 si-\ﬂq_l}«"@s;\?_lF@m®5;\h_1F®nh+lF®--~®5APF.

Proof. It follows immediately from the associativity of multiplication
m in the Hopf algebra SF.

Since 1 ®---® 1@ m is surjective, the image of dx;(n)(F)® 1 clearly
gets mapped surjectively onto the image of d(x 12)/(»)(F) and it is this
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surjection of S;F ® Ly F onto L(x19)/ryF which generalizes the
surjection of S, F ® APF onto Loy F.

Now let ! be a positive integer, and let A\/(h) be a Pieri type skew
partition of length 7. Then the Koszul map

§: S FoAHE SimF @ AN R
induces the map

SiFQAM"FQAMF®. ... @ AV F@ AMTIF
XAMTERPQAME R @AM F R SiF @ AMHE
AP QAME . @ AN IR © Sy F @ AMHIR
2 Sk FOANT P AMF @ @AM F g AMTLE

Then we have a canonical map

0: 5k F @ Layiyharir-0)F — SkgtF ® Lagioy, (ht—11-1)-1 F

which is induced, on the generator level, by the map 1 ® é. Indeed, if
TRY1 & - @y, 18 any basis element of S F ® Axyi/(h41m-)F and
Alyr) = X yr, @y, € F@ AMT1F, then the map 8 sends

@ datiynriir-5(F)y1 @ - @ yr) to

Y 2yn ® dapis ot 1y (F) 3 ® - DY,y ® Yr.):

We will now proceed to describe the exact complexes associated to
the Pieri type skew partitions. It is clear that for every positive integer
I, and skew partitions A/(h) and A/(1*) of length -, there are natural
isomorphisms

A1F®LA/(},)F§ L(/\,O)+l/(h+1,l"“)F and
A1F®L/\/(1h)F’£ L(,\’O)+1/(([+1)h‘,r—h)F

because their shapes are equivalent. Thus we have the following results.
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PROPOSITION 3.2. Let ! be any positive integer and A = (A1, -+, Ar)
any partition of length r. Then

(a) Ifh < )i then there is a short exact sequence of Schur modules

0 — Lyjyynstpr-nF == A'F @ Ly F

— Liaay4i—1/(h+1-1,a-1 -1 F — 0.
(b) If h < r, then there is a short exact sequence of Schur modules

00— L,\+l/((’+1)h‘lr—h—1)F ——E—+ A1F® L,\/(lh)F

— Loyy+i-1/en,g-1-m F — 0.

Proof. These are special cases of Proposition 2.8.

THEOREM 3.3. Let F be a free R-module, A\/( k) any Pieri type skew
partition of length r with h < A1, and q a positive integer. Then the
following sequence is exact:

(*)
a
+— S;_2F @ Layoyni2,27-1)F — Sg—1F ® Laj1jh41,17-0F

5 S,F ® Ly F =5 Loy mF — 0.

Proof. Observe that when r = 1, Layiyn+nF = AM~*F so that the
sequence (*) reduces to the Koszul complex in that case.

The proof proceeds by induction on g. The case ¢ = 1 is the special
case of Proposition 3.2 in which ! = 1. Assuming now that the theorem
is true for ¢ and the Pieri type skew partition (A,1)/(h), we consider
the map of complexes
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1®v
S;-1F® A’ F® LyyyF —— S;—1F ® L ny41/(h+1.17-0) F
e éa
1Qv
SFR®F Q@ LynyFF —— S¢F @ Loy ym
@1 J'a
)
Se+1F © LayimF B Ly ietiy mF
0 0

Then it is easy to see that this is indeed a commutative diagram.
The kernels of the maps 1 ® v are, by Proposition 3.2, the modules
S¢—1F ® Lat1j(h+1,i-2)F for | > 0. The induction hypothesis on ¢, and
the acyclicity of the Koszul complex, tell us that the two complexes
above are exact. Then the simple homological argument completes the
proof that () is exact for ¢ + 1.

If we consider the case of h = 0 in Theorem 3.3, then the above
theorem implies the well-known result [1]:

If Fis afree R-module, A is a partition of length r, and q is a positive
integer, then

== S, 2 F© L,\+2/(2r—l)F — Sq_1F®L,\+1/(1r-1)F
— SqF® LyF —» L(,\,lq)F — 0
1s an exact sequence.
Next we describe another class of exact complexes associated to the
second Pieri type skew partition A/(1*) of lengty r.

To do this, we follow the same line of reasoning as that of Theorem 3.3.
We start with the canonical map

0: SirF® LA_{,]/(([_*.])h'lr—h—l)F — Sk+]F® L)‘+1__1/(1h,(;_1)r-h-1)F.
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which, in fact, is induced by the Koszul map
6§ SIFQANTE — St F@AMTEIR

Now using Proposition 3.2(b) and the same argument given in the proof
of Theorem 3.3, we obtain

THEOREM 3.4. Let F be a free R-module, A\/(1*) = (A1, -+, 2)/(1,
-+-,1) any Pieri type skew partition with A\; # 0 and h < r, and q any
positive integer. Then the following sequence is exact:

M Sq_2F®L,\+2/(3h,2r—h—l)F h— Sq——lF‘:@ LA+1/(2h!1r—h—1)F
— S,;F@L)‘/(lh)F — L(,\’lq)/(lh)F — 0.
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