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LOCALLY PRODUCT INDEFINITE
KAEHLERIAN METRICS WITH VANISHING
CONFORMAL CURVATURE TENSOR FIELD

JuNnG-HwaN KwoN AND WoN-Ho Soun

0. Introduction

In 1949, S. Bochner ([2]) has introduced “ Bochner curvature tensor”
on a Kaehlerian manifold analogous to the Weyl conformal curvature
tensor on a Riemannian manifold. In 1990, H. Kitahara, K. Matsuo and
J.S. Pak([3,4]) defined a new tensor field(: conformal curvature tensor
field) on a Hermitian manifold which is conformally invariant and stud-
led some properties of the new tensor field. In 1970, S. Tachibana and
R.C. Liu([5]) studied locally product Kaehlerian metrics with vanish-
ing Bochner curvature tensor. In 1987, R. Aiyama, J.-H. Kwon and H.
Nakagawa([1]) studied several properties of indefinite Kaehlerian man-
ifold.

The purpose of this paper is to study indefinite Kaehlerian metrics
with vanishing conformal curvature tensor field. In the first section, a
brief summary of the complex version of indefinite Kaehlerian manifolds
1s recalled and we introduce the conformal curvature tensor field on an
indefinite Kaehlerian manifold. In section 2, we obtain the theorem for
indefinite Kaehlerian metrics with vanishing conformal curvature tensor
field.

In this paper, the indices 4, B, C, D, ... run over the range {1,...,2n},
the indices a,b, ¢, d, ... run over the range {1,...,n} and a* = n +a, and
%,7,k,1, ... run over the range {1,...,p}, u,v,z,y,... run over the range
{fp+1,..n},*=n+iand z* = n + z.
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1. Indefinite Kaehlerian manifolds

Let M = M! be a complex n—dimensional indefinite Kaehlerian
manifold of index 2s (0 < s < n) with metric

(1.1) ds? = ZgAdeAdzB,

where {z%} is a local complex coordinate and z*  is a conjugate of
2* and gap = €abap, where ¢4 = £1. As the metric is Kaehlerian
we have gap = Ga*b = 0, gab* = gb*a, and (1.1) becomes ds® =
2 Zeaﬁabdz"dzb‘. Moreover, the Christoffel symblos I'*gc vanish ex-
cept % = ¢*? Agpge /0z° and their conjugates. As to the curvature
tensor R4pcp, only the components of the form R%pcgs, R%c+q and
their conjugates can be different form zero, and R%pcq+ = BP“bc/azd‘
hold good. The Ricci tensor Rap satisfies Rqp = Rgepe = 0, Raep =
Rias = Y €cRavbeer and the scalar curvature r is also given by r =
23 eqRaxa.

An indefinite Kaehlerian manifold is called a space of constant holo-
morphic sectional curvature if its curvature tensor satisfies

(12) Rorpear = aebgc(éacébd + 6abécd)a

r .
where @ — ——————— is a constant.

2n(n + 1)
The conformal curvature tensor field By with components Bg g+ pca
of the indefinite Kaehlerian manifold is given by ([3,4])

(1.3)
1
BD,a‘bcd‘ = Rgvbedr — 'T;(gbébdRa‘c + 5c6acRbd‘)
r(n + 2) r
PYCY R 06a06 AN 5(1 6c .
2n?(n + 1)€b€ bd 2n(n + I)EbgC b0cd

First of all, for the indefinite Kaehlerian manifold M the relationship
between the conformal curvature tensor field of M and space of constant
holomorphic sectional curvature is investigated.
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Locally product indefinite Kaehlerian metrics

THEOREM 1.1. Let M be an indefinite Kaehlerian manifold of com-
plex dimension n(n > 2). Then the following assertions are equivalent
to each other:

(1) M has the vanishing conformal curvature tensor field,
(2) M is of constant holomorphic sectional curvature.

proof. Assume that the conformal curvature tensor field By vanishes
indentically, from (1.3), we have

(1.4)
1
Ravpear = ;(Eb&dRa-c + €cbacRbas)

r(n+2)

r
- mebec&cébd + é-r;——,-ebecéab&:d

(n+1)

and using Rg+p = Y €cRavbeer and n > 2, we have

(1.5) Ravb = —ep6ap.
2n

Since (1.5) represents the 1st Chern class, r is constant. Substituting
(1.5) into (1.4), we have

r
Ravpeqe = mgbf:c(éacébd + 6ab6cd)'

Thus M is of constant holomorphic sectional curvature. The converse

is trivial.

2. Locally product indefinite Kaehlerian metrics

Consider a Kaehlerian metric (1.1) of the form
(2.1) ds® = ds,* + ds;?,

where ds;? = 2Zei5ijdzidzj‘ and ds;? = 2 Eezéxydzxdzy‘ are indef-
inite Kaehlerian metrics of dimension p and n — p, respectively. For a
metric of this type, we have

(2.2) Riejrye = 0.
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Now we assume that the conformal curvature tensor field By, with
respect to the metric of the form (2.1) vanishes. Then from (1.3) and
(2.2), it follows that

[ r(n+2) ) o
(2.3) Rie; = (Qn(n ) 3 _p)) €56ij,

and
r(n+2 1
(2.4) Rupe = (zrf(_nﬁ)j - 2—p) €262y,
where r; and 7, denotes the scalar curvature of ds; and ds, respectively.
From (2.3) or (2.4), we have
r(n+2) r s
n(n+1) p (n—p)
On the other hand, (2.3) and By ;s jx;+ = 0 yields

r{n + 2) T2
2.6 Ri«irie = — Sinbs
(2.6) Ikl (2n2(n+1) n(n——p)) Ehe50ikO 1

(2.5)

r
— ik b6k,
+ 2n(n + 1)6J€k 3k
and (2.4) and By ;e yuer = 0 yields
r(n+2) r .
27 r*yuy* — a 9/ N T ubrué v
( ) R Y <2n2(n + 1) np) EyE y

.
LY S
t ontn 1) CvEu Oy Ouy

From (2.6), we have

o r(n+2+np)_ T
Ry = (G ity ) ot

Thus we get
rin+2+np) ny 2ry
n!in+1)  p n(n-p)
From (2.5), (2.8) and r = ry + 7o, we see that r = r; = ro = 0 when
p > 1. Thus, by (2.6) and (2.7), we obtain R« ki« = 0 and Ry yyp» = 0.

Hence we have

(2.8)

28



Locally product indefinite Kaehlerian metrics

THEOREM 2.1. There is no locally product indefinite Kaehlerian
metrics with vanishing conformal curvature tensor field except for flat.

Combining Theorem 1.1 and Theorem 1.2, we obtain

COROLLARY 2.2. There is no locally product indefinite Kaehlerian
metrics with constant holomorphic sectional curvature except for flat.
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