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FUZZY AND LEVEL SUBALGEBRAS
OF BCK(BCI)-ALGEBRAS

S. M・ Hong and Y. B. Jun

The concept of fuzzy sets was introduced by Zadeh in [6]. Das [1] and 
Rosenfeld [5] applied it to the fundamental theory of groups. Ougen 
[4] applied the concept of fuzzy set to BCK-aJgeb호a, and he got some 
results. In this paper, we study fuzzy subalgebras of a BCK(BCI)- 
algebra. We also define level subalgebra and study their properties.

DEFINITION 1. A BCI~algebra is a non-empty set X with a binary 
operation * and a constant 0 satisfying the axioms:

(1) {(H*y)*(z*z)}*(z*#)=Q,
(2) gr * (z * g)} * q = 0,
(3) x * x = 0,
(4) x * y = 0 and g * g = 0 imply that x = y,
(5) 2*0 = 0 implies 난〔at x = 0,

for all 弓 饥 z £ X. If (5) is replaced by 0 * a; = 0, then the algebra is 
called a BCK-algebra.

A non-empty subset A of a BCK(BCI)-algebra X is called a subal­
gebra of X if £ A implies x * y E A,

DEFINITION 2. ([1]). Let X be a set. A fuzzy set in X is a function 
“ ：X [0,1]-

DEFINITION 3. ([4], [5]). Let X be a BCK(BCI)-algebra. A fuzzy 
set /z in X is called a fuzzy subalgebra of X if, for all x,y € A",

产(£ *V)> min(“(z)危(g)).

Lemma 4. ([4]). Let X be a BCK(BCI)-algebra. If : X [0,1] 
is a fuzzy subalgebra of X, then < 卩(0) for all x E X.
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THEOREM 5. Let n be a fuzzy sei in a BCK(BCI)-algebra X. If p 
is a fuzzy subalgebra of X> then the set

A:= (x e X : p(x)/x(0))

is a subalgebra of X.

Proof. Let x^y E A. Then “(s) = “(0) = “(g)・ Since // is a fuzzy 
subalgebra, it follows that

“(％ *y)> m血("(£)/(?/)) = "(0).

On the other hand, by Lemma 4, we have “(⑦ * ?/) < /z(0). Hence 
/z(x * g) = “(0), and x * € A.

THEOREM 6. The intersection of any set of fuzzy^subsdgebra^ of a 
BCK(BCI)-algebra is a fuzzy subalgebra.

Proof. Let ｛织｝ be a family of fuzzy subalgebras of a BCK(BCI)- 
algebra X. Then, for any z"/ € X)

(「％)(£ *y) = inf(/Z£(x ♦ y))
>inf(min(^(a;),//,(?/)))
= min(inf 产 e(x) j 교f 四 (;))

=min((A/it)(x), (A/i,)(y)),

which completes the proof.

REMARK 7. The union of any set of fuzzy subalgebras need not 
be a fuzzy subalgebra. Indeed, if “ and v are fuzzy subalgebras of 
BCK(BCI)-algebra X such that ^(z) > “(g) > v(x') > “(g) for all

C X、then the inequality

(M U ")(£ *y) > min((尹 U ”)(z), (/z U v)(y))

does not hold.
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THEOREM 8. Let X be a BCK(BCI)-algebra, A a subset of X, and 
let // be a fuzzy set in X such that 卩，is into (0,1}, so that 卩 is the 
characteristic function of A. Then 卩 is a fuzzy subalgebra of X if and 
only if A is a subalgebra of X.

Proof. Assume that /i is a fuzzy subalgebra of X. Since 卩，is the 
characteristic function of A, therefore //(x) = 1 = “(g) for all E A. 
모hen

产(Z *，)> min3(:z:),〃(g)) = 1,

and hence * g) = 1. This implies that x * y E A, and that A is 
a subalgebra of X. Conversely, suppose that A is a subalgebra of X. 
Let x^y E X. If G A, then /i(x) = 1 = “(g) and x * y € A. Thus

* y) = 1 = min(^(x), “(g)). If G A* — A, then “(c) = 0 =产(y). 
Thus fi(x * y) > 0 = min(/x(x),/z(y)). If x G A and y £ X — 4, 
then /z(x) = 1 and “(y) = 0. Hence 卩(工 * y) > 0 = min(//(x),//(?/)). 
Smferiy, EX —^4 and y E ^4., we have 卩(工*g、) > 产(?/)).
This completes the proof.

DEFINITION 9. Let X and X1 be BCK(BClJ-algebras. A mapping 
f : X X1 is called a homomorphism if, for any 吗 g € X,

*y) = * f(y).

DEFINITION 10. ([5]). Let / be a mapping defined on a set X. If 
is a fuzzy set in X, then the fuzzy set v in f(X) defined by

z/(g) = sup fi(x)

for all y G f(X) is called the image of 卩，under f. Similarly, if i/ is a 
fuzzy set in /(X), then the fuzzy set “ = 〃 o f in X (i.e., the fuzzy set 
defined by /z(x) = 讥了(£)) for all z G X) is called the preimage of v 
under /.

THEOREM 11. An onto homomorphic preimage of a fuzzy subalge­
bra is a fuzzy subalgebra.

Proof. Let f : X t X，be an onto homomorphism of BCK(BCI)- 
algebras, v a fuzzy subalgebra of X', and 卩，the preimage of v under /.
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Then

卩(z * y) = "(f S *!/))
=Hf(x)* f(y))
> min(〃(f(M)),讥了(g)))
=min(p(3：),P(!/))

for all xyy E X. Hence /x is a fuzzy subalgebra of X.
DEFINITION 12. ([5]). A fuzzy set “ in X has sup property if, for 

any subset 꼬 U X, there exists f0 € T such that

产(to) = sup“(t).
tGT

THEOREM 13. An onto homomorphic image of a fuzzy subalgebra 
with sup property is a fuzzy subalgebra.

Proof. Let / : X —► X，be an onto homomorphism of BCK(BCI)- 
algebras,卩，a fuzzy subalgebra of X with sup property, and v the image 
of 卩，under f. Given x\yr G X，let 如 € yo € be such
that

0(如)=sup “(£), “(血)=sup 卩(t), 
tef-W

respectively. Then

i/(xz * yr) = sup “(z)
zG/_1(x,*y*)

> min(“(£Q)”(gQ))
=min( sup /x(f), sup //(/))

=min(v(x/),i/(yz)).

Hence u is a fuzzy subalgebra of XL

DEFINITION 14 ([1]). Let 卩，be a fuzzy set in a set X. For t G [0,1], 
the set

用：={z e x ： “(z) > t}
is called a level subset of 卩,.

Note that 卩吒 is a subset of X in the ordinary sense. The terminology 
,5level set” was Produced by Zadeh.
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PROPOSITION 15 ([4]). Let X be a BCK(BCI)-algebra and p a 
fuzzy subalgebra of X. Then the level subset 卩七 for t € [0,1], t < 产(0), 
is a subalgebra of X, where ”0” in 产(0) is the constant of X.

PROPOSITION 16 ([4]). Let X be a BCK(BCI)-algebra and let “ 
be a fuzzy set in X such that 卩吒 is a subalgebra of X for all t g [0,1], 
t < “(0). Then 卩 is a fuzzy subalgebra of X,

DEFINITION 17. Let X be a BCK(BCI)-algebra and let /z be a fuzzy 
subalgebra of X. The subalgebras /zt, t 6 [0,1] and t < /z(0), are called 
level subalgebras of “・

Note that if X i옪 a finite BCK(BCI)-algebra, then the number of 
subalgebras of X is finite whereas the number of level subalgebras of 
a fuzzy subalgebra 卩，appears to be infinite. But, since every level 
subalgebra is indeed a subalgebra of X)not all these level subalgebras 
are (fetinct. rfe=next theorem characterises this aspect.

THEOREM 18. Let 卩,be a fuzzy subalgebra of a BCK(BCI)-algebra 
X. Two level subalgebras 卜【，牝"危 (with t초 V 圮 of 卩，are equal if and 
only if there is no x € X such that ij < < t2-

Proof. Assume that = 卩，七? f°r ti < <2 and that there exists 
x E X such that 切 < //(x) < t2< Then /zf2 C Ptr and 卩七丄 丰 户如 
which contradicts the hypothesis. Convers시y suppose that there is 교。 
x £ X such that 切 < M Since h < h, we have 卩也 U 卩址广 Let 
x € “如 Then 产(z) > tj, and hence > <2, because 〃(z) does not 
lie between 切 and t2 - Hence x E 卩，切八 which implies that 〃方 C 卩，* 
This completes the proof.
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