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ON NEW CRITERIA FOR MEROMORPHIC 
P-VALENT CONVEX FUNCTIONS

Nak Eun Cho and Tae Hwa Kim

1. Introduction
Let £卩 denote the class of functions of the form

(1-1) 八 z) = £ + 岩 + … + "냐 t/ + ■••

which are regular in the annulus D = (z ： 0 < |^i < 1}? whexe p 

is a positive integer. The Hadamard product or convolution of two 

functions /, g in will be denoted by f * g. Let

(1-2)

六z) = "貯*缶)，(火力)

_ '/+2P—"(z)V서*一')

-z，"(n+p 一 1)!丿

1 1 (n + p + l)(n +p) 1
=袞 + (n + +------九------- ai/戶 + …

(n + fc + 2p-l)---(n + p) k 
-- 1-------- 77~.3------- ak^p~lz + …，

(R + p)!

where n is any integer greater than —p.

In this paper, among other things, we shall show that a function 

/(2)in，搭 which satisfies one of the conditions 

(L3) Re {溫温爲,-3 + 1)} V 项1 普(z G D),
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where n is any integer greater than —p, is meromorphic p-valent con­

vex in Z>. More precisely, it is proved that for the classes of

functions in satisfying (1.3)

(L4) Jn+p C Jn^.p—i

holds. Since Jo equals (the class of meromorphic ]>valent convex 

functions), the convexity of members of Jn+’一i is a consequence of

(1.4).

REMARK. When p = 1, reduces to the class of meromorphic 

convex functions of Uralegaddi and Ganigi [8].

2. The classes
Now we need the following lemma due to LS. Jack [3].

LEMMA. Letw bernon-constnntTegvdarin U — {2 z \z\ < I}, w(0)= 

0. If |w| attains its maximum value on the cir시。|히 = 厂 V 1 at 而, we 

have ZqW^zq) = kw(zQ) where k is a real number, k >1.

THEOREM 1. Jn-^-p C Jn+p-i for each integer n greater than —p.

Proof. Let f(z) 6 Jn^p- Then

(2.1) 血 (窖二俱1 -(p+l)l< -p上윽.

k J l (。나叮(z)y M J n+p+l

We have to show that (2.1) implies the inequality

(2'2) Re {(歸+，爲' - 3 +1)} < -片늡•

Define w(z) in U = {z : \z\ < 1} by

(23).(。아"))‘ _( +1) (f+丄丄二으

(丿(B+T(z))，(，十丄丿 - n + p +n + pl + u>(^)J '

Clearly w(z) is regular and w(0) = 0. Equation (2.3) may be written 

as

(Qn+p/(z)y _ 7Z + p + (n + 3p)w(z)

‘ ,' 0)n+p-~ (1泓1 + 心)•
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Differentiating^ (2.4) logarithmically, we obtain

(2.5)

z(g 叮(z))〃 妃严+PT 六 z))"

(D-+pf(z)y (加+?-*))，

2pzw\z)

(1 + w(z))(n + p + (赤 + 3p)w(^)) •

From the following identity

(2.6) z(D«+p-V(z)y = (“ +p)Q”+Pf(z) - (n + 2p)D"+pT了(z), 

(2-7)

严+pTf(z))" = (n + p)0)n+叮(»)，— (n + 2p + 1)( 刀‘나 PTJ2))'.

Using the identity (2.7), equaiiDii-(2^5) may be written

(2-8)
(Dn+p+lf(z)y / , n + p

-®乾冷))厂-3 +1)宜

2p + n 1 I" n + p + (n + 3p)w(^)

n + p + 1 n + p + 1 [ 1 + w(z)

2pzw;(z)
*(1 + w(z))(n + p+(n + 3p)w(z)). *

That is,

(2-9)

(Qn+p+lRz))/ n
■7万乔布厂 3 +1)+ + ]

1 1 — w(z) 2pzw\z)
n + p + 1 P1 + w(^) (1 + w(z))(n + p + (n + 3p)w(z))_ '

We claim that |w(^)| < 1 in (7. For otherwise (by Jack's lemma) the호e 

exists Zs \z\ V 1 such that

(2.10) zqw\zq) = kw(zo), 
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where |w(zq)| = 1 and fc > 1. (2.9) in conjuction with (2.10) yields 

(2.11)

(。나깨侦 z。))，…n + p
-酒玷㈤)，- 3 +1)냐打宥车!

= ] ]-p(zo)
n + p + 1 P1 + w(z0)

2pkw(zo)
+ (1 + w(z0))(n + p + (n + 3p)w(z0)).

Thus

(2.12)

J(b+꺼预 zo))， n + p I
「酒珂W ■(p+1)+p^T7TIJ

>-------- 흐---------> 0
-(n + p + l)(2n + 4p) ~

which contradicts (2.1). Hence |w(z)| < 1 in U and from (2.3) it follows 

that _f(z) G

THEOREM 2. Let /(z) Gand for a given integer n > —p and 

c > 0, satisfy the condition

(冲 쩌矗岑*(*)}

v巫二潔帶「功'(心)• 

Then

(214) 代)=爲/\아I糸)出

belongs to Jn+p-i.

Proof. Using the identities 

(2.15) 20)n+pTF(z))' = cpn+p-iy(z)_ (c + P)Dn+p~1 F(z) 

and
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(2.16)

z(Dn+p~1 F(z)y = (n + p)D"+PF(z) - (n + 2p)Dn+p-1F(z), 

the condition (2.13) may be written as 

(2.17)

R J(" P + 1)%摂蔑部-S + P + 1 — c)

瓜］3+p)_(n + p_c)(辭澀絆 F+)

< p(l-2(c + p)(n + p-l))

2(n + p)(c + p) "

We have to prove that (2.17) implies the inequality

(2.18)
f (I严F冷))'. 八 1 n + p-1 Re{ {万帀냐孑 -(P + 1)J < ~P n + p

Define w(z) in U by

(2.19)

g+w

O+p—lf(z)), 以十丿

(n + p-l 1 1 - w(z) 1
=—p \ ------- +-------- z—r ?.

I n + p n + pl + w(z) j

Clearly w(z) is regular and w(0) = 0. The equation (2.19) may be 

written as

(Z)n+PF(z)y = n + p + (n + 3p)u*z)
E 丿 (£>n+p-iF(z))/ _ (n + p)(l + w(z))'

Also from (2.16) we have

(2.21)

z(Dn+p-1F(z)),/ = (n + p)(D"+叩(z))，

一 (n + 2p+l)(」成나t」F(z))'.
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Differentiating (2.20) logarithmically and using the identity (2.21), af­

ter simple computation we obtain

(2.22)

(n+p + l)%£二耶 一 (n + p + i — c)

S"3+P-c)帶榆—-g)
_ p(n +p — 1) p 1 — w(z)

n +p n + p 1 + w(z)

2pzw\z)

(n + p)(l + w(z))(c + (2p + c)w(z)) *

We claim that (w(z)| < 1 in C7. For otherwise (by Jack's lemma) there 

exists z시끼 V 1 such that

(2.23) z()u/(z) = kw(zQ)

where |w(z0)| = 1 and k > 1. Combining (2.22) and (2.23), we obtain

(2.24)

(n + p + 1) %苦:劃郛'- S + P + 1 - c)

(n. + p) - (n + p - c)偌慕棗$)),、 P

_ p(n + p - 1) _ .p l-s(zo)

n+p n + p 1 + w(z0)

________________ 2p%s(zo)_______________

(n + p)(l + w(z0))(c + (2p + c)w(z0))'

Thus

(2.25)

Re ［戻 + P + 1)%嚣京衆％ - (n + p + 1 — c) _ 1

I 3 + p) - (n + P - c)牌爲辭?' J

> 頂 一 2(c + 0)(n+p-l))

~ 2(n 4- p)(c + p) '

which contradicts (2.13). Hence g(z)| < 1 in U and from (2.19) it 

follows that F(z) G

Putting n = —p + 1 in the statement of Theorem 2, we have the 

following
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Corollary. If /(z) e and satisfies

(2.26)
才⑺I p
•尸(z) i〈2(c + ”

then

(2.27) f(z)= 스sj： tc+p_“e)dt

belongs to

Theorem 3. Ifjpz) e Jn+p-1, then

(2.28) "=点［\+2p，f(t)出
-«，V

zn-h2p

belongs to Jn+p.

Proof. For

(2.29) 彩）=号""+1加地

we have

(2.30) cD“+p_L f(z)= s + p)」D“+PF(z)

_(n + p_c)CL+，TF(z)

and

Re〈 1 +

(2.31) CE严+叮(Z)=(72 + 0 + 1)£严+舛项⑵

-(n + p + 1 - c)Dn+pF(z).

Taking c = n + p in. the above relations, we obtain

衫、(矿+w)y _(n+p + i)(nn+p+1F(z)y -(矿+叩⑵)， 
〈.丿(pn+?-i/(z)y

(n+p)(Dn+PF(z)y
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which reduces to

S+p+i)(。나_ _j_ =(Q”+u(z)y 

k ； (n + p)(。나PF(z))， n + p~ (D나P-1/(z))，

Thus

(2.34)

瓜”므技+少例나+项(히)'

I (n+p)(gPE(z))， n+p tP+ J

_ J (以+Pf(z))' , . n+p-1

From which it follows that

《235* 砂 / (力저-꺼丄风砰)，一令丄 n 1 v _^_n+p_

v 7 I 0아叩(z))， 3, rj、rn+p + l'

This completes the proof of theorem.
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