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고. Introduction
We say that a symbol a(x,^) in the class S爲，or that a E S爲，if 

forin R" and multiindices

1( 备)嶋)勺 g* +皿이이

From 난比 definition, it is obvious that D S’?% if p\ &J pl)di 一‘ P2，°2 • _ r 1 —
and mi > m2.

If a(x,^) is a symbol in S爲，then it defines a pseudodifFerential 

operator A, by formula;

AH硏=[a(2,f)/(£)e2me  吹 

Jr*

where / is a Schwartz function and f denotes the Fourier transform of 

h

Eb호 a locally i표tegwable function f , we define the sharp function 

by formula

■户(z) = supj寿 / \f(y)~fQ\dy 

Q 이 JQ

the supremum is taken over all cubes Q containing x, and /q is the 

average value of f on the cube Q.
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For 1 < p < 8,

MJS) = 빵) {点 人 I六

the supremum being taken over all cubes Q containing x.

Now for a symbol it has shown in Miller [5] that for

each 1 < p < oo,

(Af)«(x) < CMpf(x), xeB.n and f e C^°(Rn).

Also Chanillo and Torchinsky [2] showed that for a symbol a(x, £) £ 

S爲 D/2, 0<5<p<l,

(>t/)ll(x) < CM2y(x), x G Rn and f € C^°(Rn).

known 나m士 솨>£*  사皿? 서』d wEth由3묘-切 畐g?

weighted 17 inequalities for Muckenhoupt5s Ap weights.

We know that E SfQ and is real valued; it follows that e珅 G 

S」a，0 < a < 1. Consequently we are interested in the case 0 V 

p < 8 < 1. The well-known L2 results for pseudodifFerential operator 

with symbol a(xT^) E with Q V p % 1 have been established 

by L.Rodino {이. So the purpose of this paper is to prove the shaxp 

function estimates for pseudodifferential operators with symbols a(xy f) 

in S毒 with 0 < p < ^ < 1.

Now we state our theorems.

THEOREM 1. Let A be a pseudodifFerential operator with symbol 

a(z,f) € S爲IT with o < p < 6 < 1. Then for f e C^°(Rn), 

(A/),(x) < CM2/(x) for all z G Rn.

THEOREM 2. Let A be a pseudodifFerential operator with symbol 

G S芸二 m =(3 + l)(p — 1), 0 < p < 1 and € > 0. Then for 

f e 皆(时),(A/),(x) < CM2/(x) for all xe Rn.

2. Preliminary Lemmas
We begin by introducing a notation. By |찌 〜 £ we denote the fact 

that the values of x in question lie in 난xe annulus {x € Rn U V |이 V 
2i}-
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Lemma 2.1. [2]. Let a(:r,6) £ 0<^<l, 0<p<l. Let

denote the inverse Fourier transform, in the ^-variable and in 

the distribution sense of that is fomally

K(弓 3)=/ e 가®%(勺£)衣.

Jr”

Then for \x — xQ\ < d < and N >1,

f i
(/ |K(z, z — g) — K(xq.xq 一 y)rdy)
J\y—xQ\^(2N d)p

< 卽 一 w 끗)

_ (2&)“

where I is an integer such that 学 V ' V 을 + * .

LEMMA 2.2. Let £ $爲「匚 m =(成 + l)(p — 1), e > 0 and 

0 < p < 1. Let K(xyCij) denote the inverse Fourier transform, in the 

(-variable and in the distribution sense of that is fomally

K("=[即"濟.

Then for \x — xq\ < d < and N >1,

「 q I
/ |K(w, x-y)- K(x0,x0 一 y)^dy

J\y—x()\^2N d

C\x — Q시-”너*-끌

_ (?Ndy

where I is an integer with < I < + 1.

Proof. Let Oj(f) = 1 be a partition of unity such that is

supported in ~ 2'耘 > 1, and %(f) is supported in. < 2. Let

a(:相)=£")a(M) =

J>0 j>o
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Moreover, put

[e^ix<aj(x, e)/(CX = [ KS X - y)f(y)dy,j > 0, 

JR" JR«

where
Kj(x,x-y) = J e 가呻 3T)aj(cM)d&

Thus K(x,(jJ)= £ Kj(xy<jj). We now get
J>0

\ |K(a:,x-y)- K{tq,xq - y)|2dy
\y—xo\^2N d

/ |Kj(c,z-g) - Kj(zo,rro-，)|싱y

i>0 J 旧一시 ~2&

We choose jo su사! that 2叫z — 瓦| ~ 1, and break up the sum on the 

above as follows:

£(/j<j0丿出-瓦|〜2&
\Kj(x, x-y)~ Kj(xq,x0 -饥|2的)*

+ \Kj(X0,X0 一 0)|2由/)*E(/
y>j0 ‘出一力이~2】、7

I殆(z, x - y)\2dy)i =1 + 11+III, say .

We now consider I.

(2.1)

「 -I I

<E / \Kj{x, x-y)- K3{xq,x 一 y^dy
j<jo 卩”一끼~2心 .

+ E / \Kj(x0,x-y)~ Kj(x0,x0 -y)^dy
j<j0 L血-시〜2E
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=li +/2, say.

Now, by Hausdorff Young's inequality,

1 2

|A| < 22 J \KAX^X~y)~ K3(x0,x - y)^dy 

3<}0 |］!/-以)|~2&

< C £泌財尸

J<Jo

J (卩弓(:r,z-y) — KJz(),:z;-y)|.h/frr)2dg

이〜 2^2

冬严厂富［/s剽卽訓血亦

(2Nd')-t2^m-e~lp+1+^\x - xQ\

<c

J<Jo

<c

J<Jo

< C(2Nd)T2MmTp+l+끌］" _ 如| 2一养.

3<3Q

1
2

|x - a：o|

Since Z < y 4-1 and 2J°\x — xoj ~ 1, the above sum is dominated by

(2.2) C(2Nd)T2“S_5+을) < C(2Nd)_'|z _：ro|_m+5—믈

We consider the second term & in (2.1). In thig case, we first dom

inate this term by

(2-3) £泌％尸

7<Jo

I (\y - x0\1\Kj(xq, x-y)- Kj(xo,xo - y)\)2dy .
加 _勿°| 〜2처是
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Now we consider the integrand, for |a| = Z,

g-：에' . \Kj（x0,x- y） - Kj{xQ,xQ - y）|

= |y_a시' /『까（기•（如M）（e&沦一功）弋 _ 1）攻|

= C Ie，，成。*（으）心（%瞼찌'I*  - 1）씨 .

So by Hausdorff Young inequality and Leibniz's formular, we can ma

jorize （2.3） by

c £（2她广

J<Jo

. \J £ 1（斜%（心）（訓/DJ）狀丿

< C J2（2Nd）-1 £ |x- 血卩시2川1-이用+끌）

3<3o 伊I우I기그 I
i 기尹 0

+ C J2（2Jvd）-,|x - a시플+1）.

i<jo

But |x — xo| < I and since I < y + 1, the second sum above dominates 

the first one. Since 2JO|x — xQ\ ~ 15 this second term is bounded by 

C（2Nd）^l\x — 旬「"나切一플 Similarly, we get

\II\ < C（2Nd）~l\x - 如「"나"-플 ami,

\III\ < C（2Nd）~l\x - a시_"너七_읏.

This completes the proof.

Lemma 2.3. If a e 明 and b e 明如 o < p, s < 1, then ab e

Proof. See Proposition 3.4 [1].



Sharp function estimates for a class of pseudodifferential operators 125

3. The Proofs of the Main Theorems
The proof of Theorem 1: Let f £ Co°(Rn)« Given xq £ Rn and 

a cube Q centered at Xq of side length d. The non-trivial case is when 

d < 1, which we consider.

Let /(x) = /i(a:) 4-/2(^) with /j(x) = /(x)xb(x), where B is a cube 
concentric with Q of side length dp. Let a(x, = a(z,^) |C|n^1-p^2 

ier(p-1)/2 =戒吗。iein(p-1)/2, say. We note that, by Lemma 2.3, 

"• So the pseudodifFerential operator with symbol 

q($M) is bounded on L2(Rn) [6]. We denote this operator by G・

Let 子 = * — 으3으〉. Then by the usual Hardy-Littlewood-Sobolev 

fractional integration theorem and the L2-boundedness of G we get, 

므+ 丄 = 1

I |AA(x)|dx < C^\ I 力(z)F為*
JQ JR.n

< Cd刑 I iGfi(圳2&)*

jRn
< CdV([仇(圳2dz*

Jb
< CdnM2fl(xQ\

We now estimate the term involving Af2^x). Let

= f K(x, x 一 g)h(饥如,
丿Rn

and let

Ci = K(x0,xq -y)f(y)dy
丿2

where K(w) = f e27ri^

Rn



126 H. S. Kim and S. S. Shin

Then we get, for x 6 Q,

|4位(=) -Cj| < [ \K(x,x- y) 一 K(zo,xo 一 y)\\f2(y)\dy 

jRn

E( / \K(x, x-y)- K(x0,x0 - y)^dy)^

N=] 丿旧_为1〜(기니』)》

以由『""明

Since S方(2p — 5 — 1) C 席丫〜气 for p < 5, applying Lemma 1 to 

the first term in the summands on the right above. Hence we get, for 

" 一 :시 < d,

8

|A/2(x) _ CH < C £ 切 - 2시”7)(2胸叫+方场六瓦)

N=\
8

< c £(2N)心서)MJSo) < CM2f(x0)

N 드I

because Z > 号.This concludes the case d < 1.

In the case d > 1, we easily get desired result following closely a 

proof of Chanillo and Torchinski [2].

묘he proof of Theorem 2: Let f G C广(R/1). Given xQ G Rn 
and a cube Q centered at xq with diameter d. The nontrivial case 

is whe표 d < which we consider. Let f(段) = fi(x) 4- f2(^) with 

fi(^) = /(x)xi(x), where Z = {y e Rn ： |y - x0| < 3d}. Then, for 

点0

备 Z"이y (焉⑶씨*  

乂札시 2)*

Since A is bounded on L2(Rn), the above term dominated by
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-c尚（L服）旳
=。（金伽피씨
< CM2f1（x0）.

We now estimates the term, involving - Since

Afg) = K(x,x -y)f2(y)dy,
Jr"

letting Ci = fRn K(x0,x0 -们弑矿)如.
We get, for x G Q, by Holder inequality,

|A/2(x) 一 Ct\

< I \K(x,x-y) - K{xq.xq ~y)\ - \f2(y)rdy
JRn
8「广I

N=1一 L이，

1
2

\K(x,x - y) - K(x0,x0 一 y)^dy

\y—xQ\^2Nd

1
2

• / 1/2(>)|2旳•
J\y—xQ\^2N d

By Lemma 2.2., the above term is dominated by

oo
C £(2%)-% - 瓦|-m+MT(2Nd)&%3o), 

N=1

where 計 V Z V 을 + 1. Since —m + “ 一 岩 > 0,

8

으 C £ (2勺-七厂m+比- 플 (2脚플 ］诺2了2(*0)

N=1
oo

d-m+lp-\2N)^-lM2f2M.

N=\

The 사ioice of I assures us that —m + lp — I >Q and ? — I V 0. Thus

\Af2(x)-CI\<CM2f2M.
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