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SHARP FUNCTION ESTIMATES FOR A CLASS
OF PSEUDODIFFERENTIAL OPERATORS

H. S. KiMm** AND S. S. SHIN®

1. Introduction

We say that a symbol a(z,£) in the class §7%, or that a € 57, if
for z,£ in R™ and muliiindices «, §

« 8
|(36 ) ((9 ) 1€ Cap(l+ iﬂ) m—p|f|+8]af

From the definition, it is obvious that p 5 D
and my > m,.

If a(z,{) is a symbol in ST, then it defines a pseudodifferential
operator A, by formula,

pz 2, Ep1 < p2, 61 2 62

Afe) = [ oz of(Oem e

where f is a Schwartz function and f denotes the Fourier transform of
f.

For a locally integrable function f , we define the sharp function
f}z) by formula

Yz) =su > —
i) = swp /Q W) — foldy

the supremum is taken over all cubes @ containing z, and fg is the
average value of f on the cube Q.
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Forl <p< oo,

Py

Mpf(¢)=sgp{ﬁfqlf(y)l’dy}’

the supremum being taken over all cubes @ containing .
Now for a symbol a(z,£) € 87, it has shown in Miller [5] that for
each 1 < p < o0,

(AfM(z) < CMf(z), z€R" and feCHP(R").

Also Chanillo and Torchinsky [2] showed that for a symbol a(z,£) €

ST 0<s<p<,

(4f)z) < CMpf(z), z€R™ and feCPR™).

I is-well-known that these sharp function estimates lead to vesious
weighted L? inequalities for Muckenhoupt’s A, weights.

We know that ¢ € S{, and is real valued; it follows that e'¥ €
Sfﬂ'a, 0 < a < 1. Consequently we are interested in the case ¢ <
p < § < 1. The well-known L? results for pseudodifferential operator
with symbol a(z,{) € S7% with 0 < p < § <1 have been established
by L.Rodino [6]. So the purpose of this paper is to prove the sharp
function estimates for pseudodifferential operators with symbols a(z, £)
inS;':s with0 < p<é§<1.

Now we state our theorems.

THEOREM 1. Let A be a pseudodifferential operator with symbol
a(z,6) € S37°7 with 0 < p < 6 < 1. Then for f € C°(R™),
(Af){z) < CM, f(z) for all z € R™.

THEOREM 2. Let A be a pseudodifferential operator with symbol
a(z,§) € S;y ,m=(3+1)}p—-1),0< p<1ande>0. Then for
f € CP(R™), (AfY(z) < CM,f(z) for all z € R,

2. Preliminary Lemmas

We begin by introducing a notation. By |z| ~ t we denote the fact
that the values of z in question lie in the annulus {z € R" : ¢t < |z| <
2t}.
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LEMMA 2.1. [2]. Let a(z,£) € 52V, 0< 6 <1,0< p < 1. Let
K(z,w) denote the inverse Fourier transform, in the {-variable and in
the distribution sense of a(x, £), that is fomally

K(z,w) = f nez"i€'”a(m,§)d§.

Tbenfor|x—xo|§d<%andN21,

1
2
(f 1K (2,2 ~ ) = K(20, 0 ~ 1))
ly—zol~(2Nd)?

Clz — zo|P0— 1)

=T
where { is an tmteger such that § < 1< ;—‘-t—f;.
LEMMA 2.2. Let o(z,8) € )7, m = (3 +1)(p — 1), e > 0 and

0 < p < 1. Let K(x,w) denote the inverse Fourier transform, in the
§-variable and in the distribution sense of a(z,£), that is fomally

K{z,w)= /l;." 2™ Wy, £)dE.

Then for jz — a¢] < d < % and N > 1,
1
2
[ [ K@)~ K(zgm - )Py
ly—zo|~2Nd

Clx — (L‘ol-m+1p_%
B (2N d)!

where | is an integer with T <1< 2 +1.

Proof. Let 3.4 8,(£) = 1 be a partition of unity such that §,(¢) is
supported in |¢] ~ 27,7 > 1, and 8o(¢) is supported in [¢] < 2. Let

o(z,8) =Y 8,(Ea(z,€) =Y a,(z,8).
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Moreover, put

| e atm0f0d = [ Kiez-fdni 20
R" Rn

where
Ki{m,a —y) = [ e ay(a, e)de
Thus K(z,w) =} K,(z,w). We now get

320

)
[[ |K{(z,z — y) — K(xo,%0 — y)izdy]
|y—zo|~2Nd

[ L]

;
<y f 1K, (z,z — y) ~ K,(z0, 70 — y)[2dy
y—a:o|~2-“"d

i>0

We choose jo such that 27|z — z4{ ~ 1, and break up the sum on the
above as follows:

Z(/ [K;(z,z — y) — K,(z0,z0 — y)[*dy)*

i<je y=zol~2Nd

+ Z(/ K (z0, 20 — y){2dy)?
230 —%o|~2Nd

+Z(/ \Ki(z,z —y)Pdy)? = T+ IT+ III, say.
i2Je y—zo|~2Nd

We now consider 1.

(21)
< [ fly_tolw K (2~ y) — Ky (20,2 — y)] dy]

3<0

L
2

1
3

+ Z [/ |Kj(.’l:0,$ - y) - Kj(x(h Zo — y)lzdy]
ly—zo|~2Nd

1<i0
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=1 +1;, say.

Now, by Hausdorfl Young’s inequality,

N

Li< Y ] K (2,2 —y) ~ K(z0,7 — y)dy

I<y0 y—x°}~2ﬂd

<C > (@¥a)™
3<jo
3
(iKJ(xam - y) - I\'](I}Jo,x - y)l ‘ [y - xll)zdy
y—zq[~2Nd
- N et 8.8, L
<Cy Myt S“pl(a_)(Q) a;(n, OF dE} |z — o
1<10 (8=t R g
<C Z(2Nd)~i23[m-e—lp+l+%]|z — zol
1<
< C(2Nd)~torlm—let1+3]ig _ 2] Z 9-I€,

2<e
Since < 5+ 1and 230|z — xp| ~ 1, the above sum is dominated by
(2.2) C(QNd)—!2Jo(m~lp+"§‘) < C(sz)v—llx _ xoi—m+ip—%

We consider the second term I in (2.1). In this case, we first dom-
inate this term by

(2.3) > (@¥a)™

1<

M=

: [/[ i 2Nd(|y — zo|'|K, (20, — y) — K, (20,20 — y)})’dy
y—ZIol~
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Now we consider the integrand, for |a| =,
1
ly —zol" - 'K;(%,x ~y) - Kj(zo,-'co -y}l

/ e (2079 Eg (g, E) (PR 1)d§|

= |y—zo|l

=C

/e21ri(xo—!l)'€(z?g)0[a’(xo’{)(621&(:—:0)-5 — l)ldf‘ .

So by HBausdorff Young inequality and Leibniz’s formular, we can ma-
jorize (2.3) by

c > @)
J<r0

— » ¢
( [ T gl aten g )

181+]~I=1
<C Z(QN({)“! Z |z — ag|PI22lm—e—rlfl+ )
3<50 |81+ kvI=t
|ri#0
+C Y (2Vd) e — o2 lmempH R,
i<so

But |z — zo| < 7 and since I < 2+ 1, the second sum above dominates
the first one. Since 2|z — zg| ~ 1, this second term is bounded by
C2Ndy !z — zo|~™**—% . Similarly, we get
111 < Cc@Nd) Yz — zo]~™HP~%F  and,
11T} < C2N @)z — zo| "™ HP— 3.

This completes the proof.

LEMMA 2.3. Ha € ST} and b € 57,0 < p, 6§ < 1, then ab €
Sm§+m2 y ]
25 :

Proof. See Proposition 3.4 [1]j.
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3. The Proofs of the Main Theorems

The proof of Theorem 1: Let f € C§°(R"). Given zo € R" and

a cube () centered at zy of side length d. The noun-trivial case is when
d €1, which we consider.

Let f(z) = fi(z)+ fa(z) with fi(z) = f(z)xB(z), where B is a cube
concentric with @ of side length d?. Let a{z,§) = a{z,§) Iﬂn(l—p}fZ
|§In(p_1)/2 = ¢(z,£) Ifl"(”‘l)ﬂ, say. We note that, by Lemma 2.3,
¢(z,£) € S ;’f gp_s). So the pseudodifferential operator with symbol
g(z,£) is bounded on L?(R"™) {6]. We denote this operator by G.

Let }l’ = % - Sl—;"l. Then by the usual Hardy-Littlewood-Sobolev

fractional integration theorem and the L?-boundedness of G we get,
141

4 =1,

P p

r

| 1afe)ids <o ([ (APt
Q -
<cat ([ (6h@ Pk

<ca?([ h@)la)!
< Cd" M, fi(zo).

We now estimate the term involving Afa(z). Let
AR(e) = [ K(z,2 - y)fato)d,

and let

Cr= K(zg,z0 — y)f(y)dy
R

where K(z,w)= [ e?™¢ “q(x,£)d¢.
R
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Then we get, for ¢ € Q,

(A£2(2) = C1l < [ 1K(z,2 =)= K(zo,20 = Dllfal0)ldy
>/ |K (2, ~ y) — K(z0,20 — y)dy)’}
ol [PRPRINCLF

x ( [ o) Pdy)3.
ly—zo|~(2N d)#

Since 5'26(2;) —-6-1)C S;’tg""l), for p < 6, applying Lemma 1 to
the first term in the surnmands on the right above. Hence we get, for
Iz - .’Col < da

[ o]
[Af2(2) ~CHl S C Y lw — 2o D (2N d) '+ 22 My f(00)
N=1

<C f:(2N)"(%“’}M2f($o) < CM, f(zq)
N==1

because { > 4. This concludes the case d < 1.

In the case d > 1, we easily get desired result following closely a
proof of Chanillo and Torchinski {2].

The proof of Theorem 2: Let f € C{°(R"). Given z, € R"
and a cube () centered at z; with diameter d. The nontrivial case
is when d < 1, which we consider. Let f(z) = fi(z) + f2(z) with
fr(z) = f(z)xi(z), where I = {y € R" : |y — 24| < 3d}. Then, for
z €Q,

régT/t?!Afl(x)lde (%)]LiAfl(x)de)%

< (& [ ancr)’

Since A is bounded on L?(R"), the above term dominated by
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L
1 2
<C z)¥dz
<oz ([ nwpas)

=0 (g [1n@re) %
< CM; fi(zo).

We now estimates the term involving A fy(z). Since
AR = [ Koz -nhwd,

letting Cr = fR,, K(zg,z0 — y) f2(y)dy.
We get, for z € @, by Holder inequality,

|Af2(z) — Cil
f [t A Y -rs N .- Ny o
< [ 1B(z,2 —y) = K(zo, 20 —y)i- |/a(v)idy
Rn

1
2

< Z l:/ |K(x,x~y)—K(a:g,:co—y)|2dy

N=1 [Yly—zo|~2Vd

- [ / Ifz(x)lzdy]
ly—zoi~2Nd

By Lemma 2.2., the above term is dominated by

1
2

C Y (@Y d) e — zo| e R (2N ) E M fi(20),
N=1
where <1< 3+ 1. Since ~-m+Ip~ 5 >0,

oo
< @Vl E (2N d)E M, fo(zo)
N=1

C Y d el N )M, fy(xo).
N=1

IA
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The choice of ! assures us that ~-m +1lp~1>0and 5 —1 < 0. Thus

|Afa(z) ~ Cr| £ CM, fr(zo).
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