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APPLICATION FOR THE METHODS OF LINES
TO NONLINEAR INTEGRO-DIFFERENTIAL 

EQUATIONS IN HILBERT SPACES

Ki-yeon Shin

1. Introduction
Let (瓦 I) • II，(•, .)) denote a real Hilbert space and let I, St represent 

the intervals [0, T], [—r, t], respectively where 0 < T < oo, t E I and 

r > 0. For a compact interval J C -R, we shall denote by C(J,H) 

the Banach space of all continuous functions from J into H endowed 

TOiJrite supremum norm. || - and by Lzp(JrH) the class of

all Lipschitz continuous functions from J into H. And we denote by 

Br(X) 난le closed ball {x E X : 매x < r} for positive constant r.

In this paper we apply the Method of Lines to establish the existence 

of unique strong solution of the following type of nonlinear abstract 

integro- differentiEil equation :

du
—(/) + Au(t) = (구(t, u(i), F(u)(t)), for a.e. t E (0, 꼬) 
at

u = </> on 5o, (f> E

where we assume the followings :

(Hl) : The single valued nonlinear operator A : Z)(A)(二 H — H 

satisfies

(a) maximal monotonicity, i.e.,

(Au — Av, u — v) > 0 for all u, v G D(A)

and R(I + 4)=乩
(b) o e P(A)
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(H2) : The mapping G : I x H x H H satisfies

(a) ||G(t,u,v)|| < Af(l + ||u|| + ||v||) for all / G I and u^v E H 

where M is a positive constant,

(b) For all 切也 € L v1, v2 G B「(H)

||(7(ii,Ui, VX) — G02,"2*2)|| < II方(切)一照2)||

+ A£<||勺 一 u2|| + |jvi 一 에I)

where h : I H is a, continuous function of bounded variation 

and Mr is a positive constant depending on r.

(H3) : The nonlinear operator F is a Volterra operator (cf. [1]) which 

maps C(St、H) into C(St、H) satisfying

(a) ILP(u)||c(s")< Af(l + ||u||c(St,h) ^or 浏"£ C(St、H)
(b) i"(u) — F(v)||c(StjK) < Mr||u 一 이|c(Sr,H) f。흐 all u,v € 

B«(S"「))and

(c) there exists a continuous function L : R^. -누 R+ such that

/71f
I成(u)(t) - F(Z£)(S)|| < - s|Z{||떼c(Sr,H))(l + I扇l|z，8(s“H))

for all t, 5 € I and u E Lip(S「> H)

We are now to show several previous results for the similar equations. 

They all have got the Method of Lines in common even having different 

conditions.

1. Necas [3] has solved the equation in Hilbert space

/T7/
(12) 袞(t) + 血«) =/(t), fe(o,T)

"(0) = «o

where A is a maximal monotone operator, uq E D(A), and f : [0, 꼬] —+ 
H is a continuous function of bounded variation.

2. Kartsatos and Zigler [2] have proved the existence of a unique weak 

solution of the following equation in a reflexive Banach space X whose 

dual is uniformly convex :

(13) -瓦-(*) + 4u(t) = (구(t,u(t)), t e (0, T]

u(0) = uq
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where A : 2?(A) U X t X is m-accretive operator and G : [0,T]xX —* 

X satisfies the Lipschitz-like condition

(1-4) ||G(" x) 一 G0 y)\\x < II照) 一 K(s)||x + 피一 训x

for all tys 6 [0,T] and all x、y C X with a continuous function of 

bounded variation h and a positive constant L. We note that the 

condition (4) is global in X.

3. Kacur [1] considered a paticulax case G(i,u(f),F(u)(t))

=G(t, of (1) in the Lion's set-up (i.e., there axe reflexive space

V and Hilbert space H such that Vfl is dense in V and H) with the 

following assumptions :

(Al) A : V V* is a maximal monotone operator satisfying

(1.5) < Au,u >> ||u||p시에) 一 G||띠I? - C2

Here < •，- > denotes the duality product and p : R+ —> R+ 

satisfies the condition p(s) t 8 as s -스 oo.

(A2) G : I x H H satisfis the Lipschitz condition

(1.6) ||G(t,u) - G(s,u)|| < C[\t - s|(l + II에) + g - 에]

for alW,5 G Z and u^v E H.

(A3) The Volterrl operator F satisfies

I成(0) - F(u)||c(St,H) < |g - 에C(Sr,H)

for all € C(SnH\ and

||F(们(t)- F(a)(s)|| <it-s|乙애베c(s"))(l + 愣%。(S"))

for all G Z, 5 < t, and u G Lip(Sn JET)

In this paper, we weaken the global Lipschitz conditions-(1.4), (A2) 

and (A3) and take more general nonlinear mapping G into consider

ation. Moreover, we do not assume any coercivity on the operator A 

as in (Al). Instead, we assume 0 E D(A) which is not a very strong 

condition. It is obvious that (A2) and (A3) imply our hypotheses (H2) 

and (H3). But the reverse is not true in general.
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2. Main Results
To apply the Method of Lines, we follow the following procedure :

For any positive integer n we consider a partition {t；} defined by =

T
j •馬 方=—. Setting Uq = ^(0), we successively solve for u G D(A)

.n
the equation

u — u? 1
(2.1) 一产그+如 = G(奸呂(职])(垸)

where

(2.2)

I
 4 on &,

。(0) on [0, 씨,

Ut —1 'TV6 七一1 八％ **1—1/ 33 u J 匕七 J5 F 一7 -r • N3

Uj-1 on

The existence of unique u； C D(A) satisfying (2.1) is a consequence 

of maximal monotonicity of the operator A. We first show, using (Hl), 

(H2)-(a), and (H3)-(a), that ||u^|j < M for all n and j = 1,2,..., n 

where M is a positive constant independent of j, and n. Then we 

prove that —||u^ — 口二』< M. After all we define a sequence {zn} C 
h 3 J 
given by

网冲=催?當

and a sequence (un} of step functions mapping from (―7妬幻 into H 

given by

(2-4)
理)) =( 如 foET 이,

I u； for t e

After proving some a priori estimate for {zn} and {un} we establish 

the following main result.
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THEOKEM 1. Let hypotheses (H1)-(H3) be satisfied and let <f>(0) G 

-D(A). Then there exists unique strong solution u 6 以P(St,H) of 
(1-1) in the sense that u = <f> 이！ 氣 쁘 £ L°°(Z5H), Au € L°°(I, H} 

and equation (1>1) is satisfied a.e. on I.

3. Proofs of Main Result
We shall denote by

“n — Un

z； = J h" 9； = G(弓"M，F㈤T)(奸))

for j = 1,2,..., n. For notational convience, we shall supress the 

superscript n sometimes. In the sequel, we denote by M a generic 

constant independent of j, A, and n.

LEMMA 1. Let the hypotheses (Hl), (H2)-(a), and (H3)-(a) be satis

fied and let ,(0) G Z)(A). Then |阳 || < M for all n and j = 1,2,... ,n.

Proof. From (Hl), (Au — AO, u) > 0 which implies that (Au,u) > 

—Mi|ju(|2 — M)where Mi and M》are positive constants. Now, from

(2.1) we have

(3.1) (으스一?으그, u) + (4u"，) = (幻,。)

for all v € -H. We put v = hu3 to obtain

(3.2) 打에2 _ 打勺_]||2 - M쎄勺||2 - M2h < 쎄幻II ||妇|.
厶 厶

Using (H2)-(a) and (H3)-(a), we get

II네2 - Hu.-xll2 < Mh(l + max ||ujt||2)

for i = 1,2,..., n. Summing up the above inequality for z = 1 to j, we 

obtain

Ik시|2 < + maxj|ufc||2).

t=l _

Hence we have

3

]県J|i시|2 < M(1 + /z £ maxt \\uk\\2). 

~ _ 1=1 ——

Application of GrownwalPs Lemma gives the required result.
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LEMMA 2. In addition to the hypotheses of Lemma 1, we assume 

that (H2)-(b) and (H3)~(b)(c) are also satisfied. Then |卜히| < M for 

all n and j = 1,2,..., n.

Proof. From (3.1) for j = 1 and v = zi, we have ||zi|| < M for all 

n. Also, we get

(勺,v) + (Auj - u)=(勺_1, v) + (gj 一 gj-i,v)

for all u E 目 and j = 2,3,... ,n. Putting v = z3, we have |备|| < 
+ Ibj - Using Lemma 1, (H2)-(b), and (H3)-(b)(c), we 

obtain an estimate

||贝 一 ^.-111 < IIM圮 一，0T)ll + Mh(\\zi-1\\

+ ifu,-1 u,~2 II+1 +

+ IIM") - + Mh(l + max ||가||).
l<k<»

Therefore we have for i = 1,2,... ,n;

II세 - I|z,_l|| < |仇0J - 70t)II +』4人(1 + 땃浮. II세).

Summing up the inequality for i = 1 to j, we obtain

II께 < M(1 + ma^. ||시|).
1=1---1

Proceeding similarly as in Lemma 1, we get the required result.

REMARK 1. Lemma 1 and Lemma 2 imply that

M
||2产(t)-廿(圳I < ||z"0) - Z%)|| < M\t - s\

and ||z”(圳I + ||un(t)|j < M for all n and t, s G I.

Again, for the notational convenience, we shall denote by

(3.3) wn(t) = G(g_"(")(奸))，for t G (J ,堺，1 < J < n.
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Then (2.1) can be rewritten in the form

(3.4) ^-zn(f) + Aun(t) = wn(t), for t E (0, T], 

at

where £任 denotes the left-derivative. Also, we have

(3.5) / = uo — zn(t) + i wn(s)ds.

Jo Jo

LEMMA 3. There exists u € 乙切H) such that u =(/> on Sq and 

zJuinC(SnH).

Proof. F¥om (3.4) for t G (0, T] and for all v 6 If we have

(诙2严(£) 一 —zm(i),v) + (Aun(t) 一 Aum(t),v) = (wn(i) 一 故”飞玖。).

For v = wn(f) — Aum(t), using monotonicity of A and the fact

2(財t)-切舟(t), z") - z"P)) = %||/(t)-烈圳|2, 

at at at

we get

<(^n(i)-^mW-wn(t)-w-(f),z"(/)-u"G)-zre(f)+um(t)) 

at at

+ (wn(t) _ wm(f), un(t) _ um(t)).

Now, 

where

l|wn(0 - k(圳 < 5n(t) + Ikn - ^||c(ST1H),

5”) = I时(t) - /舟(圳 + M([妒(t)-仃(圳

T T
+ \\u\t) - Zn{t - -)|| + ||江寸)一 - -)|| 

n m

+ ll^n-1 ~ Z”||c(S“H) + —必||以0,H)), 
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for hn(t) = M切，0n(t) =t;,te (*1，堺，砂(0) = h(0),妙(0) = 0. 

Clearly hn(t) —> h(t) and 寸产(£) 一스 t uniformly on Z as n —* oo. Hence 

we have the estimate

诙||z%) - 2严(圳2 < M(£nm + ||z” -严畛停间)

where (enm} is a sequence of numbers such that enm —> 0 on Z as 

n,m —> oo. Integrating over (0,5)and taking supremum for s € (0,t) 

on both sides, we get

Jo

Applying Grownwall's Lemma, we conclude that there exists 

u E such that zn —> u in C(St、H). Obviously, u = </> on Sq
and from Remark 1, u € 乙zp(S如 H).

Proof of Theorem 1. Proceding similarly as in [2], it is easy to show 

"(Z) G P(A) for t E Z, Aun(t) 一丄 Au(t) (weakly), and Au(t) is weakly 

continuous in i. From (3.5), for every v G Hy we have

/ (Aun(3)? v)ds = (u0, v) - (zn(0, V)+ / (wn(s),v)cis. 

Jo Jo

Using Lemma 3 and bounded convergence theorem, we pass through 

the limit for n —> oo to obtain

(3 이 七

[Q4u(s),少油=(u0, v) 一 (u(t), v) 4- / (G(s, u(5), F(u)(5), v)ds.

Jo JQ

Since Au(t) is Bochner integrable, (3.6) implies that

du
瓦(t) + Au(t) = for a.e. t E L

Now, we show the uniqueness of strong solution. Let and 5 be 

two strong solutions of equation (1.1). Let u ~ ur — u2 and let r = 

maxtG[o,Tj{|hi||51|«2||}- Then for a.e. i G I, we have

du
(袞(*),叩))+ (血i(£)-却2(*),u(Z))

=(G("ui(t),尸(s)(t)) - G(i,u2(t),F(u2)(i)),u(f)).
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Hypotheses (Hl), (H2), and (H3) imply that

으||u(圳|2 < 메*,H) for a.e. t G I,

Ulr

where Mr is a positive constant depending on r. Integrating over (0, s) 

and taking supremum both sides for s € (0,i) we get

I네*:(S.H) W i ||u|lc(SB)W)^5' 

JO

From Grownwall's Lemma, u(Z) = 0 on Z.
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