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ON THE STARLIKENESS BOUND 
OF UNIVALENT FUNCTIONS

Sang Keun Lee*, Mamoru Nunokawa and Shigeyoshi Owa

1. Introduction
Let S denote the class of analytic functions of the form

oo
(1.1) f(z) = 2 + ^2 ^nZn

n=2

which are univalent in the unit disk U = {z : \z\ < 1). A function f(z) 

belonging to S is said to be i꾜 the ela职丄板比, 丄 y) 田图 if only if 

it satisfies

(1 2) 一性)二 L. .

for some a(0 < a < 1), 0(0 < ^ < 1), 7(0 < 7 < 1).

In particular, the class Z(l,/?,0)三 D(0) is studied by Padamanab- 

han [6], the ciass L(0,^,0) 三 G(0) is stuied by Singh [4], [8] and 나le 

class L(0,1,7)三 F(7)is stuied by Nunokawa, Fukui, Owa, Saitoh and 

Sekine [티 . Let P(8) denote the subclass of S consisting of all functions 

f satisfying the condition

(1-3) Re{/(z)) > 8

for some 5(0 < ^ < 1) [8].

In the present paper, we show that the starlikeness bound of func­

tions f(z) belonging to the subclass L(a,/3,7)of S in the unit disk, 

which is an improveme표t of 반ic result by Nunokawa, Fukui, Owa, 

Saitoh and Sekine [5] when a = 0 and & = L Furthermore, some 

considerations for starlikeness of functions with negative coefficients 

are shown.
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2. Boundary of Starlikeness
We begin with the following lemma.

LEMMA 1. If a function f(z、) belongs to the 시ass with

0(2q — 7 + 1) < 1, then

(2.1)

(2-2)

醫m斜"心 聞+常느矗 

项해 ｛籍上評I히｝,

and

(2.3)

for z G U.

arg (牛) / • — 1
< sm

f ^(« + l - 7). ,1 
「疝二矿히)

I기 —

Proof, From the condition (1.2) and the Schwarz Lemma, we get

(2-4)

and

(2-5)

It follows that

lf(z) - 기 V

Lf(z) 一 히 <

^(a + 1 -7)
1一崩向

/?(q + 1-7)■，2 
2(15 I '

(26)I 치*泾끠히 5)0 키 + 쓰兰斜 I?

a교 d

(2.7) |ar"'(z)| < sin-1 18(： + 】 ；了)|히)
I 1一邱 J

R?om the condition (2.5), we have

(2.8) 卜琨(普) 卜頌{帯느如|}, (*).

Hence, we complete the assertion of Lemma 1.
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COROLLARY 2. If a function f(z) belongs to the 이ass Z?(0)(O < 

8 < I), then

(2.9) ]z| - Y萨|2 < 顷巩 < |z| + 亍£萨|2,

and

(2-10) |argj”(2시 < sin-1 { 了刍1키} >

for z EU.

COROLLARY 3. If a function /(z) belongs to the 이ass G(幻(0 < 

(3 < 1)? then

(2.11) I 히—*히七 昭)ig히+钮%
厶 厶

and

(2.12) |argjf'(z)| < sin-1(^|zj)

for z EU.

COROLLARY 4. If a function /(z) belongs to the class F(y)(0 < 7 < 

1)? then

(2.13) I키 - 늘이치2 < 成에 으 I히 + 느기기2,

and

(2-14)

for z E U.

|arg•尸(개 < siiL{(1 - g)|치}

From the above Lemma, we derive
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THEOREM 5. If a function /(z) is in the class Z(a,们 7) with 0(2q— 
7 + 1) < 1, then /(z) is starlike in \z\ < ro < 1, where r0 is the root of 

the equation

(2.15)

"히- 辭느斜|2}2/ I _ J
f 1 12—0(a—l+T)

1Og ---------------------------------1-I.P

+ 血一1以으븨須% 见 nr.

Proof. By Lenuna 1, for /(z) in the class L(a,/3,7), we get

(216) < 1 j 新m誚히 (z e U).

By using Loewner^ differential equation and the same manner in [2], 

we define the function g(z) by

(2-17)
六히 = e«)三 2 费二3： %)・

Then g(z) ia analytic in U)and satisfies g(0) = 0 and |g(z)| < 1 for 

z E U. Thus, by the Schwarz Lemma, we get |g(z)| < |끼 for z E U. 

From (2.1) and (2.17), we have

(2.18)

|g(z)l =
2(1 _ 邮) 

2 - 0(a -I+7)
仇z)|

2(1 - 邱、) 시 _ /?(« + !-7)I ,2 
-2-/?(a - I+7) V 1 2(1 - a/3) 1 1

Hence, we get

(2.19)
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，arg[g，(z)/g(z)2] / t( x \5(言*)

Jarg[l/z2] 

rb(z)l

1 一 {存^} {l히  §团2}

一 /기

—2|g(z)| "Ju
1 — M(z)|2 이 " 이

尸裁湼队){I기-曇瀉시기2} 一의 (砰| 

川 E二뿞击이如

Zl _ J 2(l-a^) I2 (I , _ ^(a+1-7)1^12 1 2 
= kg I 丄 (2 g(a]+7)j “히 — 2(L-이釘 I기 )

•이 2

for 0 < |z| < 1. From (2.7) and (2.19), we get

(2.20)

(z/0)、\ V arg 

\ M)-呼
‘2勺0)

V J]시 — 戶(a+l_y) 成2~|2 
J U기 2(1+邛) I 지 j

+ 电了'(z))l

/I J 2(l-q^) 
l2-^(a-l+7) 

-los ---------------------------------E

+ 虻 {쪽느而} 5

I 1 一 o泌 J

for some |히 < r0 < 1. This completes the proof of Theorem.

COROLLARY 6. If a function is in the 시ass D(0)(O < /? < |). 

then /(z) is starlike in \z\ < ro < 1, where r()is the root of the equation

](1 0)2{|히 昌团2、2

+sin-1 7T.(2.21) log

COROLLABY 7. If a function f(z) is in the 시ass G(0)(O < /? < 1), 

then /(z) is starlike in \z\ < ro < 1, where r0 is the root of the equation 1

(2.22) log + sin-1(/?|z|} = 7T.
1 - I기2
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COROLLARY 8. If a function /(z) is in the class F(7)(0 < 7 < 1), 

then /(z) is starlike in \z\ < r0 < 1, where r0 is the root of the equation

(2.23) log + sin-1{(l — 了 )| 히} =

3. Starlikeness of Functions with Negative Coefficients.
Denoting by T the subclass of S consisting of functions of the form

00
(3.1) /(z) = z ~y^anzn (an > 0).

n=2

W& the class T*(d) and 0,7) by

广W) = TnS") (0<5< 1), 0,7) = 꼬nL(a,M7),

where S*(S) is the subclass of S consisting of all ataxlike functions of 

order 6.

In order to give our result, we have to recall here the following lemma 

due to Silverman [7].

LEMMA 9. A function J(z) defined by (3.1) is in the class T*(^)(0 < 

6 < 1) if and only if

00

(3.2) 3 - 6)如 <1 — 8.

n=2

LEMMA 10. A function f(z) defined by (3.1) is in the class

L*(a, 0、7) if and only if

00
(3.3) £(1+ O0)이a』< 0(a + l-1).

n=2
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(3-4)

(3-5)

THEOREM 11. A function f(z) defined by (3.1) is in the 시ass 

们 7)? then f(z) is in the class T*(^), where

1 + 伽 _。 
o =- ----- -- .

1

Proof. From Lemma 10, we note that

I < 政으 + 1 — 7)
' n' -一匚诙一， 

n=2 ：

and from Lemma 9, we get

oo

— 5)|이 < 1 — Q 

n=2

Hence, f(z) is in the class T*(^) for

1 + 伽一 0 
o --------- .

~ 1+必

The author have proved the same result for 7) in [3].

COROLLARY 12. [5]. A function /(z) is in the class T A ^(7)(0 < 

7 < 1)? then f(z) belongs to the class T*(7), that is? f(z) is starlike of 

order 7 in J7.

Proof, Since F(7)三 L(0,1,7), /(z) is in the 시ass 7*(5) for < 7.

In [1], Kim and Lee proved that P*(8)=乙*(& 打糸，0) for some 

5(0 < ^ < 1). From this fact, we have the following corollary.

COROAALRY 13. [5]. If a function /(z) € T satisfies Ref/^z)] >

(0 < < 1), then f(z) E that is /(z) is starlike of order 8 in 

U.

Proof. Assume that f (z) is in 나ic class P*(6). By Theorem 11, we 

have

形心*，는§，。） = 7*
=顷).

COROAALRY 14. [5]. If a function f(z) defined by (3.1) is close-to- 

convex in U, then /(z) is starlike in U.
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