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A COMMOM FIXED POINT
THEOREM AND ITS APPLICATION

SHIN MiN KANG AND YEOL JE CHO

1. Introduction

The concept of 2-metric spaces has been investigated initially by S.
Gabler in a series of papers [2]-{4] and has been developed extensively
by himself and many others.

A 2-metric space (X, d) is a set X with a real-valued function d on
X x X x X satisfying the following conditions:

(M,) for two distinct points & and y in X, there exists a point z in
X such that d{z,y,2) # 0,
(M3) d(z,y,z) = 01if at least two of z,y and z are equal,
(M3) d(z,y,z) = d(=,2,y) = d(y, z,7),
(My) dz,y,z) < d(z,y,w)+d(z,w,2) + d(w,y, z) for all z,y,z and
win X.
It has been shown by S. Géhler [2] that a 2-metric d is non-negative and
although d is a continuous function of any one of its three arguments,
it need not be continuous in two arguments. If it is continuous in two
arguments, then it is continuous in all three arguments. A 2-metric d
which is continuous in all of its arguments will be said to be continuous.

On the other hand, a number of mathematicans have studied the
aspects of fixed point theory in the setting of the 2-metric spaces. They
have been motivated by various concepts already known for ordinary
metric spaces and have thus introduced analogues of various concepts
in the frame work of the 2-metric spaces.

Especially, 5. V. R. Naidu and J. R. Prasad {9] introduced the con-
cept of weakly commuting mappings as a generalization of commuting
mappings. Using this concept, A. Constantin [1] gave a common fixed
point theorem in 2-metric spaces. This result generalized, improved
and unified some of the results of K. Iséki et al. [5], M. S. Khan and B.
Fisher [7], T. Kubizak [8] and S. L. Singh et al. [10]. Recently, in [6], M.
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S. Khan and Y. J. Cho extended the concept of compatible mappings
in metric spaces, which is more general than the concept of commuting
and weakly commuting mappings, to the setting of 2-metric spaces.

In this paper, we extend a result of A. Constantin {1} by employing
compatible mappings instead of weakly commuting mappings under
given conditions which is weaker than the condition of [1] and give an
application.

2. Preliminaries

The following definitions and lemmas are given in {5]-{7], [9] and
[10]:

DEFINITION 2.1. A sequence {z,} in a 2-metric space (X, d) is said
to be convergent to a point z in X if lim, ., d(z,,z,0) = 0 for all a
in X. Then z is called the limit of the sequence {z,} in X.

DEFINITION 2.2. A sequence {z,} in a 2-metric space (X, d) is said
to be a Cauchy sequence if imy, nyoo d(Tm,zn,a) = 0 for all a in X.

DEFINITION 2.3. A 2-metric space (X, d) is said to be complete if
every Cauchy sequence in X is convergent.

Note that in a 2-metric space a convergent sequence need not be a
Cauchy sequence, but every convergent sequence is a Cauchy sequence
when the 2-metric d is continuous on X [9].

DEFINITION 2.4. A mapping § from a 2-metric space (X, d) into
itself is said to be sequentially continuous at a point z in X if for every
sequence {z,} in X such that lim, o d(za,z,a) = 0 for all ¢ in X,

lim,_,o0 d(Szs, Sz,a) = 0.

DEFINITION 2.5. Let A and B be two mappings from a 2-metric
space (X, d) into itself. Then A and B are said to be weakly commuting
mappings on X if d(S5Tz,TSz,a) < d(Tz,5z,a) for all z and a in X.

Obviously, any weakly commuting mappings are commuting, but
the converse is not necessarily true [9].

DEFINITION 2.6. Let A and B be two mappings from a 2-metric
space {X,d) into itself. Then A and B are said to be compatsble map-
pingson X if lim,_, d{ABz,, BAz,,a) = 0 for all ¢ in X, whenever
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{z.} is a sequence in X such that lim, 0 ATn = limg—eo Bz, = ¢ for
some point ¢ in X.

Clearly, any weakly commuting mappings are compatible, but the
converse 1s not necessarily true.

LEMMA 2.1. Let A and B be compatible mappings from a 2-metric
space (X, d) into itself. Suppose that At = Bt for somet in X. Then
ABt = BAt.

LEMMA 2.2. Let A and B be compatible mappings from a 2-metric
space (X, d) into itself. Suppose that bm,_.oo Azn =limp_ o Brp =1
for some point t in X. Then lim, .., BAz, = At if A is sequentially
continuous.

3. A fixed point theorem

Throughout this paper, let (X, d) be a 2-metric space with the con-
tinucus 2-metfric d. Let N and ™ be the sets of all matural numbers
and non-negative real numbers, respectively, and let ® and * denote
the families of all upper-semicontinuous functions ¢ : (R*)> — RY
with the following conditions (C)), (C) and (C4), and {C}}, (C3) and
(Cs), respectively:

(C1) ¢ is non-decreasing in the 4** and 5'* variables,

(Cy) let v,w € RY be such that v < g(w,w,v,v + w,0) or v <
$w,v,w,v + w,0) or v € $(w,w,v,0,v +w) or v < Hw,v,w,
0,v + w). Then v < hw, for some h € {0, 1),

(C3) let v,w € Rt be such that v < ¢w,v,w,v + w,0) or v <
¢(w,w,v,0,v + w). Then v < hw, for some h € {0, 1),

(Cy) let v € RY be such that v < ¢(v,0,0,v,v) or v < $(0,v,0,v,v)
or v < ¢(0,0,v,v,v). Then v =0,

(Cs) let v € RY be such that v < ¢(v,0,0,v,v). Then v = 0.

REMARK 3.1. In [1], the family & is introduced by A. Constantin,
and ®* is a subclass of ®.

Let A, B, § and T be mappings from a 2-metric space (X, d)} into
itself satisfying the following conditions:

(3.1) AX)CT(X) and B(X)CS(X},
(3.2) d(Az, By,a) < ¢(d(Sz,Ty,a),d(Az,Sz,a),
d(By,Ty,a),d(Az,Ty,a),d(By, Sz,a))
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for all z,y and a 1n X, where ¢ € ®*. Then for an arbitrary point z¢
in X, by (3.1), we choose a point z; in X such that Tz; = Aze and
for this point z,, there exists a point z5 in X such that Sz, = Bz,

and so on. Continuing in this manner, we can define a sequence {y}
in X such that

(3.3) Yon = T ZTony1 = AT2n  and  yop41 = STon = Bzonp

for every n € Ny = N U {0}.

LEMMA 3.1. Let A, B, S and T be mappings from a 2-metric space
(X,d) into itself satisfying the conditions (3.1} and (3.2). Then the
sequence {yn} defined by (3.3) is a Cauchy sequence in X.

Proof. In (3.2), taking 2 = Zop42, ¥ = T2n41 and @ = y2,, we have

d(Y2n+2,Y2n+1,Y2n) = d(AT242, BZ2ny1,Y2n)
< é(d(yzm-i, Yzns Y20 ) AY2n+2, Yont1, Y2n )
d(Y2n+1; Y2n> Y20), (Y2042, Y20, Y2a )
d(y2n+1,y2n+1,y2n))

and 50 d(¥2n+2, ¥2n+1,¥2n) = 0 by (C1) and (C;). Similarly, we have
d(yz,,+1, y2n+2,y2n+3) = (). Hence, we obtain

(3.4) A(Yn, Ynti,Yns2) =0

for every n € Ng. For all a in X, we denote dn(a) = d{yn,Yn+1,0),
n=0,1,2,---. By (3.4), we have
d(ym Yn+2, a) < d(ym Yn+2, yn+i) + d(ym Yn+1, a) + d(yn-i-l sYn+2, a)
= dn(a) + dn+1(a).

Taking # = #3242 and y = 29,41 in (3.2), we have

dant1{a) = d(Y2n+2,¥2n41,0)
= d(Az2,42, Bzons1,a)
< ¢(d(y2n+1r ¥2n, @), A(V2n+2, Y2r+1,4),
d(y20+1, Y20, ), d(Y2n+2, Y20, @), AY20+1, Y2n+1,0))
= ¢(d2n(a), d2n41(a), d2n(a), dzn(a) + d2nt1(a), 0)
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for all @ in X. By (C3), we obtain
dant1{a) < hdan(a).

Similarly, we have
d2ni2(a) £ hdynyi(a).
In gencral, we obtain

(35)  du(a) < hdp_1(a) < h?d,_5(a) < ----- < h"dy(a)

for all @ in X, where 0 < h < 1.
By using the these facts, we have the following:
A. dy(yo) =0 => d,(yo) = 0 for every n € N.
B. dp-1(ym} =0for any m € N = d,(ym)=0foralln > m-—1.
C. dp-1{ynt+1) =0 =dn-1(ys) for 0 <n < m —1 and (M,)
= dn(ym) < dn(ym-l) < dn(?fm-?) Loreeen y
D. do{yn41) =0 = dp(ym)=0for 0 <n<m—1.
Thus, we have shown d,{yn,) = 0 for all m,n € Ny.
E. d,_1(y,) =0=4d,_1(yz) for any 7,7,k € Np with ¢ < j

== (Y2, Y5, ¥x) < d(Ys, Yy—1,Vk)-
Therefore, by using the above inequality in E, repeatedly, we have

d(¥s Y50 ¥6) < Ay, ¥s, y5) = 0,
which means that, for every ¢, 5,k € Ny,
(3.6) d(y., y5,y) = 0.
If m > n, then, by (3.5) and (3.6}, we have
d(YnsYms @) < dYas Ym,s Ynt1) + d(Yn, Ynt1, @} + d(Ynt1, Ym, a)
= d(Yn, ¥n+1,>2) + AYni1,Ym,a)
< d(Yn: Yn+1,9) + d(Ynt1;Yn+2,0) + dYnt2, Ym, @)

A

< d(Yn, Yns1,2) + d(Yng1,Ynt2,0) + < + d(YUm—1, Ym, @)
< A" + A -+ K™ (Yo, 1, @)

AR
1 — hd(yﬁa ylaa)

IA

for all a in X. Therefore, since 0 < h < 1, {y,} is a Cauchy sequence
in X. This completes the proof.
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THEOREM 3.2. Let A, B, S and T be mappings from a complete 2-
metric space (X, d) into itself satisfying the conditions (3.1) and (3.2).
Suppose that
(3.7) oneof A, B, S and T is sequentially continuous and
(3.8) the pairs A, S and B,T are compatible.

Then A, B, S and T have a unique common fixed point in X.

Proof. Let {y.} be the sequence in X defined by (3.3). By Lemma
3.1, {yn} is a Cauchy sequence and hence it converges to some point z
in X. Consequently, the subsequences {Ar2,}, {Sz2,}, {BT2a+1} and
{Tz2041} of {yn} also converge to z.

Now, suppose that S is sequentially continuous. Since 4 and § are
compatible, Lemma 2.2 implies

S%z,, and ASzo, — Sz asn —» oco.
By (3.2), we obtain
d(AST2n, Bz2at1,0) <¢(d(S*z2n, Txon41,8), d(AST20, S 21a, a),
d(Bzrant1, TToni1,0),d(AST2n, TT2n 41, 0),
d(Bx2n+;,52$2n,a))
for all a in X . Letting n — oo, we have
d(5z,z,a) < ¢(d(S2,2,a),0,0,d(Sz,z2,a),d(z,Sz,a)),
so that 2 = Sz by (C5s). By (3.2), we also obtain
d(Az,Brynq,0) < ¢(d(5'z, Tzyny1,a),d(Az, 5z, a),
d(Bzant1, Tr2n+1,0),d(A2, T2on41,a),
d(Bxgn.;.l,Sz,a))
for all ¢ in X. Letting n — oo, we have
d(Az,z,a) < ¢$(d(Sz,z,a),d(Az,Sz,a),0,d(Az,2,a),d(z, Sz,a)},

so that z = Az by (C3). Since A(X) € T(X), z € T(X) and hence
there exists a point u in X such that 2 = Az =Twu. Forall ain X,

d(z,Bu,a) = d(Az, Bu,a)
< ¢{d(Sz,Tu,a)},0,d(Bu, Tu,a),
d(Az,Tu,a),d(Bu,z,a)),
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which implies that z = Bu. Since B and T are compatible and Tu =
Bu =2, Tz = TBu = BTu = Bz by Lemma 2.1. Moreover, by (3.2),
we obtain, for all ¢ in X,

d(z,Tz,a) = d(Az,Bz,a)
< g{)(d(f, Tz,a),0,d(Bz,Tz,a),d(z,Tz,a),d(Bz,z, a)) ,

so that z = Tz by (Cs). Therefore, the point z is a commion fixed point
of A, B, S and T. Similarly, we can also complete the proof when T
1s sequentially continuous.

Next, suppose that A is sequentially continuous. Since 4 and S are
compatible, it follows from Lemma 2.2 that

A%z,, and SAz,, — Az asn — .
By (3.2}, we have
d(A21¢2n, szn—i-l N a) S ¢(d(SA:z:2n, Tmzn“, a), d(A2$2n, SAIgn, a),

d(B$2n+1,T$2n+1 > a), d(Az«sz Tl‘zn+1,a),
d(Bx2n+1, SAxgn, a))

for all a in X. Letting n — oo, we obtain
d(Az,z,a) < ¢(d(Az,2,a),0,0,d(Az,z,a),d(z, Az, a)),

so that z = Az. Hence, there exists a point v in X such that z = 42 =
Tv. Thus we have

d(A%r2,, Bv,a) < qé(d(SAxg,,, Tv,a),d(A%z9,,SAzq,,a),
d(Bv,Tv,a),d(A*z4,,,Tv,a),d(Bv,SAzs,, a))

for all @ in X. Letting n — oo, it follows that
d(z, Bv,a) < ¢(d(z,Tv,a),0,d(Bv, Tv,a),d( Az, Tv,a), d( Bv, z, a}},

which implies that z = Bv. Since B and T are compatible and Tv =
By =2, Tz =TBv = BTv = Bz. Morcover, by (3.2), we have

d(Axy,,Bz,a) < é(d(S:cgn,Tz,a), d(Azon, S2on, a),
d(Bz,Tz,a),d(Az3,,T2,a),d(Bz,5z5,, a))
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for all a in X. Letting n — oo, it follows that
d(z,Bz,a) < ¢{d(2,Tz,a),0,d(Bz,Tz,a),d(z,Tz,a),d(Bz, 2,a)),

so that z = Bz. Since B(X) C S(X), there exists a point w in X such
that z = Bz = Sw. Thus, for all a in X, we have

d(Aw,z,a) = d(Aw, Bz,a)
< ¢(d(Sw, z,a), d(Aw, Sw, a),0, d( Aw, 2, a), d(z, Sw, a)),

so that Aw = 2. Since A and § are compatible and Aw = Sw = z,
Sz = SAw = ASw = Az. Therefore, the point z is a common fixed
point of A, B, § and T. Similarly, we can also complete the proof
when B is sequentially continuous.

It follows easily from (3.2) that z is a unique common fixed point of
A, B, § and T. This completes the proof.

REMARK 3.2. It is not hard to verify that a part of theorem in [1]
holds under given conditions in Theorem 3.2.

REMARK 3.3. Theorem 3.2 extends a result of A. Constantin {1]
by assuming compatibility, ¢ € $* and any one of sequentially con-
tinuous mappings in stead of weak commutativity, ¢ € ® and two of
sequentially continuous mappings, respectively.

REMARK 3.4. Our result also extends and improves some results of
K. Iséki et al. {5}, M. S. Khan and B. Fisher {7], T. Kubiak {8], S. V.
R. Naidu and J. R. Prasad [9] and S. L. Singh et al. [10].

4. Applications

By applying Theorem 3.2, we can show the existence of solutions
for a equation of the form

Az = Pz,

where A and P are sequentially continuous mappings from a complete
2-metric space (X, d) into itself.
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THEOREM 4.1. Let A and P are sequentially continuous mappings
from a complete 2-metric space (X, d) into itself satisfying the following
conditions: there exist 0 < 8 < & and m € N such that

(4.1) d{ Az, Ay, a) > ad(z,y,a),
(4.2) P™(X)cC AP™ (X)),
(4.3) d(P™z,P™y,a) < (ﬁ(d(Pm_lx,P""ly, a),

d(A7'P™z, P™ 1z, q),
d(A™IP™y, Py, q)
d(A7'P™z, Py a)
d(ATP™y, P™ 1z )
for all z,y and a in X, where ¢ € ®*. Suppose that
(4.4) A is surjective and
{(4.5) thepar A~"P™, P™! is cumpatible.

Then the equation Ar = Pz has at least one solution in X.

=]

]

,a

)

Proof. We note that if Az = Ay, then z = y, so that A 1s bijective
and hence 47! exists. From (4.1) and (4.3), we deduce

d(A"1P™z, AT1P™y a) < %d(P"‘x, P™y, a)

<L g(apmia, pmiy ),
d(A“lex,Pm"lx,a),
d(A™'P™y, P™ 1y, a),
d(A7'P™z, P" 'y a),
d(A"T Py, P2, a))

for all @ in X. Now, we see that all the hypotheses of Theorem 3.2 for

A7YP™ and P™ ! are satisfied. Therefore, there cxists a unique point
zp In X such that

AP gy = P 2y = 24

and so we can deduce A~ Pxy = x¢, that is Azq = Pzy. This completes
the proof.
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COROLLARY 4.2. Let A and P be sequentially continuous mappings
from a complete 2-metric space (X, d) into itself satisfying the condi-
tions (4.1) and (4.4). Suppose that thereexist0 < § < aand0< h <1
such that

(4.6) d(Pz, Py,a) < Bhd(z,y,a)

for all z,y and a in X. Then the equation Az = Pz has at least one
solution in X
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