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A COMMOM FIXED POINT 
THEOREM AND ITS APPLICATION

Shin Min Kang and Yeol Je Cho

고. Introduction
The concept of 2-metric spaces has been investigated initially by S. 

Gahler in a series of papers [2]-[4] and has been developed extensively 
by himself and many others.

A 2~metric space (X, d) is a set X with a real-valued function d on 
X x X x X satisfying the following conditions:

(A£) for two distinct points x and y in X, there exists a point z in
X such that z)丰 0,

(A%) 饥 z) = 0 if at least two of x, y and z are equal,
(M3) y, z) = d(x, z5 y) = z, x),
(M4) y, 2) < g, w) + w, z) + d(w, y, z) for all x, y, z and

w in X.
It has been shown by S. Gahler [2] that a 2-metric d is non-negative and 
although d is a continuous function of any one of its three arguments, 
it need not be continuous in two arguments. If it is continuous in two 
arguments, then it is continuous in all three arguments. A 2-metric d 
which is continuous in all of its arguments will be said to be continuous.

On the other hand, a number of mathematicans have studied the 
aspects of fixed point theory in the setting of the 2-metric spaces. They 
have been motivated by various concepts already known for ordinary 
metric spaces and have thus introduced analogues of various concepts 
in the frame work of the 2-metric spaces.

Especially, S. V. R. Naidu and J. R. Prasad [9] introduced the con­
cept of weakly commuting mappings as a generalization of commuting 
mappings. Using this concept, A« Constantin [1] gave a common fixed 
point theorem in 2-metric spaces. This 호esult generalized, improved 
and unified some of the results of K. Iseki et al. [5], M. S. Khan and B. 
Fisher [7], T. Kubiak [8] and S. L. Singh et al. [1 이. Recently, in [6], M.
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S. Khan and Y. J. Cho extended the concept of compatible mappings 
in metric spaces, which is more general than the concept of commuting 
and weakly commuting mappings, to the setting of 2-metric spaces.

In this paper, we extend a result of A. Constantin [1] by employing 
compatible mappings instead of weakly commuting mappings under 
given conditions which is weaker than the condition of [1] and give an 
application.

2. Preliminaries
The following definitions and lemmas are given in [5]-[7], [9] and 

[10]：

DEFINITION 2.1. A sequence {xn} in a 2-metric space (X)d) is said 
to be convergent to a point z in X if d(xn,x, a) = 0 for all a
in X. Then x is called the limit of the sequence {xn} in X.

DEFINITION 2.2. A sequence (xn} in a 2-metric space (X, d) is said 
to be a Cauchy sequence if xn, a) = 0 for all a in X.

DEFINITION 2.3. A 2-metric space (X,d) is said to be complete if 
every Cauchy sequence in X is convergent.

Note that in a 2-metric space a convergent sequence need not be a 
Cauchy sequence, but every convergent sequence is a Cauchy sequence 
when the 2-metric d is continuous on X [9].

DEFINITION 2.4. A mapping S from a 2-metric space (X, d) into 
itself is said to be sequentially continuous at a point x in X if for every 
sequence {xn} in X such that limn_^oo d^xn^ x, a) = 0 for all a in X) 
limn*。d(Sz而 Sxy a) = 0.

DEFINITION 2.5. Let A and B be two mappings from a 2-metric 
space (X, d) into itself. Then A and B are said to be weakly commuting 
mappings on X if d(STx^TSxy a) < d(Tx^ Sx、a) for all x and a in X.

Obviously, any weakly commuting mappings are commuting, but 
the converse is not necessarily true [9].

DEFINITION 2.6. Let A and B be two mappings from a 2-metric 
space (X,d) into itself. Then A and B are said to be compatible map­
pings on X if limsT8 d(ABxn^ BAxn,a) = 0 for all a in X, whenever 
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{xn} is a sequence in X such that limn_+oo Axn = lim冗_>8 Bxn = t for 
some point t in X.

Clearly, any weakly commuting mappings are compatible, but the 
converse is not necessarily true.

LEMMA 2.1. Let A and B be compatible mappings from a 2-metric 
space (X, d) into itself. Suppose that At = Bt for some t in X. Then 
ABt = BAt.

LEMMA 2.2. Let A and B be compatible mappings from a 2-metric 
space (X, d) into itself Suppose that liny—8 = lim卩_»8 Bxn = t
for some point t in X. Then linin^oo BAxn = At if A is sequentially 
continuous.

3. A fixed point theorem
Throughout this paper, let (X, d) be a 2-metric space with the con- 

tiniisus 2-mctric d. Let N an쇼HL be the sets of all -ixcrtural numbers 
and non-negative real numbers, respectively, and let $ and $ * denote 
the families of all upper-semicontinuous functions © : (R+)5 —> R+ 
with the following conditions (Ci), (%) and (C4), and (Ci), (C3) and 
(C5), respectively:
(Ci) © is non-decreasing in the 4이1 and 5th variables,
(C2) let v,w E R+ be such that v < ^(w, w, v, v + w, 0) or v < 

<^(w, vyw^v + w,0) or v < + w) or v < ^(w, v, w,
0,v + w). Then v < hw, for some h E (0,1),

(C3) let v,w E R+ be such that v < ^>(w, v, w, v + w, 0) or v <
w, v, 0, v + w). Then v < hwy for some h G (0,1),

(C4) let v G R+ be such that v < 0,0, v, v) or v < ^(0, v, 0, v, v)
or v < <^(0,0, v, v, V). Then 7丿=0)

((?5)let v E R+ be such that v < ^(v, 0,0, v, v). Then u = 0.
REMARK 3.1. In [1], the family $ is introduced by A. Constantin, 

and is a subclass of
Let A, B)S and T be mappings from a 2-metric space (X, d) into 

itself satisfying the following conditions:
(3.1) 4(X) C f(X) and 3(X) C S(X),

(3.2) d^Ax^ By, a) < ^){d^Sx^ Tyy a), d^Axy Sx, a),
d(®, Ty, a), d(Ax,Ty, a), d(By, Si, a)) 
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for all x,y and a in X, where(f> G $*. Then for an arbitrary point xq 
in X, by (3.1), we choose a point in X such that Tx\ = Axq and 
for this point Xi, there exists a point in X such that Sx2 = Bx\ 
and so on. Continuing in this manner, we can define a sequence {?/„} 
in X such that

(3-3) J/2 n = 끄 22n+l = and. ，2n+l = = Bx2n^-1

for every n G No = N U {0}.

LEMMA 3.1. Let A, B, S and T be mappings from a 2-metric space 
(X,d) into itself satisfying the conditions (3.1) and (3.2). Then the 
sequence {yn} defined by (3.3) is a Cauchy sequence in X.

Proof, In (3.2), taking x = 亿小너或, y = X2n+i and a = j/2n, we have

^(2/2n+2> J/2n4-l ? J/2n) = Ax2n+2j )?/2n)
으 免故女)，』(卖7바2 +b 洗

d(，2n+丄，如+2"/2n,，2n), 
d(，2n+l, ；2nH , !/2n))

and so J(y2n+2,?/2n+i,y2n) = 0 by (G) and (C3). Similarly, we have 
d(，2n+i,y&+2,g2n+3)= 0. Hence, we obtain

(3・4) !/서~1)J/n+2)= 0

fo흐 every n € No- For all a in X)we denote dn(a) =
n = 0,1,25- - -. By (3.4), we have

场너~2, a) V d(징命 如+2> yn+1) + J/n,，n+l, a) 4- ,，서-2,
=dn(a) + c?R+i(a).

Taking x = x2n^-2 and y = x2n4-i in (3.2), we have

어」(a) = d(gg+2,，2n+i, a)
=rf(Ax2n+2,Bx2n+1,a)
— ©(d(，2n+고' y2w)a), 涉(?/2n+2)J/2n+l? a),

d(，2nH，?/2n, «),以切岡一幻 J/2n, «), ^(j/2n+l, !/2n+l? ^))
= 机&n(Q), 如中 (a), d2n(a)y d2n{a) + 如나」(以 0) 
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for all a in X. By (C3), we obtain

由서」(Q)< hd2n(a).
Similarly, we have

』2n+2(a) < K&n+lS).
In general, we obtain

(3.5) dn(a) < hdnT(d) < ^2^n-2(«) V........< hndQ(a)

for all a in X〉where 0 < h < 1.
By using the these facts, we have the following:

A. Jo(Vo) = 0 =》dn(y0) = 0 for every n e N.
B. = 0 for any m G N =》Jn(ym) = 0 for all n > m — 1.
C. dm—1(，孔+1) = 0 = dm-~i(1/n) £。匸 0 < n V ttl — 1 and (几爲)

= A M ^n(j/7n —1) — 2)—......... •
D° £妇(勿너_1) = 0 > dn(，m) = 0 for 0 n <C tti — 1.

Thus, we have shown dn(ym) = 0 for all m, n G Nq.
E.由_1(贝)=0 = for any z, J, k G No with i < j

=> d(饥,y”饥；)< 浦k).
Therefore, by using the above inequality in E, repeatedly, we have

巡囲"择)< = °，

which means that, for every i"〉k G No,

(3.6) 火)=0.

If m > n, then, by (3.5) and (3.6), we have

d(ynjym,a) < d(如,饥而 如 h) + d(f") + d(yn^lyym,a)

=涉(2/n)；n+l, ") + ^(2/n+l, Vm 5 a)
< d(yn, yn+1, a) + d(yn+1, yn+2,«) + d(，n+2 , a)
< .

< d(g心l/n+i,a) + d(yn+1,j/n+2,a) + …+ 匚如侃一丄，«)

< {/产+/产+1+・・・+仪7}姻国")

hn
<匸无涉(，oRi,Q)

for all a in X. Therefore, since 0 < A < 1, {；□} is a Cauchy sequence 
in X, This completes the proof.
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THEOREM 3.2. Let A, B, S and T be mappings from a complete 2- 
metric space (X, d) into itself satisfying the conditions (3.1) and (3.2). 
Suppose that
(3.7) one of A, B9 S and T is sequentially continuous and
(3.8) the pairs AyS and B〉T are compatible.
Then A, B, S and T have a unique common fixed point in X.

Proof. Let {yn} be the sequence in X defined by (3.3). By Lemma 
3.1, (yn) is a Cauchy sequence and hence it converges to some point z 
in X. Consequently, the subsequences (Ax2n}, {S%2n})and 
(Ta：2n+i} of {如} also converge to z.

Now, suppose that S is sequentially continuous. Since A and S are 
compatible, Lemma 2.2 implies

S2X2n and ASx2n —> Sz as n —oo.

By (3.2), we obtain

B：z；2n+i)a) (d(S Z2n, 꼬*^2n4-i, Q), d(4S©2“,, S a),

d(B：7：2n+l)TX2n-j-l)a), d^ASx^n, T^2n4-l 5 

d(Bx2n+i>5,2x2n,a))

for all a in X. Letting n —* oo, we have

d(Sz,z,a) < z, a), 0,0, z, a), Szy a)),

so that z = Sz by (C5). By (3.2), we also obtain

d(Az, Bx2n+i,a) < 机d(Sz, d{Az. Sz, a),
d(B%2n+l ? 끄*^2n+l), a), 

d(Bx2n+i,5，z,a))

for all a in X. Letting n —> 00, we have

d(Az,2r,a) < z, a), Sz, a), 0, d(Azy a), Sz^ a)),

so that z = Az by (C3). Since」4(X) C T(A"), z E T(X) and hence 
there exists a point u in X such that z = Az = Tu, For all a in X〉

d(z)Buy a) = d{Az^ B% a)
V ©(d(Sz, Tu, a), 0, d(Bu,Tu)a), 

d^Azy Tu, a), d(Bu» z, a)), 
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which implies that z = Bu. Since B and 꼬 are compatible and 꼬" = 

Bu = z, Tz = TBu = BTu = Bz by Lemma 2.1. Moreover, by (3.2), 
we obtain, for all a in X,

d(礼 Tz, a) = d(Az^ Bz» a)
V 机以习 Tz, a), 0, d(Bz,Tz, a), a), d(Bz, z, a)),

so that z = Tz by (C5). Therefore, the point z is a common fixed point 
of A, B, S and T. Similarly, we can also complete the proof when T 
is sequentially continuous.

Next, suppose that A is sequentially continuous. Since A and S are 
compatible, it follows from Lemma 2.2 that

A2x^n and. SAx2n -느 Az as n —* 00.

By (3.2), we have

d(A2X2n,Bx2n+i,a) < <f>(d(SAx2n,Tx2n+i,a), J(A2x2n, SAx2n, a), 

d\^I3X2n-^-l, T^2n4~l, a), d(/4 Z2n, , a),
d(Bx2n+l,SAX2n,a))

for all a in X. Letting n —> 00, we obtain

d(Az^ z, a) < ^)(d(Az, z, a), 0,0, d(Azy z, a)^d(z,Az,a)),

so that z = Az. Hence, there exists a point v in X such that z = Az = 
Tv, Thus we have

d(A2x2n,Bv,a') <(f>(d(SAx2n,Tv. a), d(A2x2n, 5，^2n,«),
Tv, a), t/(A2X2n,Tv,a), d^Bv^ SAx^n^S)

for all a in X. Letting n t co, it follows that

d^z^Bv.a) < Tv, a), 0, Tv, a), Tv, a), z, a)), 

which implies that z — Bv. Since B and T are compatible and Tv = 
Bv = z, Tz = TBv = BTv = Bz. Moreover, by (3.2), we have

d(AT2n,Bz, a) < J(d(S叼 JZZ a), d(Ax2n,俭知以)，

d(Bz, Tz, a), d{Ax2n-}Tz^a), d(Bz, ST2n, a)) 
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for all a in X. Letting n oo, it follows that

d(z, Bz, a) < 机d(z, Tz, a), 0, d(Bz, Tz, a), d(z, 꼬z, a), d(Bz, z, a))5

so that z = Bz. Since B(X) C S(X))there exists a point w in X such 
that z = Bz = Sw. Thus, for all a in X, we have

d(Aw, z、a) = d(Awy Bzy a)
< 机d(Sw, z, a), d(Aw, Sw,a), 0, d(Aw, z, a), d(z, Swy a)),

so that Aw = z. Since A and S axe compatible and Aw = Sw = z, 
Sz = SAw = ASw = Az. Therefore, the point z is a common fixed 
point of A, B、S and T. Similarly, we can also complete the proof 
when B is sequentially continuous.

It follows easily from (3.2) that z is a unique common fixed point of 
A, S and T. This completes the proof.

REMARK 3.2. It is not hard to verify that a part of theorem in [1] 
holds under given conditions in Theorem 3.2.

REMARK 3.3. Theorem 3.2 extends a result of A. Constantin [1] 
by assuming compatibility, © € and any one of sequentially con­
tinuous mappings in stead of weak commutativity, , E ① and two of 
sequentially continuous mappings, respectively.

REMARK 3.4. Our result also extends and improves some results of 
K. Iseki et al. [5], M. S. Khan and B. Fisher [7], T. Kubiak [8], S. V. 
R. Naidu and J. R. Prasad [9] and S. L. Singh et al. [10].

4. Applications
By applying Theorem 3.2, we can show the existence of solutions 

for a equation of the form

Ax = Px,

where A and P are sequentially continuous mappings from a complete 
2-metric space (X)d) into itself.
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THEOREM 4.1. Let A and P are sequentially continuous mappings 
from a complete 2-metric space (X)d) into itself satisfying the following 
conditions: there exist 0 < < a and m G N such that

(4.1) d(Ax^Ayya) > ad(x,y,a),

(4.2) pm(X) C

(4.3) d(Pmx,Pmy,a)』岫(叶成叶一七域

d(A~1Pmx,Pm-1x,a),
皿pmTg,a), 

d(A-1Pmx,Pm~1y,a), 
d(A-1Pmy,Pm-1x,a))

for all x, y and a in X, where © G $*. Suppose that
(4.4) A is surjective and
(4.5) tiie pair A~y Pm, is x^mp^tibl^.
Then the equation Ax = Px has at least one solution in X.

Proof, We note that if Ax = Ayy then z = y, so that A is bijective 
and hence A~r exists. From (4.1) and (4.3), we deduce

d(A-1Pmx,A~1Prny,a) < -d(Pmx,Pmy,a) 
a

dQLPFpmfa), 

d(A-1Pmy,Pm-1y,a\ 
d{A~iPmx,Pm-'iy,a>), 
d(A-1PTny,PTn-1x,a'))

for all a in X. Now, we see that all the hypotheses of Theorem 3.2 for 
A~xPm and P171-1 are satisfied. Therefore, there exists a unique point 
xq in X such that

A~1PmXQ = Pm-1zo = xq

and so we can deduce A~1Pxq = xq, that is Axq = Pxq. This completes 
the proof.
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COROLLARY 4.2. Let A and P be sequentially continuous mappings 
from a complete 2-metric space (X, d) into itself satisfying the condi­
tions (4.1) and (4.4). Suppose that there exist 0 < ^ < a and 0 < h < 1 
such that

(4.6) c/(Px, Pyy a) < 0h </(x, y, a)

for all and a in X. Then the equation Ax = Px has at least one 
solution in X.
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