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AN EQUIVALENT CONDITION FOR
MEMBERSHIP IN NEW CLASSES Al |

HAN Soo KiM AND HAE GYu Kim

1. Introduction

Let H be a separable, infinite dimensional, complex Hilbert spaces
and let £(H) denote the algebra of all bounded linear operators on
H. A dual algebre is a subalgebra of £{H) that contains the identity
operator 14 and is closed in the ultraweak operator topology on L{H).
For T € L(H), let Ay denote the smallest subalgcbra of £{H)} that
cointains T and 14 and is closed in the ultraweak operator topology.
Morcover, let () 4, denote the quotient space C;(H)/ 1 4, where C;(H)
is the trace class ideal in £(H) under the trace norm, and 1 4, denotcs
the preannihilator of Ay in Cy(H). For a brief notation, we shall denote

Qar by Qr. One knows that Ap is the dual space of Q7 and that the
duality is given by

(1) (4,[L}) = tr(AL), A€ Ar,[L]eQr.

The Banach space Q1 is called a predual of Ay. For z and y in H, we
can write  ® y for the rank one operator in C;(H) defined by

(2) (r@y)(u)={(u,y)z for all u€eH.

The theory of dual algebras is applied to the study of invariant sub-
spaces, dilation theory, and reflexivity. The classes A,, » (to be defined
in section 2} were defined by Bercovici-Foias-Pearcy in [2]. Also these
classes are closely related to the study of the theory of dual algebras.
C. Apostol, H. Bercovici, C. Foias and C. Pearcy (1] studied geometric
criteria for membership in the class Ax, = Ay, n, (to be defined in
section 2) S. Brown, B. Chevreau, G. Exner and C. Pearcy (5], [7],
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[8] obtained topological criteria and geometric criteria for membership
in the class Ay, or A; x,.In this paper we construct new classes and
obtain an equivalent condition for membership in the new classes.

2. Notation and preliminaries

The notation and terminology employed herein agree with those in
(3], [4], [11}. We shall denote by D the open unit disc in the complex
plane C, and we write T for the boundary of D. The space L? =
LP(T),1 £ p £ o0, 15 the usual Lebesgue function space relative to
normalized Lebesgue measure m on T. The space H? = H?(T),1 <
P < 00, 1s the usual Hardy space. It is well-known that the space H®
is the dual space of L'/H}, where

27

(3) Hy={fel': f(eM)e™dt =0, for n=0,1,2,--}
0
and the duality is given by the pairing

(4) (f, L)) = ]T fgdm for feH®,lgle L'/HL.

Recall that any contraction T' can be written as a direct sum T =
T, @ T2, where Ty 1s a completely nonunitary contraction and 75 is a
unitary operator. If 75 is absolutely continuous or acts on the space
(0), T will be called an absolutely continuous contraction. The following
Foias-Sz. Nagy functional calculus {3, Theorem 4.1} provides a good
relationship between the function space H*® and a dual algebra Ar.

THEOREM 2.1. ([3. Theorem 4.1]) Let T' be an absolutely contin-
uous contraction in L{H). Then there is an algebra homomorphism
@1 : H® — Ar defined by ®+(f) = f(T) such that
(a) @r(1) =1y, 27(€)=T,

(D RN £ flloy f € H,

(c) ®r is continuous if both H™ and Ar are given their weak® topolo-
gies,

(d) the range of &1 is weak* dense in Ar,

(e) there exists a bounded, lincar, one-to-one map ¢7: Qr — L'/H}
such that ¢p* = &, and

(f) if @7 is an isometry, then ®7 is a weak* homeomorphism of H>
onto At and ¢r is an isometry of Qr onto L' /H}.
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DEFINITION 2.2. ({9]) Let A C £L(H) be a dual algebra and let m
and n be any cardinal numbers such that 1 < m,n < Rj. A dual
algebra A will be said to have property (A, .} if every m X n system
of simultaneous equations of the form

(5) 17:!@313]:[sz]: 0<i<m,0< ) <nm,

where {[L;]} o<i<m 1s an arbitrary m xn array from @ 4, has a solution
0<y<n

{z:}o<icm, {¥; o<y <n consisting of a pair of sequences of vectors from

H.

For brief notation, we shall denote (A, ) by (A.). We denote by
A = A(H) the class of all absolutely continuous contractions T in
L{H) for which the Folas-Sz.Nagy functional calculus &7 : H*® — Ap
1s an isometry. Furthermore, if m and n are cardinal numbers such
that 1 < m,n < ¥y, we detwte by Ay = Ay a{F) the sct of all T
in A(H) such that the singly generated dual algebra Ap has property
(Am,n)

To establish our results, it will be convenient to use the minimal
coisometric extension theorem [11]: every contraction T in L(H) has
a minimal coisometric extension B = B that is unique up to unitary
equivalence.

Given such T and B, one knows that there exists a canonical de-
composition of the isometry B* as

(6) B*=S@R

corresponding to a decomposition of the space

(7) K=S8R,

where, if § # (0), S is a unilateral shift operator of some multiplicity
in £(8), and, if R # (0), R is a unitary operator in L{(R). Of course,

either § or R may be (0). ([5])
Let Py be the Poisson kernel function

(8) Pa(e)=(1— M1 - A%, e,
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in L', for each A € D. Then it follows from [3,p34] that
(9) (f(B) = f(X), feH™,

where f is the analytic extension of f to D. For a given contraction
T € A(M), let us denote ¢1 ([P2]) = [Ca]. Then we have

(10) DL = f(N), feH™
LEMMA 2.3. ([5, Lemma 3.5]) Suppose T € A(H) and has minimal
coisometric extension B in £L(K). Then B € A(K),®7 0 &3 is an

isometry and weak* homeomorphism from Apg onto Ar,and 3 = cpgl o
wr Is a linear isometry of Qr onto @p. Moreover,

(11) i([CaT) =[CAls, A€ D
and
(12) je®vylr)={z®vyis, z.yeH.

LEMMA 2.4. ([5, Lemma 3.6]) If T belongs to A(H) and has mini-
mal coisometric extension B in £(K), z,y € H, and w,z € K, then

(13) iz ® ylrll = lllz ® yl&ll,

(14) [z & 2] = [ ® Pz|p,

and

(15) [w®z]p = [Qw® Qz]p + [Aw ® Az]p.

LEMMA 2.5. ((5, Proposition 4.5]) Suppose T € A(H) and has
minimal coisometric extension B in £{S§ & R} and suppose that for
every (L} in Qr there exists a Cauchy sequence {z,} in H and se-
quences {w,} in § and {b,} 11 R such that {wn + b} is bounded and
(3" © 7)([Llr) - [£n @ (wn + ba)lBll = 0. Then T € A,.

We shall employ the notation C.g = Co(H) for the class of all (com-
pletely nonunitary) contractions T in L(H) such that the sequences
{T*}" converges to zero in the strong operator topology and is de-
noted by,as usual,Cy. = (C.¢)*,and N is denoted by the set of all nat-
ural numbers.
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LEMMA 2.6. ([6, Theorem 2.1]) Suppose {Tk}$2, is any sequence of
operators contained in the class Ax, N C o, {[Lk]7 }£2., is an arbitrary
sequence (where [ L], € Qr,), and {€;:}§2, is any sequence of positive
numbers. Then there exists a dense set D C 'H such that for every z
in D, there exists a sequence {yf}%>, C H satisfying

(16) [z @ yiln, = [Lxln, k€N,
and

3. Classes Aim,,,(?'i) and an equivalent condition for mem-
bership in A}, , (H)

From thc idea of lemma 2.6, we construct ncw classes as following :

DEFINITION 3.1. Let m,n and [ be any cardinal numbers such that
1 < m,n,1 < Ro. We denote by AL, (M) the class of all {Tx},_, in
A(H) such that every m x n x I system of simultaneous equations of
the form

(18) [, ® ygk)]Tk = [Lgf)]Tk?

where {[Lff)]'rk }o<i<m Is an arbitrary m X n array from Qr, for each
0<<n

1 £k <, has a solution {z,}o<icm, {ygk)}KKﬂ consisting of a pair
- 1<k<I
of sequences of vectors from H.

REMARK 3.2. K {T}}32, arein the class Ax,NC o, then {T3}52, €
Ait"’l, by lemma 2.6.

We are now ready to prove our main theorem.

THEOREM 3.3. Suppose m,n and | are cardinal numbers such that
1 <m,n,l <Ry and Ty € A(H) has minimal coisometric extension By,
in £(Sp @ Ry) fork, 1<k <1 Then {Ti}i_; € AL, , if and only

m,n

if for {[Lgf)]n}ogmm C Qr, fork, 1<k <1, there exists a Cauchy
0<1<n
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sequence {;p}52, in H and sequences {wﬁ-;)};il in 8k and {b(k)}ph
in Ry such that {w'") + 5} is bounded and ||(p3! 0 o, )(LP)n) -
[rip © (w8 + )], ) = 0.

Proof. The idea of this proof comes from Lemma 2.5. Suppose
{T: k—~1 € Al .(M). It follows from the definition of Al .(H) that,

for {[LU In Yo<icm In Qpy for k, 1 < k < I, there exist J:,,y(-k) €
0<ji<n

H,0§i<m0<3<n1<k<lsuchthat[Lk]T,‘ [z:®y ]T,c

Set x, , = x.,ygk) = yﬁk) = w(k) +b(k) € S @ Ry, for any p € N. Then
it is obvious that these are requlrcd sequences.
Conversely, let us v( ) = P(w(k) b“)) p € N where P is an or-

thogonal projection from K onto H. Since {v'* v, }p=1 is bounded, we

k
may suppose w.lLo.g, that {vg’p) }o=1 converges weakly to v;-‘. Moreover,
since {z, 5152, is a Cauchy sequence, we have {r; ,} converges strongly
to x,.

k
liz: ® w32 ]m — 22 ® 00 |
k
=l|[($£—$i,p)®v§,3]nll
k
< lzi = zipll - 2] - 0.

Also from (12) and (14), with j; = ¢3! o ¢1,, we have

L7, = (205 @ v
= lle3! o o (ILE ’m) [2:p ® v, |
= llez! o on (L)) ~ 2, ® (w‘” %5, || — 0.

Then
k
WEP] 7, — [2: @ 0®g |
k k
S WL ~ [20p @ vl + 20p @ P — (2, @ o217l - 0.

So
IZ )7 — [z, @ v | — 0
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We now compute to show that [Lff)]n = [z, ® vg-k)jq;, and thus

complete the proof ; for A € H®(T), we have

k . : k
(BT ), ILP)7,) = lim{h(74), [ © vypIm) = lim(A(T)z, vop)

= (W(Te)z,, v = (R(Tk), [z @ v 7)1y ).

Hence we have [LE;‘)]T,, = [z, ® vgk}]n, 0<i<m0<j<nl<L
k<Ll

Therefore the proof is complete.

10.

11.
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