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ON AN ANALYTIC CONTINUATION OF 
THE MULTIPLE HURWITZ < -FUNCTION

Tae-Young Seo and Bo-Myoung Ok

1. Multiple Hurwitz ^-function and multiple Bernoulli 
polynomials
In [2], E.W. Barnes defines the r-ple Hurwitz ^-function, for Res > 

r.

OO ]

(1) G(S,이迎1,吸,•••，迎r) = £ (饵2沪
m—m2,…，mr=()E 7

where 3 = miw^ +^2W2 + … +mrwr and also gives a contour integral 

representation

—I 、江(l — s) [ e-"(—
C(S,a|w1?w2,••- ,wr)=—分厂匕 心l — s)爵，

where the conditions for a and wi, W2, ■■- , wr and the possible contour 

L is given by [2].

DEFINITION 1. In (1), we restrict these when wj = w2—• • • =wn—1, 

that is to say, a > 0, Re^ > n

OO

⑵ Q)— (Q + + 炳 + … + kn) 허

妇应2广-,kn=。

Cn(5, a) is called as the n-ple multiple Hurwitz (-function.
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THEOREM 2. ([2]) ^n(s, a) can be continued to a meromorphic func

tion with poles s = 1,2, ••- , n, a > 0.

Proof. For by the contour integral representation

Cn(5, a)=띃이 仃근흘力
where the contour C is 度ven as Fig.l, the integral is valid for a > 0 

and all s, so Cn(3 * 5?a) has possible poles only at the poles of F(1 一 s),

(3) +4羿_" +戸二*二玖驰诊

k=l *

which is valid in the annulus {z 10 V 聞 V 2町・

Now, nBk(cL)is called the Multiple Bernoulli polynomial.

i.e.,  s = 1,2,3, • • •. But by the series definition <^n(s, a) is analytic for 

Res > n.

In particular, when n = 1, (i(s,a) = 8眾=0(^ + 知)$ = <($,")• 

This is the well-known Hurwitz ^-function,

DEFINITION 3. We define the fc-th Bernoulli polynomials of order 
n, nBfc(a), whose first de혼iv&tive nB^(a) appeals as the cofficient of 

in the expansion

(一 1)此厂心(_1)財血)(一1)1&_心)t
------------ —----------------------------------- 卜，…
(1 - e~z)n 치 zn~2
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Theorem 4.

4(a) = nSjs+>)(a) and 봑砰이 = nB^\a) 
K '十X

for k — 1,2, • • •.

Proof. We differentiate (3) with regard to a ; we obtain

(T)”L = (—L)nT4£_2(a)

(1 — e~z)n zn~x zn~2

, (T)4；(a) 4；(a) 《으、(T)七同幻(力 卜】

+ —会一一 + 一厂----- Bi-----------'
k—1

Equatting now coefficient of like powers of z in (3) and we get An_^i 

(a)=4：—g(a), Q = 1,2, ...— 1 and &(a) = nB^\a). Hence As 

(a)=n・研어and 허' 시「⑷ = 冗风(以 Thus, the fundamental 

expansion (3) may be written

(—1)*心 _ 宁(-l)、B】(十)(a)宁' (T)丿 

⑴- Az R +Q El %

\ 7 S=1 k~l

2. An analytic continuation of the multiple Hurwitz G 
function

THEOREM 5. 〈n(s,a) is a meromorphic function with simple poles 

at 5 = 1, 2, * * * , n.

Proof. From (2), for Res > n,

oo

G(s, ◎) = >2 (a + fci + A；2 + • * • + kn)~3

…,fcn=0

We know that

rOO
「(s) = / ts 

Jq

-1e-f 出=(a + 蜘 + . • • + kn)s L e-(a+b+・+M)廿-1 出
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Then we have, for Res > n

£8 1
G(s,a)F(s)=/(] _ atta '出

Now, when \s\ < c, where c is any positive number, we have

OO 1 AOO 1
一―％3；—|出=/ tc-xe-at-一一丄—kdt 

' (1 - e-*)n 1 Ji (1- e—')n

1 r°°
<―——/ tc-le~atdt 
-1-e-1 A

There, the second integral in (5) converges uniformly in every compact 

subset in the whole complex plane C and so represents an analytic 
凌(th). .

function in C. On the ohter hand, the function ———-r— is analytic 
(e' _ 1Jn

in a deleted neighborhood of zero and

et(n-a) 으득으
lim tn 7-5—= lim —-—— = 1 尹 0) 
t—>o (e* — l)n jq et — 1

but

et(n~a)
픈驴 "FflQ

e^(n-a)
Thus 六——-^― has a pole of order n at zero. Also, by (4), for 0 < |t| < 

2k

(1 _ e_t)n =n 1 Bf)(a)片”+ …

+ (-l)n+2 *F)(a成-3 + (T)"+i nB^\a)ta~2

(T)”+f히 (a)M+_2 

刼
k=l
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Using this expansion and term by term integration (justified by uniform 

convergence) the first integral in (5) can be written

/"'Q二M 出

Jo (1-eT)”

n成+D(a) „B；n)(a) (-l)n+2 nB；3)(a)

= … m+…+
I (T)n+1 nB이(a)

s-2

1_________________________

k=1k + s-l kl

Consequently, for Re 3 > n, we can write 

G(s,a)

= ffe

5 — 1

nB；n+1)(a) nB；n)(a) (-l)n+1 nB；2)(a)'
----------------------t----十 —

s — n s — 72 + 1 5 — 1

(6) 1
q----

P(s)

寻 ](T)n+J 必(a)「 

2」& + $ — 1 引

_a：=i

y*oo 1 at

k\

+函①w呼出•

As said before the thirdterm on the right in (5) is entire, and the series

W으' 1 (—l)n+J】 nB^\a) . , . . ] [
〉------------------- ----- 흐---- is meromorphic m the complex plane

lc I s 1 K •
k=l

with simple poles at —k if nB^(a) 7^ 0, = 0,1,2, • • *. Since 頁)is 

entire with zeros at 0,1,2, • • ■, the right hand side of (6) is meromorphic 

on all of C with simple poles at 3 = 1,2, • • • , n.

COROLLARY 5. The residue of (n(s,a) at s = r (r ~ ' ,n) is

W邛 (T)f #그)(a).

Proof. From (6),

四(s - g(s,a)=湍j(T)+ nB<r+1)(a) 

= W$(T)fM+%).
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