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ON COMMON FIXED POINTS OF
ASYMPTOTICALLY REGULAR MAPPINGS

SHIN MIN KaNG

1. Introduction

In 1976, G. Jungek ({6]) initially proved a common fixed point the-
orem for commuting mappings which generalizes the well-known Ba-
nach’s fixed point theorem. This result has been generalized, extended
and improved in various ways by many authors ([2], [7]-[9], [11]-[12]
and [14]-[18]).

On the other hand, S. Sessa ({16]) introduced a generalization of
commutativity, which is called weak commutativity, and proved some
common fixed point theorems for weakly commuting mappings which
generalize the results of K.M. Das and K.V. Naik ([2]). Recently, G.
Jungck ([7]) introduced the concept of more generalized commutativity,
so called compatibility, which is more general than that of weak com-
mutativity. The utility of compatibility in the context of fixed point
theory was initially demonstrated in extending a theorem of S. Park
and J.S. Bae ([15]). By employing compatible mappings in stead of
commuting mappings and using four mappings as opposed to three, G.
Jungck ([8]) extended the results of M.S. Khan and M. Imdad ({12]),
S.L. Singh and S.P. Singh ({18]) and, recently, also obtained an inter-
esting result concerning with his concept in his consecutive paper ({9]).
Quite recently, H. Kaneko and S. Sessa ([11]) also generalized the result
of K.M. Das and K.V. Naik ([2]} by using the concept of compatibility.

In this paper, we prove some common fixed point theorems of asymp-
totically regular mappings by using compatible mappings. Our results
generalize and improve the results of D.E. Anderson, K.L. Singh and
J.H.M. Whitfield ([1}}), M.D. Guay and K.L. Singh ({4]), G. Jungck
({8]), H. Kancko and S. Sessa {[11]), R.N. Mukherjee ({14]} and others.
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2. Preliminaries

For some definitions, terminologies and notations in this paper, we
refer to [1], [7], [16] and [17].

DEFINITION 2.1. Let A and B be mappings from a metric space
(X,d) into itself. Then the pair (A, B) is said to be asymptotically
regular at zg in X if lim, o d{z,, Zn41) = 0, where {z,} is a sequence
in X defined by T = A.’L’{), Xg = BI],"' y Tantl = A.’."Jgﬂ, Ton+2 —
Bzrony1, .

DEFINITION 2.2. Let A and B be mappings from a metric space
(X,d) into itself. Then A and B are said to be weakly commuting
mappings on X if d(ABz, BAz) < d(Az,Bz) for all z in X.

Clearly, any commuting mappings are weakly commuting, but the
converse is not necessarily true as in the following example:

EXAMPLE 2.3. Let X ={0,1] with the Euclidean metric d. Define
Aand B: X — X by

1 z
Am-§z and wa-2+x

for all z in X. Then A and B are weakly commuting mappings on X,
but they are not commuting at z(# 0} in X

DEFINITION 2.4. Let A and B be mappings from a metric space
(X,d) into itself. Then A and B are said to be compatible mappings
on X if impo d(ABz,, BAz,;) = 0 when {z,} is a sequence in X
such that lim, .., Az, = im,_,,, Br, =t for some ¢t in X.

Obviously, weakly commuting mappings are compatible, but the
converse is not necessarily true as in the following example:

EXAMPLE 2.5. Let X = (—o0,00) with the Euclidean metric d.
Define A and B: X —» X by

Az =2 and Br=2-1z

for all z in X. Since d(Az,,Bz,) = [z, — 1| Ixi +zn+ 2' — 0iff

Tp — 1,

nlin;od(BAxn,AB:cn) = lim 6|z, —1°=0 asz,— L
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Thus, A and B are compatible on X, but they are not weakly commut-
ing mappings at z(= 0} in X. Thus, commutings are also compatible,
but the converse is not necessarily true.

We need the following lemmas for our main theorems:

LEMMA 2.6. Let A and B be compatible mappings from a metric
space (X,d) into itself. Suppose that At = Bt for some t in X.
Then d(ABt,BAt) = 0.

LEMMA 2.7. Let A and B be compatible mappings from a metric
space (X, d) into itself. Suppose that lim, .o, Az, =limy_ 0o Bz, =1
for some ¢t in X.

Then lim,,_,o, BAz, = At if A is continuous.

3. Fixed point theorems

Drawing inspiration from the contractive condition of G.E. Hardy
and T.D. Rogers ([5]), we give the following theorems:

THEOREM 3.1. Let A and B be mappings from a complete metric
space (X, d) into itself satisfying the following condition:

d(Az, By) < a1 d(Azx,z) 4+ a2 d(By, y)

3.1
(3.1) + a3 d(Az,y) + a4 d(By,z} + as d(z,y)

for all z,y in X, where a, = a,(z,¥), 1 = 1,2,--- ,5 are non-negative
functions with

(3.2) max{ sup (a1 +as), sup (az+ay), sup (a3+as+as)} <1
z,y€X z,4€EX r y€EX

Suppose that the pair (A, B) is asymptotically regular at some point
mX.
Then A and B have a unique common fixed point in X .

REMARK 3.2. If we replace the condition (3.2) by the following
condition:

(3.3) sup (@) + a2 + a3 + a4 + as) < 1,
ryeX

then the conclusion of Theorem 3.1 is still true.
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REMARK 3.3. If we put A = B, a; = ay and a3 = a4 in Theorem
3.1, then we obtain the result of M.D. Guay and K.L. Singh ([4]).

REMARK 3.4. From Remark 3.2, we also obtain the result of D.E.
Anderson, K.L. Singh and J.H.M. Whitfield ([{1]) ‘:f. Remark 3.13).

We also refer to the papers of G. Emmanuele ([3])) and M.R. Taskovié¢
([19)) for the existence of fixed points of asymptotically regular map-
pings under contractive conditions different from the condition (3.1).

Now, let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying the following condition:

(3.4) AXYCT(X) and B(X)C S(X).

Then for an arbitrary point z4 in X, since A(X) C T(X), we can
choose a point z; in X such that Tz, = Axzg. For this point z,, there
exists a point z2 in X such that Szo = Bz, and so on. Inductively,
we can define a sequence {y,} in X such that

(3.5) Yontl = TTon41 = AZ2y and  yon = STyn = Bran—

forn =0,1,2,---.

DEFINITION 3.5. Let A4, B, S and T be mappings from a metric
space (X, d) into itself. Then the pair (A, B) is said to be asymptotically
regular at z¢ in X with respect to S and T if

'}l’néo d(ym yn+1) =0,

where {y,} is the sequence in X defined by (3.5).

If S and T are the identity mappings on X, then Definition 3.5
induces to Definition 2.1.

THEOREM 3.6. Let A, B, S and T be mappings from a complete
metric space (X, d) into itself satisfying the conditions (3.4), and (3.6):

d(Az, By) < ay d(Ax, Sz) + a, d(By, Ty)

3.6
(3.6) + a3 d( Az, Ty) + ay d(By, Sz) + a5 d(Sz, Ty)
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for all z,y in X, where a, = a,(z,y), 1 = 1,2, -+ ,5 are non-negative

functions with the condition (3.2). Suppose that

(3.7) one of A,B, S and T is continuous,

(3.8) the pairs A, S and B, T are compatible, and

(3.9) the pair (A, B) is asymptotically regular at some point in X with
respect to S and T.

Then A, B, S and T have a unique common fixed point in X.

Proof. Let the pair (A, B) be asymptotically regular at zo in X with
respect to 5 and T'. Consider the sequence {y,} defined by (3.5). Then
we have imy, o0 d(Yn, Yn+1) = 0. Now we prove that {y,} is a Cauchy
sequence in X. By (3.5) and (3.6), we have

d(Y2m, Y2n) < d(Yom, ATom) + d(AZ2m, Bzoni1)

+ d(Bzans1,Y2nt1) + d(Y2ns1, Y2n)

< d(yzm, Yam41) + a1 d(Azom, STom)
+ a2 d(Bz2a41, TZ2n41)
+ a3 [d(Az2m; Y2m) + d(Y2m, Y2a) + d(y2n, TT2n41) ]
+ a4 [d(3$2n+1»y2n+1) + d(y2n-+1, Y2u)

+ d(y2n, Smgm) ]

+ as {d(Sz2m, yan) + d(y2n, TTon41) ]
+ d(Y2n+2, Y2n+1) + dy2nt1, Y2u )s

where @, = a,(Z2m, Zan+1), ¢ = 1,2,-+- , 5. Therefore, we obtain

(1 — Q3 — a4 — as)d(yilm: y2n) < (1 +a + 0'3)d(y2ms y2m+1)
+ {1+ a2 + ag) dy2nt1, Y2n+2)
+ (14 as + aq + as) d(yan, Y2041 )-

From (3.2) and (3.9), by taking the limit as m, n — oo, we show that
{yn} is a Cauchy sequence, and hence it converges to some point z in
X. Consequently, the subsequences {Axy,}, {Sz2,}, {Bzan-1} and
{Tzan—1} of {y.} also converge to z.

Now, suppose that S is continuous. Since A and $ are compatible,
Lemma 2.7 implies

5%20, and ASzo, — Sz asn — oo.
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From (3.6) with a, = a,(Sz2n,T2n-1),t = 1,2,--+ ,5. we obtain
d(ASIzn,szn_l) < (al ~+ aﬁmax{d(ASzz,,,Szxgn),
d(Bzyn_1,T22n-1)}

+ ((13 + a4+ (15) maX{d(ASSan, Txgn_l),

d(B:an—lv S2$2n), d(Szxzm T:Ezn—1)}-
By taking the limsup, we have

d(5z,z) £ sup (a3 +a4 + as)d(Sz, z)
z,5€X

which, by (3.2), implies 2 = Sz. Again, from (3.6) with a, = a.(z,
Tan-1), t =1,2,.-- |5, we also obtain

d(Az,Bran—) < (a1 + a3) max{d(Az, Sz),d(Az,Txg,-1)}

+ (a2 + a4 + as)max{d(Bz2a—1, Tx2n-1),

d(Bxg,—y,52),d(Sz, Tzan—1)}}.
By taking the limsup, we have

d(Az,z) < (a1 + as)ymax{d(Az, Sz),d(Az,z)}
+ (a2 + a4 + as) d(z, Sz)
< sup (a1 +a3)d(Az, z),
z,y€X

which implies Az = z. Since A(X) C T(X), z € T(X) and so there
exists a point v in X such that 2 = A2 = T'u. Hence, it follows that

d(z,Bu) = d(Az, Bu)
< ay d(Az, Sz} + ag d(Bu, Tu)

+ a3 d(Az,Tu) + ay d(Bu, 52) + a5 d(Sz,Tu)
< sup (az + as)d(z, Bu),
z,y€X
where a, = a,(z,u), 1 = 1,2,---,5, which implies z = Bu. Since B
and T are compatible and T = Bu = z, d(TBu, BTu) = 0 by Lemma
2.6 and hence Tz = TBu = BTu = Bz. Moreover, by (3.6), we have
d(z,Tz) = d(Az, Bz)

< sup ((13 +aq + a5)d(2’, Bz)s
z,y€X
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where a, = a,(z,2), i1 = 1,2,---,5, so that z = Tz. Therefore, 2 is a
common fixed point of A, B, § and T. Similarly, we can also complete
the proof when T is confinucus.

Next, suppose that A is continuous. Since A and S are compatible,
it follows from Lemma 2.7 that

A’z,, and SAzy, — Az asn — oo.
From (3.6) with a, = a;(Az2p,,22,-1), 2 = 1,2,--- , 5, we have
d(A 23, Brgn 1) < (a1 + ay) max{d(A2zy, SAzs),
d(Bz'?u—la Tx2n—1)}
+ ((13 +a4 + a5) max{d(Aleln’ TI’?R—I)’
d(Bx2n—la SAx2n)) d(SA$2mT-zZn—-l)}-

By taking the limsup, we have

d(Az,z) < sup (a3 + a4 + as)d(z, Az),
r,yeX

so that z = Az. Hence, since A(X) C T(X), there exists a point v in
X such that z = Az = Tv. Thus we have

d(A%zy,, Bv) < {ay + a3 + a5) max{d(A%zs,, SAz,),
d(Azxgn, T’U), d(SAICQn, TU)}
+ (az + a4) max{d(Bv,Tv), d(Bv, SAz,,)},

where a, = a,(Azyp,v), ¢ = 1,2,--- ,5. By taking the limsup, we have

d(z,Bv) < sup (e + a4) d(z, Bv),
z,y€X

which implies that 2 = Bv. Since B and T are compatible and Tv =
Bv = z, d(TBv,BTv) = 0 and hence T2 = TBv = BTv = Bz.
Moreover, from (3.6) with a, = a,(x2,,2),1 =1,2,--- ,5, we have
d(Azyp, B2) < (@) + ay) max{d{Az,p, Sz2,),d(Bz,Tz)}
+ (az + a4 + as) max{d(Azsn,Tz),
d(Bz,S%2,),d(Sx2,, T2)}.
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By taking the limsup, we have

d(z,Bz) < sup (a3 + a4 + as) max{d(z,T'z),d(Bz,z),d(z,Tz)},
z,yeX

so that z = Bz. Since B(X) C §(X), there exists a point w in X such
that z = Bz = Sw and so we have
d(Aw, z) = d(Aw, Bz)
< (@ + a3) max{d( Aw, Sw), d(Aw, Tz)}
+ (az + a4 + a5) max{d(Bz, Sw), d(Sw,Tz)},

where a, = a,(w,2),:=1,2,--- |5, and

d{Aw,z) < sup (ay + a3) d(Aw, z),
z,9€X

so that z = Aw. Since A and S are compatible and Aw = Sw = 2,
d(SAw,ASw) = 0 and hence Sz = SAw = ASw = Az. Therefore,
z is a common fixed point of A, B, § and T. Similarly, we can also
complete the proof when B is continuous.

Finally, it follows easily from (3.6) that the point z is a unique
commen fixed point of A, B, S and T. This completes the proof.

REMARK 3.7. If § and T are the identity mappings on X, then
Theorem 3.6 induces to Theorem 3.1.

REMARK 3.8. The condition of asymptotic regularity is necessary
in Theorem 3.6 as in the following example:

EXAMPLE 3.9. Let X =[1,00) with the Euclidean metric d. Define
A=Band §S=T:X - X by
Az =2z and Sz =4z

for all z in X. Then the conditions (3.4) and (3.6) are satisfied with
a, =0,7=1,2,3,4 and as = ¢, where % < ¢ < 1. The other hypotheses
of Theorem 3.6 are satisfied except the condition (3.9). Indeed, for the
sequence {y,} defined by (3.5),

Im d(yn,yns1) =0 if z=0

but 0 does not belong to X. Here, none of mappings has a fixed point
in X.
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REMARK 3.10. If we replace the condition (3.2) by the following
condition:

k= sup (a1 +as+2a3 +2a4+a5) <1,
zy€X

then the conclusion of Theorem 3.6 is still true except the condition
of asymptotic regularity. Indeed, let {y,} is a sequence in X defined
(3.5). From (3.6), we have

d(Y2n+1, Y2nt2) = d(Az2n, BTzn41)
< a1 d(Yan, Y2nt1) + a2 d(Y2n+1, Yon+2)
+ as [ (Y20, Y20+1) + d(Y2n+1, Y2nt2) ]
+ a5 d(y2n, Y2a41 )

where a, = @;{Z2n,%2n+1), ¢ = 1,2,--- ,5. In the above inequality, if
d(y2n+1,¥20+2) > d(y2n, Y2n41), then we have

d(y2n+17 y2n+2) < (al +az + 2“4 + 05) d(y2n+11 y2n+2))

which is a contradiction. Thus, we have

d(Y2n+1, Yont2) < kd(Y2n, Yont1)-

Similarly, we obtain

d(y‘lru y2n+l) S k d(yZn—l y y?n)

1t follows from the above facts that

d(ym Ynt1) < k d(yn—ly Yn)-

Since k¥ < 1, by Lemma of G. Jungck ([6]), {yn} is 2 Cauchy sequence
in X. As in the proof Theorem 3.6, this conclusion follows easily.

REMARK 3.11. If we put A = B and S = T in Theorem 3.6, by
Remark 3.10, we obtain easily the result of R.N. Mukherjee ([14]) by
replacing commutativity by compatibility.

H. Kaneko and S. Sessa ([11]) proved the following thorem, which
extended the result of K.M. Das and K.V. Naik ({2]):
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THEOREM 3.12. Let A and S be mappings from a complete metric
space (X, d) into itself satisfying the following conditions:

(3.10) A(X) C S(X),
d(Az, Ay) < hmax{d(Az, Sz),d(Ay, Sy),

3.11
(3.1 d(Az, Sy), d(Ay, Sz),d(Sz, Sy) }

for all z,y in X, where 0 < A < 1. Suppose that one of A and § is
continuous, and the pair A, S Is compatible.

Then A and S$ have a unique common fixed point in X.

REMARK 3.13. As pointed out by S. Massa ([13]), the condition
(3.11) is equivalent to the following condition:

d( Az, Ay) < a; d(Az,Sz) + a, d(Ay, Sy)

(3.12) + a3 d( Az, Sy) + a4 d( Ay, Sz) + a5 d(Sx, Sy)
for all z,y in X, where a, = a,(x,y), = 1,2,--+ ,5 are non-negative
functions with (3.3). Clearly, the condition (3.12) is obtained from
(3.6) with A = B and S = T. Since A(X) C S(X) by (3.10), for
an arbitrary point zy in X, we can choose a point zy in X such that
y1 = Szy = Azy. Continuing in this manner, we can define a sequence
{yn} as follows:

(3.13) Yn = STy = ATpy

for n = 1,2,3,--- . K.M. Das and K.V. Naik ([2]) proved that the
sequence {y, } defined by (3.13) converges to some point z in X and
limy, oo @(Yn, Ynt+1) = 0. Thus, the condition (3.9) can be dropped.
Therefore, Theorem 3.6 is a generalization of Theorem 3.12.

THEOREM 3.14. Let A, B, § and T be mappings from a complete
metric space {X,d) into itself satisfying the conditions (3.4), (3.7),
(3.8), and (3.14):

d(Az,By) < hma.x{d(Ax, Sz),d(By, Ty),
3.14
(19 %[d(Ax,Ty) +d(By, Sz)),d(Sz, Ty) }
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for all z,y in X, where 0 < h < 1.
Then A, B, S and T have a unique common fixed point in X.

Proof. In virtue of Lemma 3.1 in [8], if we replace the condition (3.6)
by (3.14), then the condition of asymptotic regularity can be dropped.
As in the proof of Theorem 3.6, this conclusion follows easily.

REMARK 3.15. Our main results in this paper generalize and im-

prove a number of fixed point theorems for commuting mappings ({2,
[6], [12] and 18)).

REMARK 3.16. Theorem 3.14 generalizes the result of G. Jungck

([8]) by using any one continuous mapping in stead of the continuity
of both § and T. If we do not assume that any one of mappings is
continuous, Theorem 3.14 is no longer true as in the following example:

EXAMPLE 3.17. Let X = [0,1] with the Euclidean metric d. Define
A=Band S=T:X - X by

L ifz=0 1, ifz=0
A;cz{’l3 Tx and .S‘:z={1 Tm
5z, ifz#0 3%, Hz#0

for all z in X. A(X)=(0,3]C(0,1) C S(X). Moreover, we obtain

d(AS50, S A0) = % < g — (S0, A0)

and ASz = SAz = L zforallzin X —{0}. So, A and S are compatible
on X. Further, we obtain

0, fz=y=0
1-z) < 31— 1z) = 1d(Sz,Sy), fe>y=0

d(Az, Ay) = ‘
v) §(1—y) <i(1-3y) = 1d(Sz,8y), ify>z=0
slz —yl = 1d(Sz, Sy), if z,y #0,
< % max{d(Az, Sz),d(Ay, Sy),

% [d(Az, Sy) + d(Ay, Sz) ], d(Sz, Sy) }

for all z,y in X. We find that all the hypotheses of Theorem 3.14
is satisfied except the continuity of A and S, but none of the given
mappings has a fixed point in X.
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Y.
in

REMARK 3.18. Quite recently, in [10}, G. Jungck, P.P. Murthy and
J. Cho introduced the concept of compatible mappings of type (A)
metric spaces and obtained some relations between compatible map-

pings and compatible mappings of type (A). Also, they proved that
two concepts of compatibility and compatibility of type (A) are equiv-
alent under some conditions. If the given mappings in all the theorems

of

this section are continuous, all the theorems in this paper are still

true even though the condition of the compatibility is replaced by the

Co

10.

11.

12,

13.

14,

15.

mpatibility of type (A).
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