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FUZZY T-RINGS
YOUNG BAE JUN AND CHONG YUN LEE

The concept of a fuzzy set, introduced by Zadeh ([6]), was applied
in [2] to generalize some of the basic concepts of general topology.
Rosenfeld ([5]) applied this concept to the theory of groupoids and
groups. The present paper constitutes a similar application to the
elementary theory of I'-rings.

We recall that a fuzzy set in a set S is a function g from S into [0,
1]. Let ¢« and v be fuzzy sets in a set S. Then we define
p=v<= pz)=v(z) forallz e

pCre> pu(z)<v(z) forallzes.
(pUv)(z)=max{p(z),v(z)} forallzesS.
(N v)(z) =min{u(z),v(z)} forallzes.
More generally, for a family of fuzzy sets, {u.|i € I}, we define

(Up)(2) = suplpu(a)}, z€ S
el

(N )(z) = ig{#t(a’)}a z€S.

DEFINITION 1. ([1}) If M = {xv,y,z,...} and I' = {a,f,7,...} are
additive abelian groups, and for all z,y,z in M and all o, 8 in T, the
following conditions are satisfied

(1) zoy is an element of M,

(2) (z+vy)oz = zaz + yaz, z(a + By = zay + xBy, zay +2) =
zay + zaz,

(3) (zay)Bz = za(yp2),
then M is called a T-ring.
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DEFINITION 2. {[1]) A subset A of the T'-ring M is a left (right)
ideal of M if A is an additive subgroup of M and

MTA = {zay|lr € M,a € T,y € A} AT'M)

is contained in A. If A is both a left and a right ideal, then A is a
two-sided 1deal, or simply an ideal of M.

DEFINITION 3. A fuzzy set g in a I'-ring M is called a fuzzy left
(right) ideal of M if
(4) p(x — y) 2 min{p(z), u(y)},

(5) p(zay) 2 p(y) (u(zoy) 2 p(z)),
forall z,y € M and all « € T

A fuzzy set ¢ in a [-ring M is called a fuzzy ideal of M if 4 is both
a fuzzy left and a fuzzy right ideal of M.

We note that p is a fuzzy ideal of M if and only if

(4) p(z — y) = min{u(z), u(y)},

(6) p(zoy) > max{u(z), u(y)},
forall z,y € M and all a € T".

Throughout this paper, all proofs are going to proceed the only left
cases, because the right cases are obtained from similar method. We
denote Ops the zero element of a I'-ring M.

PROPOSITION 1. If u is a fuzzy left (right) ideal of a T'-ring M, then
(1) u(0pr) 2 p(z),
(8) p(—z) = u(z),
(9) p(z ~ y) = p(Om) implies p(z) = p(y),
for all z,y € M.

Proof. (7) We have that for any z € M,
u(03) = (e - z) > min{u(z), u(z)} = u(z).
(8) By (7), we have that
#(~z) = p(Op — =) > min{p(0n), pu(z)} = p()

for all x € M. Since z is arbitrary, we conclude that p(—z) = u(z).
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(9) Assume that pu(z — y) = u(0py) for all z,y € M. Then

u(z) = p(z —y +y)
> min{u(z -y}, u(y)}
= min{u(0n), u(y)}
= pu(y)-

Similarly, using u(y — z) = p(x — y) = 0, we have p(y) > u(z).

EXAMPLE 1. If G and H are additive abelian groups and M =
Hom(G,H),T = Hom(H,G) then M is a I'-ring with the operations
pointwise addition and composition of homomorphisms ({1]). Define a
fuzzy set p: M — [0,1] by p(0um) = t1,u(f) = 4,0 < t, <t <1,
where f is any member of M with f # 0a7. Routine calculations give
that y is a fuzzy left (right) ideal of M.

THEOREM 1. If pu is a fuzzy left (right) ideal of a I'-ring M, then
the set

A= {z € Mip(z) = u(0u)}
is a left (right) ideal of M.
Proof. Let z,y € A. Then by (4),

p#(z —y) 2 min{u(z), u(y)} = #(0p).

It follows from (7) that pu(z —y) = p(0p), so that z — y € A. This
means that A is an additive subgroup of M. Now let v € A, o € T and
x € M. Then by (5), p(zau) > p(u) = u(0s) and so p(xou) = pu(0p).
Therefore rau € A. This completes the proof.

THEOREM 2. The intersection of any family of fuzzy left (right)
ideals of a I'-ring M is also a fuzzy left (right) ideal of M.

Proof. Let {y,} be a family of fuzzy left ideals of a I'-ring M. Then
forevery r,y € M and a € T,

(Npa)(z — y) = inf{u,(z ~ y)}
> inf{min{g.(z), #.(¥)}}
= min{inf y5,(z), inf z.(y)}
= min{(Ng:)(z), (N ) (%)}



166 Young Bae Jun and Chong Yun Lee

and

(Np)(zay) = inf{p(zay}}
> inf{pi(y)}
= {(Np )(y)-

DEFINITION 4. ([3]) Let g be a fuzzy set in a set S. For ¢ € {0,1],
the set

pe = {z € Slu(z) 2 t}
is called a level subset of p.

THEOREM 3. Let y be a fuzzy set in a ['-ring M. Then

(a) if p is a fuzzy left (right) ideal of M, then p. is a left (right)
ideal of M for all t € [0, u(0pr)) which is called the level left (right)
ideal of M.

(b) if p¢ is a left (right) ideal of M for all t € Im(y), then u is a
fuzzy left (right) ideal of M.

Proof. (a) Assume that u is a fuzzy left ideal of M. Let z,y € p.
Then p(z) > t and p{y) > t. It follows that

#(z — y) > min{u(z), u(y)} = ¢,

and that z —y € py. Nowletz € M, a € " and y € y;. Since pisa
fuzzy left ideal, u(zay) > p(y) > ¢. Thus zay € py. Therefore p; is a
left ideal of M.

(b) Let u¢ be a left ideal of M. We must prove that (4) and (5)
hold. If (4) is not true, then

#(z —y) < min{p(z), u(y)}

for some z,y € M. For these elements z,y, there exist t,,t, € Im{u),
say t, < t,, such that u(z) =1,,u(y) =1t,. Then

p(z —y) < min{u(z), u(y)} = t,,

and so z — y &€ py,. This is a contradiction. If (5) is not true, then
for a fixed a € T, there exist z,y € M such that pu(zay) < u(y). Let
8,8, € Im(p) be such that s, < s,, pu(z) = s, and u(y) = s;,. Then
u(zay) < u(y) = s; and so zay € y, , a contradiction. This completes
the proof.
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THEOREM 4. Let A be a left (right) ideal of a I'-ring M. Then for

any t € (0,1), there exists a fuzzy left (right) ideal g of M such that
pe = A.

Proof. Let u: M — [0,1] be a fuzzy set defined by

t HzeA,
p(z) = .
0 ifzegA,

where t is a fixed number in (0,1). Then clearly y; = A. Let z,y € M
and « € T'. By routine calculations, we have that

u(z — y) = min{u(x), u(y)}-

Now if y € A, then zay € A because A is a left ideal of M. Hence

p(zay) =t = p(y). Hy ¢ A, then p(y) = 0 and so p(zay) > u(y).
Therefore y is a fuzzy left ideal of M.

THEOREM 5. Let p be a fuzzy left (right) ideal of a U-ring M Then
two level left (right) ideals p¢, and py, (with t; < t3) of p are equal if
and only if there is no z € M such that t, < p(z) < ta.

Proof. (=) Suppose t; < ty and py, = pq,. If there exists z € M
such that t; < p(z) < ty, then py, is a proper subset of g, . This is a
contradiction.

(<) Assume that there is no = € M such that ¢, < u(z) < t;. From
] < ty it follows that p,, C pe,. If £ € py,, then p(z) > t; and so
u{z) > t, because u(z) £ tp. Hence z € puy,. This completes the proof.

. THEOREM 6. Let M be a T'-ring and p a fuzzy left (right) ideal of
M. If Im(p) = {ty,...,tn}, where t; < ... < t,, then the family of left
(right ) ideals p; (2 = 1,...,n) constitutes all the level left (right) ideals
of .

Proof. Let t € {0,1] and t ¢ Im(p). If t < t;, then py C py. Since
pe, = M, it follows that pe = M, so that p, = p¢,. If t, <t < t,41(1 <
¢ < n~—1) then there is no x € M such that t < p(z) < t,4;. From
Theorem 5, we have that pu, = ;.. This shows that for any ¢t € [0, 1!
with ¢ < u(0a1), the level left ideal p¢ is in {u, |1 <@ < n}.
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THEOREM 7. Let A be a nonempty subset of a I'-ring M and let
i be a fuzzy set in M such that p is into {0,1}, so that u is the
characteristic function of A. Then u is a fuzzy left (right) ideal of M
if and only if A is a left (right) ideal of M.

Proof. Assume that p is a fuzzy left ideal of M. Let z,y € A.
Then p(z) = u(y) = 1. Thus p(z — y) > min{u(z), x(y)} = 1 and so
p{z —y) = 1. This means that z — y € A. Therefore A is an additive
subgroup of M. Let z € M,y € Aand « € I'. Then p(zay} > u(y) =1
and hence p(zay) = 1. So zay € A, and A is a left ideal of M. The
proof of converse is similar to that of Theorem 4.

DEFINITION 5. ({1]) Let M and N both be T-rings, and 8 a mapping
of M into N. Then 8 is a I'-homomorphism iff #(z + y) = é(z) + 8(y)
and Hzay) = 8(z)ab(y) forall z,y € M and « € T.

DEFINITION 6. ({5]) If g is a fuzzy set in M, and f is a function
defined on M, then the fuzzy set v in f(M) defined by

v(iy)y= sup pu(zx)
z€f-1(y)

for all y € f(M) is called the image of u under f. Similarly, if v is a
fuzzy set in f{M), then the fuzzy set p = vo f in M (that is, the fuzzy
set defined by u(z) = v(f(z)) for all z € M) is called the preimage of
v under f.

THEOREM 8. A T'-homomorphic preimage of a fuzzy left (right)
ideal is a fuzzy left (right) ideal.

Proof. Let 8 : M — N be a I'"homomorphism of I'-rings, v a fuzzy
left ideal of N and u the preimage of v under §. Then

wz —y)=v(b(z —y))
=v(f(z) — 0(y))
> min{v(8(x)), v(6(y))}
= min{p(z), p(y)}
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and
u(zay) = v(6(zay))
= v(8(z)ab(y))
2 v(6(y))

= u(y)
for all z,y € M and o € .

We say that a fuzzy set p in M has the sup property (}5]) if, for any
subset T of M, there exists {3 € T such that

(o) = sup u(t).
tET

THEOREM 9. A I'-homomorphic image of a fuzzy left (right) ideal
which has the sup property is a fuzzy left (right) ideal.

Proof. Let 6 : M — N be a I'-homomorphism of I'-rings, p a fuzzy
left ideal of M with the sup property and v the image of u under 6.

Given 8(z),8(y) € 8(M), let zo € 871(8(x)), yo € 671(8(y)) be such
that

#@o) = sup p(t),  pye) = sup pld),
te9-1(8(z)) ted-1(8(y))
respectively. Then
o) -8 = sp u(z)
z€8-1(8(x)—8(y))
> u(zo — yo)

> min{p(zo), £(yo)}

=min{ sup u(t), sup u(t)}
reo-1(8(z)) tco-1(6(y))

= min{v(8(z)), v(6(y))},

and for any a € T,

v(8(z)ab(y)) = sup p(z)
2€60-1(8(z)ab(y))

> p(zgoyo)
2 p(yo)

= s p(®)
te9-1(68(y))

= v(8(y))-
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This completes the proof.
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