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ON THE RELATION BETWEEN 
ORDERED PROPERTIES IN REGULAR 
NEAR-RINGS AND AUTOMORPHISM 

GROUPS IN LAMINATED NEAR-RINGS

Yong Uk Cho

1. Introduction
Let S be a semigroup and fix an element a E S. Define a new 

multiplication * on S by x * y = x a y for all x, y £ S. (S, *) is called 
as a laminated semigroup of S with laminating element (or laminator) 
tz, which is denoted by Sa. The original semigroup S is referred to 
as the base semigroup. Similarly, if N is any near-ring, we can form 
another near-ring by defining addition to coincide with the addition 
in N but defining x * y = x a y for all x, ?/ G TV as multiplication, 
where a is some fixed element of N. The new near-ring is a laminated 
near-ring with laminating element (or laminator) a, and is denoted by 
Na, In [7] K.D. Magill initiated his study of 난虻 automorphism group 
of a certain class of near-rings, and laminated near-rings of continuous 
selfmaps of topological group were introduced. Specially in [8], let 
p be any complex polynomial and let denote the near-ring of all 
continuous selfmaps of the complex plane where addition of functions 
is point wise and the product / of two functions f and g in Np is 
defined by f o p o gy whe호e o is a composition. The near-ring J\fp is 
called a융 a laminated near-ring with laminating element p. Further 
study of laminated near-ring were in [1] and [9].

G. Mason ([11]) studied the notion of regularity of near-rings. He 
proved that for any zero symmetric near-ring with identity, the con
cepts of left regularity, strong left regularity and strong right regularity
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of near-rings are equivalent. In [2] these equivalent conditions of regu
larity are 응lightly weakened and added another regularity of near-rmgs. 
In [11], ordered near-rings are introduced.

In section 2, we will introduce more generalized concepts of lami
nated near-rings in the class of continuous functions form topological 
space into topological group and study some relation between topo
logical properties and algebraic properties. I교 section 3, we will con
struct another generalized notion of laminated near-ring in the class 
of mappings from topological space into any near-ring and define or
dered relation on this new near-ring. Consequently, from arbitrary 
ordered near-ring, one obtain new concrete ordered near-ring which is 
a represent at ion of ordered near-ring. Next, we will investigate' some 
ordered properties of regular near-rings namely, introduce the concept 
of positive derivation on an. ordered neax-ring and get their properties 
on a class of ordered left regular neax-rings. Finally, we will obtain 
some results in automorphism groups of arbitrary near-rings which are 
more important in the study of algebraic research and one will apply 
these automorphism groups to laminated near-ring and more general
ized concept of laminated near-ring, for example sandwich near-ring in 
one's other papers.

2. Sandwich near-rings of continuous functions
First, we will give a more general concept of laminated near-rings 

of near-rings of continuous selfmaps.

Let X be a topological space, G an additive topological group and 
a a continuous function from G into X. Denote by N(X、G,a) the 
neax-ring of all continuous functions from X into G where addition 
of functions is pointwise and the product f g of two functions /, g in 
_N(X, G, a) is defined by f g = foaog where the operation o is 
composition of functions. The neax-ring JV(X, G, a) is referred to as 
a sandwich neax-ring with sandwich function a. Similarly, let X and 
G be topological spaces and denote by S(X, G,q) the semigroup of 
all continuous functions from X into G with multiplication defined as 
before. If G = X and a is identity map then N(X)G)a) becomes the 
near-ring of all continuous selfmaps of G under pointwise addition and 
ordinary composition. In this case, we use the simpler notation N(G). 
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Similarly, if G = X is topological space and a is identity map then 
S(X)G, q) is denoted by S(G).

THEOREM 2.1. Let ]V(X, and N(Y、HJ3、) be two sandwich 
near-rings. If h is a homeomorphism from X onto Y and t is a topo
logical isomorphism from G onto H such that h o a — ot, then the 
mapping(/) from N(X、G, a) into N(Y« °、) defined by

©(f) = / o / o for each f in N(X、G, a), 
is an near-ring isomorphism.

Proof. Consider the diagram :
f Ct

X -------- > G --------> X

and ho a = /3 ot

©(f) 8
Y --------> H --------> Y

Clearly, we see that the diagram is commutative. To show that。is a 
near-ring isomorphism, for any f and g in N(X)G> a), we have 

〈机、f + 5)= t O (y + g) o Zi-1 = t o y o h~x +togo h~x = ^(J) + ,(g) 
and

Mf g) = Mf oaog) = tofoaogo h"1
=t o / o (/厂T o h) o ot o (t-1 o t) o g o h~x
=(t o / o o a o 厂】)(t o g o h^1)

=Mf)。/3。认必=Mf、) 0 M
Next we must show that </> is injective : Suppose ^(/)=机g), where 
f and g are in 7V(X,G, a). Then by definition of hypothesis, t o f o 
h~r ~ t o g o A"1, since t is a topological isomorphism and h is 
homeomorphism, we obtain that f = g so that(f> is injective. Finally, 
to show that <f)is surjective : For any continuous function k from Y 
into H)we construct some continuous function f = f-1 ok oh from X 
into G, so that we get that

臥 f、) = o k o h) ~t o t~x ok oho h—1 = k.
Consequently, the proof of the theorem is complete.

The isomorphism © of above theorem is called natural. In this sec
tion we will discuss the following problem :
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PROBLEM. Find reasonable conditions on the Spaces, groups and 
sandwich functions which will insure that every isomorphism from 
N(X, G, a) onto N(X)G, 0) is natural.

Most of the results about neax-rings that we obtain in this section 
are consequences of analogous results about the multiplicative semi
groups of these near-rings. We denote the multiplicative semigroup of 
N(、X)Gq)by S(X)G)&). The product f g of two elements £g in 
S(X, G、ot) is, of course, given by fg = foaog. Furthermore, when 
we write S(X)G〉&) we assume that G is a topblogical space and not 
necessarily a topological group. We need to introduce some notation 
:For any point a € G, the symbol < -a > will denote the constant 
function in S(X,Gq) (or N(X：(구, a)) which maps all of X into the 
point a.

THEOREM 2.2. Let 0 be an isomorphism from S(X, G, q) onto 
S(匕丑Then there exists a unique bijection t from G onto H 
such that (/> < a >=< i(a) > for each a in G*

Proof. We first need to show that the constant functions from X 
into G are precisely the left zeros of the semigroup S(X, G, a). Indeed, 
it is immediate that every constant function is a left zero, for any 
constant function < a > from X into G and for each f in S(X>G, a), 
we calculate that

(< a > /)(x) = (v a > oa o /)(x) —< a > [a{/(x))] = a =V a > (x)

for each x £ X・ Thus we see that < a > f =< a >, that is < a > is a 
left zero.

Conversely, suppose that / is a left zero of S(X, G, Q), that is f g ~ f 
for all g in S(X)(구, q). Fix any a in G and let x in X be given. We 
then have

f(x) = (f < a >)(x) = (foao<a >)(x) =< /{«(«)} > (x).

In other words, f =< /(a(a)} >, which is a constant function from X 
into G.

Now let a be any arbitrary element of G. Since sends left zeros of 
S(X, to left zeros of S(匕 there exists an ele호nent w E H 
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such that(l> < a >=< w >. From this fact, we can define a function 
Z : G -t H which is defined by f(a) =： w, for all a in G. The function t 
is a bijection : Consider the following diagram

f a
X ---- > G ---- > X

Assume that t(a) = t(b) (a, b G G). Then < t(a) >=< t(b) >. By 
definition we have < a >= then since is a bijection,
V a >=< b >, that is, a = b. Next, let c be any element of H. Then 
< c >: Y t H is a constant function which is also a left zero. Since

is a bijection, there exists a in G such that the constant function
V a >: X —> G is left zero and we have ^)< a >=< c >, from this, 
we get t(a) = c. Whence the function t is a bijection. It is immediate 
that(I)< a >=< i(a) > and the uniqueness of t is easily verified.

In the case of near-rings, we can say a little more.

THEOREM 2.3. Let <f) be an isomorphism from onto
2V(匕 Then there exists a unique isomorphism t (not necessarily a
topological isomorphism) from G onto H such that(j> < a >=< >
for each a m G.

Proof. In. view of Theorem 2.2, we need only show that t is a group 
homomorphism. Let a, 6 G G be given. Using the fact that is a group 
isomorphism, we get

=< /(a) > + < t(6)〉=V t(a) + t(b) >

This means that the cont ant functions < t(a-hb) > and < f(ct) + t(6) > 
coincide, by the defintion of these constant functions we see that t(a + 
b) = /(a) + t(b). Thus the proof of theorem is complete.

REMARK 2.4. Let X be a connected topological space and G a to
tally disconnected group (or space). For purposes of discussion, we will 
refer to the corresponding sandwich semigroup S(X, G, a) as a meager 
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semigroup and the corresponding sandwich near-ring N(X, as a 
meager near-ring. One easily sees that S(文,G, a), in this case, consists 
entirely of constant functions and as a left zero semigroup. As for the 
meager near-rings N(X、G、a) and N(匕 H)0), they will be isomorphic 
if and only if G and H are algebraically isomorphic : Indeed, if t is 
any algebraic isomorphism from G onto if, then the mapping <f)de
fined by © V a >=< f(a) > is an isomorphism from 2V(X,G,q) onto 
N(Y“L8\ in fact,

> + < b >) = </>< a + b >=< t(a + b) >
—< t(a) + t(b) >=< t(a) > + V t(b) >
=© V a > +</)< 6 >,

and

</>(< a >< b〉)= ©(v a > oao < b >) —(f> < a >=< t(a) >, 

on the other hand

—< t(a) > o/3o V t(fe) >
=V t(a) >,

so that one see that (/)(< a >< b>) = (/)<a>(/)<b>. Next 
the mapping <f)is bijective. Indeed, if (/> < a >= (/)< b then 
< t(a) >=V t(b) > which implies Z(a) = f(&), since t is bijective, a = b. 
Consequently, < a >=< b >, and let w E H such that < w >: Y H 
is a left zero mapping, then since t is surjective, there exists a in G 
such that t(a) = w, it follows that < w >=< i(a) >=(/> < a >. Thus 
'is an isomorphiam of near-rings. Converse is obtained from the same 
manner of theorem 2.3.

3. Ordered properties of reqular near-rings
A near-ring N is called (partially) ordered provided that a > b 

implies a + x > fe + x and x + a > x + b for all x in iV, a > 0 and b > 0 
imlies a b> 0.
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The following facts are exident :
a >b if and only if — 5 + a > 0, a — 6 > 0
a > 0 if and only if — a < 0 and
a < r and b < s implies a + b < r + s.

Furthermore we see that :
a > 0 and — a > 0 if and only if a = 0 and 
a > 0 and & > 0 implies a + b> 0 and a 6 > 0.

We construct another types of near-rings of functions on a topologi
cal space. Let X be any topological space and let N arbitrary near-ring. 
Denote by N(X、N) the set of all functions from X into N. We can 
define two binary operation on 2V(X, TV), addition of functions is point
wise and the product f g of two functions /, g in N(X、N) is defined 
by (/ g)(x) = /(x)g(x) for all x in X. It is obvious that N(X、N、) 
becomes a near-ring. The zero element is the constant function 0, 
the additive inverse of f in JV(XJV) is characterized by the formula 
(—/)(x) = —/(x). If N has an identity 1 then the identity element of 
NQJ N) is the constant function 1, that is, l(x) = 1 for all x £ X・ One 
sees that, for any f in IV(X, IV), (f l)(x) = J(x) l(x)二二 /(x) 1 = /(x). 
Similarly (1 /)(x) = /(x). So, the constant function 1 is the identity 
oiN(X.N).

THEOREM 3.1. If N is an ordered near-ring and brdering on 
]V(X, N) is defined by f > g if and only if J(x) > g(x) for all x € X, 
then N(XJV) is also an ordered near-ring.

Proof. Straightforwards.

In this section, we will introduce the concept of positive derivation 
on ordered near-rings and show that on ordered near-ring which is 
left regular and has the additional property that a2 > 0 for each a in 
N cannot have nontrivial positive derivations. An ordered near-ring 
which is also integral is called an ordered integral near-ring and which 
is also a near-field is called an ordered near-field. In an ordered near
ring N> P = P(N) = {q 旺 N\a > 0} is called the positive cone of N, 
Every ordering of a near-ring N is determined by P that is a < fe if and 
only if 6 — cz £ P or —a + 6 G P. A near-ring N is said to be left regular 
if for each a in N there exists an element x in TV such that a = x a2.



158 Yong Uk Cho

LEMMA 3.2. ([11]^ If N is an ordered near-ring with positive cone 
P, then P has the following properties :

(1) P is a subseminear-ring of N,
(2) a E P and —a 6 P implies a — 0,
(3) P + a = a + P for all a in P.

Conversely, if a near-ring N has a subset P satisfying these above 
conditions and we deGne a <b to mean that b — a E P or —a + 6 € P, 
then N becomes an ordered near-ring with positive cone P.

LEMMA 3.3. Let N be an ordered near-ring with positive cone P. 
Then N is linearly ordered if and only if N = P U (—P) where —P = 
{—d E P

LEMMA 3.4. ([11] Karel. Maxon, Ligh-Neal) Let N be a near-Aeld. 
Then

(1) for all a E N, a  ~ 1 if and only if a = 1 or a = 一1
(2) fb호 any a、b £ N)a (—ft) = —(a b) = (—a) b.

(1) + b) = 6(a) + 6(6) for each a, b in N、
(2) 6(a b) = S(a切 + a8(b) for each a, b in N、

(3) S(a) > 0 for each a in TV such that a > 0.

LEMMA 3.7. ([2]) For any left regular neax-ring N, if a^b in N such 
that a b = 0 and an = a 0 for any positive integer n > 2, then a = 0. 
In particular, if N is zero-symmetric, then N is reduced.

The proof of Lemma 3.4 is more difficult and long.

THEOREM 3.5. In any linearly ordered near-6eld N, all sequares of 
non-zero elements are positive.

Proof. Let a be any non-zero element in N. F¥om Lemma 3.3, either 
a in P or —a in P. Since P is closed under multiplication, a2 3 E P and 
(—a)(—q) = —(a(—a)) = —(—(a2)) = a2 G P by using Lemma 3.4. In 
either case, we are done.

Now we will introduce a positive derivation on ordered near-rings, 
and investigate ordered properties of ordered regular near-rings.

DEFINITION 3.6. Let N be an ordered^near-ring. A selfmap 8 of N 
is called a positive derivation on TV, if 8 satisfies the following properties
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LEMMA 3.8. ([2]) Every left regular near-ring is regular. Further- 
morey for any in N such that a = x a2, we have q x = x a.

Before proving the main theorem, we first prove the following, here
after of this section, we may assume that N is zero-symmetric.

THEOREM 3.9. Let N be an ordered left regular near-ring with 
a2 > 0 for each a in N. If 8 is a positive derivation defined on N and 
a in N with a > 0, then 6(a) = 0.

Proof. Suppose that N is ordered left regular and a is any element of 
N with a > 0. Then there exists an element x in AT such that a = x a2. 
By Lemma 3.8, we get = x a and a = a x a. Applying 8 for 
a = a x a, we have 6(a) = 8(a x a) = 8(a) x a+a S(x a). Multiplying on 
the right side of this equation by a, 8(a) a = S(a) x a2+a S(x a) a. This 
implies that a 8(x a) a = 0, Thus [a S(x a)]2 = a 6(x a) a 6(x a) — 0. 
From Lemma 3.7, N is reduced, so that a 8(x a) = 0. Consequently, 
5(q) = 6(a) x a.

Next, applying 6 for a x = x 四 6(x a) = 6(a x) = 6(a) x + a $(x). 
Multiplying on the right side by a, 3(x a) a = 6(a) x a + a 3(x) a. 
Obviously, d(x a) a = 0, by using Lemma 3.7 and a S(x a) a = 0. 
Thus we obtain the equation 6(a) x a = —a 5(x) a, together with 
6(a) = ^(a) x a, we have 机a) = —a #(x) a. Since N is reduced, 
x2 a > 0 and since 8 is positive, ^(x2 a) > 0, so that 6(x) x a + 
x 况x a) > 0. Multiplying on the right by a with a > 0. It follows 
that $(x) x a2 + x S(x a) a — 5(x) a + 0 = $(x) a > 0. Then from 
a > 0 and a 8(a) = —5(a) > 0, we have 8(a) < 0. Because 8 is positive, 
consequently 机a) = 0

THEOREM 3.10. Let N be an ordered left regular square positive 
near-ring. If 6 is a positive derivation on N then E(x) = 0 for each x 
in N.

Proof. From Theorem 3.9.

COROLLARY 3.11. Let F be a linearly ordered left regular near-Seld 
and 6 is a positive derivation defined on F. Then 5(x) = 0 for each x 
inF.

Proof. From The。호em 3.5 and Theorem 3.10.
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4. Automorphism groups of any neEir-rings
In this section, we will consider IV is a near-ring with identity 1, and 

study the group Aut(TV) of all near-ring-automo^phisms of N under 
composition. If S(N) is the symmetric group of N、then Aut(N) is a 
subgroup of S(N).

THEOREM 4.1. Let N be a near-ring with identity 1. If for each a in 
Na, a is invertible and aa is a selfmap of N satisfying aa(x) = a x a-1 
for all x in N9 then aa is in Aut(TV).

Proof. Let x, y in TV,

%(x + y) = a (x + y) a-1 = a x a-1 + a y a-1 = aa(x) + %(g)

and
aa(x y) = a (x y) a-1 = a (x a-1 a y) a-1

=(a x a-1)(a y a-1) = aa(x)aa(y)

so that aa is a near-ring homomorphism. It is sufficient to show that 
olq, is bijective. Indeed, if aa(x) = aa(i/) then a x a-1 — ay a-1, 
since a is invertible, we have x = y. Next, for every y in N there exist 
a-1 y a in N such that aa(a~l y a) — a a-1 y a a""1 = y.

We say that aa is an inner automorphism of N and we have the 
notation Inn(2V) = {aa\a € : invertible}. Then we obtain the
following results.

THEOREM 4.2. Let N be any near-ring with identity 1. If for every 
a in Nd, a is invertible and aa is an inner automorphism of N, then 
we have the following :

(1) The mapping a\K —> Aut(N) defined by a(a) = aa is a group 
homomorphism^ where K = {a E N : a E a : invertible},

(2) Inn(7V) is a normal subgroup of Aut(JV),
(3) K/Z(N) 은 Inn(N), where Z(N) — {a G K\a x = x a, for all x C 

N}.

Proof, Clearly K is a group under multiplication, so we can define 
the mapping q : K —> Aut(?V) by a(a) = aa, to 사low that a is a group 
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homomorphism, that is, a(a b) = a(a) a(b) for all a,b E JC, we need 
only to show that aa = aa : In fact, let x G TV,

aa 6(x) = (a ft) x (a 6)-1 = a (b x 6-1) a-1
=a (a6(x)) a-1 = aa(ab(x))
=(«a aQ(x),

hence (1) is proved by using the above Theorem 4.1.
To show (2), for any two <侦 四 in Inn(2V), we see that aa。나> = aa 

(aa)-1 = aa-i so that Inn(JV) is a subgroup of the group Aut(TV).
Next, we 4iave to show that normality property : For any a € 

Aut(TV) and aa G Inn(TV), we have that for each x G TV,

(<T_1O!ao-)(x) = (<T_1aa)a(x) = a~1[aa(<r(x))]
=tr-1[a (cr(x)) a-1] = cr-1(a) x cr-1(a-1)

=a-1 (a) x (°T(a))T = %・-i(a)(x).

Consequently, this follows that Inn(TV) is a normal subgroup of Aut(JV).
(3) One easily verifies that Inn(TV) = Ima. We first show that 

Kera = Z(N). Let a E Kera, that is, aa = 顼 identity mapping of 
N. Then for each x G TV, a x a-1 = x. This implies a x = x a for 
all x G TV, namely a E Z(・N). It follows that Kera C Z(N). The 
converse inclusion is proved analogously. Finally, from the first group 
isomorphism Theorem, we have that K]Z(N) 은 Inn(TV). Therefore 
the proof is complete.

It is called that Inn(JV) is an inner automorphism group of TV.

COROLLARY 4.3. If N is a commutative near-ring with 1, then

Inn(N) = {In)-

Proof, Obviously, we see that In = Conversely, let aa 6 
Inn(AT). Then for any x E N,

Qa(x) = a x a-1 = a a-1 x = 1 x = x = l^(x),

this shows that <& = *.
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