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L2-TRANSVERSE HARMONIC FIELDS ON 
COMPLETE FOLIATED RIEMANNIAN 

MANIFOLDS' 

Jin Suk Pak and I-Iwal-Lan Yoo 

We discuss transverse harmonic vector fi elds with finit e global norms 
on complete foliated Riemannian manifolds. Our main method is the cut 
off function trick. 

O. On a compact foliated Ricrnannian manifolds, geornetric transverse 
fields , that is, transverse Killing, affine, projective, conforrnal fields have 
been studied by Kamber and 1'ondeur([4]) , Molino([8]) , Pak and Yorozu([10]) , 
Park and Yorozu([12]) and others ‘ In the case of foliations by points, trans­
verse fìelds are usual fìelds on Riemannian manifolds. In [11] we considered 
the transverse harmonic fìelds on compact foliated Riemannian manifolds 
and obtained natural extens ion to well-known results for barmonic field s 
on Ricmannian manifolds. Our main purpose is to study transverse har-
monic fìelds on cornplete (non-compact) foliated Riernannian rnanifolds 
1'0 do th is, we have to mention the notion of “ L 2 -tmnsverse fìelds" that 
is, transverse fields with fìnite global norms ‘ L 2-transverse Killing and 
conformal fì elds are already dealt in [1] a nd [21]. In thi s paper, we c1 iscuss 
L2-transverse harmoni c fìelds on complete foliated Riernannian manifolds 
such t hat the foliation is minimal and the metric is bundle- like with re-
spect to the foliation , ancl t hen the following theorems are proved 

Theorem A. Let (M ,9M ,F) be a Riemannian manifold with a πtinimal 
foliation F and a complete bllndle-like m etric 9M ψith respect to F. Let 
s E V (F) be aη L2 -tmnsverse fìeld of F. Th en s is a tmnsve1'se harmonic 
fìeld of F if and only σ ßD(S) + PD(S) = 0, ψhe1'e PD(S) is the tmnsve1'se 
R icci opemtor of F and ßD(S) is the Laplacian acting on Çlr(M, Q). 
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Theorem B. Let (M ,gM ,F) be as Theorem A. Jf the tmnsverse Ricci 
opemto7' PD is non-negative eve7'y where in M , theπ eve711 L 2-transverse 
harmonic field is D-parallel. Jf PD is non-negative eve711where and positive 
for at least one point of M , then any L2 -transve7'Se harmonic field other 
than zero does not exist in M 

We shall be in C∞-category and deal oo ly with coooected and oriented 
manifolds without boundary. We use the follo.wing convention on the range 
of indices: 

1::; i , j::; p;p+ 1::; a,b,c,d::; p+ q 

The Einstein summation convention will be used with respect to those 
systems of indi ccs 

1. Let (M,gM ,F) be a (p + q)-dimensional Riemannian manifold with 
a foliation F of codimension q and a complete bundle-like metric gM with 
respect to F([14]). We assume that F is an oriented foliation([15]). Lct 
'ïl be the Levi-Civita connection with respect to 9시‘ Thcn the tangcnt 
bundle TM over M has a.n integrable subbundle E which is givcn by F 
The normal bundle Q of F is denned by Q = T M j E. We have a splitting 
a of the exact sequence 

’ 
0-• E-• TM Q-• O 

e 

where a(Q) is the orthogonal complcment bundle E J.. of E in TM([3]). 
Then gM induccs a metric gQ on Q: 

샤
 

l ( 
gQ(s , t) = gM(a(s) ,a(t)) , s , t E r(Q) , 

where r( *) denotes the set of a ll sect ions of *. In a Oat chart U(x' , x“) with 
respcct to F([14]) , a local frame {X‘ ,X a } = {âjôx' ,ôjôx. - A~ôjθ:t'} is 
called the basic adapted fram e to F ([8] , [13], [16]). llere A~ arc functions 
on U with gM(Xi, X a) = 0‘ It is clear that {X;} (resp. {Xa}) spans 
r(Elu) (resp. r(E J.. lu)) . 'vVc o lTl it “ lu" for simpli city. We sct 

(1. 2) gij = gM(Xi, X j ), gab = gM(Xa ,X b) 

(gij) = (giJt ' , (gab) = (gabt ' 

A connection D in Q is denned by 

(1.3) Dxs = π([X ， Y]) , X E r(E) , 
Dx s π ( 'ïl x κ ) ， XE r(EJ..)， 

s E r(Q) with π (Y) = s 

S E r( Q) with ζ = a(s) 
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([3]) . Then the connection D in Q is torsion-free and metrical with respect 
to gQ ([3]). The curvature RD of D is 삐ìned by 

(1.4) RD(X, Y) s = Dx Dys - Dy Dx s - D[x .Yls 

for any X ,Y E r (TM) and s E r(Q). Since i(X)RD = 0 for any X E 
r(E)([3]) , we can defìne the Ricci operator PD : r( Q) • r(Q) of E by 

(1.5) PD(S) = g.bRv(a(s) , π (X.))π(Xb ) 

(씨) 
Let V(F) be t he space of all vector fì elds Y on M sat isfy ing 

(1.6) [Y,Z) ε r( E) 

for any Z E r(E). An element of V(F) is called an infìnilesimal aulomor­
phism of F ([4),(9)) . We set 

( 1.7) \I (F) = {s E r (Q)ls = π (Y) ， Y E V(F)} 

The s E \I(F) satis fì es 
( 1.8) Dx s = 0 

for any X E f (E) ([4) , [이) 
Let ^r(M) be the space of all ,'-forms on M . We have t he decomposi­

tions of ^r(M) and the exterior derivat ivc d with respect to F 

(1.9) ^ r( M) = ε Aω'%(M) ， 
ω+z=r 

(1. 10 ) d = d' + d" + d'" 

([5) , (14), (16) , (18)). Let llr(M) be a subspace of ^ o.r( M ) ∞mposed of 
d'-closed (0, ,')- forms, that is, the space of all basic (0, r )-forms on M ([5), 
(14)). An operator 6 : ^ r( M ) • ^r - l(M ) is delìncd by 

6 = (_l)(p+q)(r+ I)+ l * d* 

where * denotes the Hodge star operator. Then 6 has a decomposition : 
ó = ó' + ó" + ó까 The operator ó" is defìned by 

6" = ( -[ )(p+q)(r+l )+t * d" 
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on Ar(M ) ([16] , [1 8]). Let 6 ó(M) be the subspace of 6 r(M) composed 
of forms with compad supports. Then the pre-Hi lbert metric << , :â> on 
6 ó(M) is defined by 

~ tþ ， ψ :â>= JM tþ ^ *ψ 
Let π(M， Q) (resp. !1ó(M , Q)) be t he space of a ll Q-valued r-fo rms 

(resp. Q-valued r- forms with compact support) on M. On 띠(M， Q) ， we 
may introd uce a gl이bal scalar product ~， :â> .by 

< 띠 :â>= JM gQ (t ^ *u) 

Let l'o(Q) be the space of a ll sect ions of Q with compad supports a nd 
let L2(Q) be t he complet ion of l'o(Q) with respect to t he global scalar 
product ~ , >> 
D efinition 1.1 ([19],[22]) . An element s E U(Q) n 1'(Q) is call cd an 
L 2-transversejìeld of F 

Definition 1.2 ([23]). An operator divo : f ( Q) • C∞(M) defined by 
divDt = gabgQ(Dxat , π(Xb )) is called the transν el'se divelyence with re­
spect to D 

Definition 1.3 ([23]). The transverse gradienl gl'adoJ of a fun ction J 
wit h respect to D is defìned by gradJ)J = gab Xa (J)π(Xb ) 

2 . The transve1'se Lie del'ivative El (Y) with respect to Y E V(F) is 
defined by 
(2. 1) El (Y)s = π ( [Y， 씨) 

for any s E 1'( Q) with π(ζ) = s 
For Y E V(F) , the operator Ao(Y) : 1'(Q) • 1'( Q) is defìned by 

(2.2) 

Then we have 
(2.3) 

AD(Y)t = El (Y) 1 - Dyt 

Ao(Y)1 =-Dηπ(Y) 

where t = π(η). T his shows that 
(i) Ao(Y) dcpends only on s = π(Y) 
(ii ) Ao(Y) is a linear opcrator of r ( Q) 

ThllS we can llse Ao(s) i따tead of AJ) (Y) ([4]) 
Let do : !1r (M ,Q) • f1'+'(M,Q) be t he cxterior diπerentia l opera tOl 

and the d"D: !1 (M ,Q) • !1r-1 (M , Q) be defi ned ([3]) 
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The Laplacian !J. v acting on fl' (M , Q) is defìned by 

(2 .4) !J. v = dvdò + dòdv 

An element of r(Q) is rega rded as an e1ement of !1O(M , Q) 
The bund le map π :TM • Q is an element of !1 '(M, Q). The Q­

valued bilinear form a on M is defined by 

(2.5) a(X, Y) = - (Dxπ)(Y) 

for any X , Y E r (T M) ([3]). Since a(X, Y) = π ( \7 x Y ) for a매 X ,Y E 
r(E) , a is cal1ed the second fundemenlal form of F ([3]) ‘ 

T he lension field T of F is defined by 

(2.6) T = g'Ja(Xi ,X j ) 

([3]). We remark that T = dôπ E r( Q) 
The foliation F is said to be minimal if T = 0 
Let Xo be a fixed point of M and p(x) t he geodesic distance from Xo 

to x E M 
We set 

(2.7) B(2k) = {x E Mlp(x)::; 2k} 

for any k > 0 、Ve consider a fun ction μ on R which sat isfies the following 
properties 

0 ::; μ (y ) ::; 1 on R 

μ (y) = 1 for y ::; l 

μ (y) = 0 for y 2 2 

We defin e a family {ψd of Lipschitz continuous function s on M: 

ψk(X) = μ(p(x)jk) ， k = 1,2, “ 

for any x E M . Then t he family {wd has the following pl 이)ertles 

(2.8) 

0 ::; ψk(X) ::; 1 for any x E M 
supp ωk c B (2 k) 

Wk(X) = 1 for any x E B(2k) 
lim ψk = 1 
K→∞ 

Idψkl ::; Ck- ' a lmost everywhere on M 
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where C is a positive constant independent of k ([5}, [18}, [19] , [2이)‘ We 
remark that, for any S E L2(Q) n V(F) , ψkS • S as k • ∞ in the strong 
sense. 

We now introduce some lemmas for later use 

Lemma 2.1 ([22]). For any S E V(F) , it holds that 

I Id"ψk 0 sI11(2k) :S; C2 k- 2 11s l1웅 (2k) 

Lemma 2.2 ([1]). If F is minimal, then 

J di1lDOllZs)dM = 0 
(2k) 

for any s E γ(F) 
Moreover, for any s E γ(F) ， we have 

(2 .9) divD((divDS)ψ값) = 29Q((ωkdivDS )s , 9radDwk) 

+9Q(ψ~s ， 9radDdivDS) + (ψkdivDS )2 

(2.10) 9Q(9radDdivDt , t) = a(t)(divDt) 

([1], [23]) 
By the direct calculation , we obtain 

(2.11) divD(AD(s)(ψμ)) = 2ψk9Q(Dq (.) ， 9radD'싸) 

+ω~divD( Dq(.)s) 

By means of Lemma 2.2 and (2.9)-(2.11) , we have 

Lemma 2.3 . IJ F is minimal, then it holds that 

L I1il:{R1C(s) + Tr(AD(s)AD(s)) - (dims)2} 
(2k) 
+2ψk9Q(Dq (.)s - (divDs) ,9radDwk)]dS = 0 

for any s E V(F) , ψheπ RicD(S) = 9Q( PD(S) ,S) and dS deηotes lhe 
volume elemenl of B(2k) 

3 . Let 'Ao( s) be the transpose of AD(s) , that is, 'AD(s) satisfies the 
following equality: 

9Q(AD(S)t ,U) = 9Q(I , 'AD(S)U ) 
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for any t , u E f(Q). 
For s E V (F) , let Bo(s) : r(Q) -• f( Q) be an operator defìned by 

(3.1 ) Bo(s) = Ao(s) - 'Ao(s) 

([11]). T he operator Bo(s) is skew-symmetr ic, that is, 

(3.2) gQ(Bo(s)t ,u) = -gQ(t ,Bo(s)u) 

[or any t, u E ['(Q). Therefore, Tr(Bo(s)) = 0 
On the other hand , by the direct calculation , we get 

Tr((Bo(s))2) = 2Tr(Ao(s)Ao(s)) - 2Tr('Ao(s)Ao(s)) , 

which together with Lemma 2.3 and the equality 

yields 

(3.3) 

/ ωfTr('Ao(s)Ao(s))dS =~ 싸Ds ， WkDs :>> 8(2k) 
μ 8(2k) 

~fs꾀r7-(wf' Bo(s)Bo(s)) + (t때os?}dS 

= 4(2k){얘gQ(PD(s) + AD(s),s) - i(ωkdivos )2 

2(ψkdivos )gQ( s , grado싸)}dS 

because of (3.2) 
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By mcans of the Schwarz inequality fo r the local scalar product <, >, 

it holds that 12(ωkdivos)gQ(s ， gradoWk)l::; ~(ωdivoS)2+2c2k-2 < S,s > 
([1]). The above inequality and (3.3) imply 

(3.4) ~ L .. {Tr(wZ'Bo(s)Bo(s)) + (따divoS)2} dS 
ι “ 8(2k) 

::; t, wZgQ(po(s)+ ð.o(s) ,s)dS+ 2c2k- 2 / <s ,s> dS. 
μ 8(20 J8(2k) 

D efinition 3 .1 ([11 ]) . lf s E V( F ) satisfìes 

Bo(s) = 0 and divos = 0, 

then s is called a tmnsve7'se harmonic field of F 
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Proof of Theorem Á. Suppose that 6.o(s) = - PD (S). Since 

2c2 k-21Is lI ~(2k) • Oa.s k • ∞， 

we have from (3 .4 

o :-:; ~ L .{Tr('BD(s)BD(s)) + (divDS)2}dS 
2 JB(2시 

:-:; L gQ(PD(S) + 6. D(s) , s)dS. 
μ B(2k) 

T herefore, we have BD(S) = 0 and divDS = 0, that is, S is L2-transvcrsc 
harmonic fìeld . Conversely, if S is a transvcrse harmonic fleld , that is, 
gQ(AD(S)(π(Xa )) ， π (Xb )) = gQ( 7T (Xa), AD(S)(π(Xb))) and divDS = 0, then 
we obtain 

o = gQ(DXcDXas , π(Xb )) + gQ(D XaS , D X cπ(Xb )) 

gQ( Dxcπ(Xa ) ， DXb S) - gQ(π(Xa ) ， DxcDxbS) 

Transvect ing gac to this equation , it follows t hat 6. D(s) + PD(S) = 0 
with the aid of divDS = O. This complctes the proof of T heorem A 

Proof of Theo이rem B . Let S E V(F) be an U-transverse harmonic neld 
Then Theorem A yields 

~ PD(S) + 6. D(s) , ψ값 ;:þ B(2k)= 0 

Hence, if PD is non-negative everywhere in M , then 

(3.5) ~ 6. D(s) , ω갈 ;:þ B(2k):-:; 0 

On the other hand , for any s E γ(F) ， it holds t hat 

<< 6.D (s) ， ω~S ;:þ B(2k) <<WkDs , Wk Ds ;:Þ B(2k) 

+2 ~ ψkDs ， d"Wk 0 S ;:þ 8(2k) 

and 

12~ 따Ds ， d"ψk @ s iB(2k) | s :|”lψω싸k씨싸싸쩨Ds떠쩨S뇌셰11않따&잃&&화쇄(βm때2k 
、w떼v야hiκc야h and (3.5야) yield 

11ψkDsll~(2k) - ~lIwkDs lI ~(2k) - 2c2 k- 2 11sl벼 (2k) 
:-:; 11싸 Ds lI ~(2k) + 2 << ψkDs ， d"ψk 0 S ;:þ B(2k) 

< O. 
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Thus , as k • ∞， we have 

0 5 a||Ds|1응(2k) :S~ ~D(S썩B(2k) :S 0, 

and consequently, Ds = 0 , that is s is D-parallel. Moreover , if the Ricci 

operator PD is positive at least one point of M , then any transverse har­

monic field s is zero, which completes the proof of Theorem B 
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