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SEMI-IDEMPOTENTS IN THE GROUP RING 
OF A CYCLIC GROUP OVER THE FIELD OF 

RATIONALS 

W. B. Vasantha 

Introduction 
1n [1] the author has introduced the notion of semi-idempotents to 

group rings. This paper is concerned with the study of semi-idempotents 
in QG, where Q is the fi eld of rationals and G is a cycl ic group of prime 
。rder p. Here a necessary and sufficient conditions are obtained for 0" = 
0"0 + 0" '9 + 0:292 + ... + O"p-'9P-' to be a semi-idempotent in QG where 
0"0 ,0",,0"2 ,'" , O"P are rationals in Q and 9P = 1. F'or defini t ions and res lllts 
lIsed plcase rcfer [1] . 

Proposition 1. Lel G =< 9/l = 1 > be a cyclic 97'O UP of order 2. Q 
be a mtional field. QG the 9ro때 ηn9 ofG over Q . Then 0: = 0"0 + 0", 9 
is a semi-idempotent ν and only if 0"0 = 土0" ， = ! or 0"0 = 1 + 0" , or 
0"0 = 1 - 0" , and if 

0" ~ w(Q[G]) but 0"2 - 0" E W(Q[G]) . 

P ,'oof Let 0" = 0"0+0", 9 be a semi-idempotent in QG. To obtain conditions 
on 0"0 and 0", wherc 0"0 ,0", E Q. Let P be thc proper ideal generatcd by 
(0"0 + 0"19)2 - (0"0 + 0" '9 ). Then 

(0"0 + 0" , 9 )2 - (0"0 + 0" '9 ) O"~ + 20"00" '9 + 0"상2 a。 - Q19 
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= (o:~ + O"~ - 0"0) + (2 0"00" , - O"d9 
= Ao + A'9 where Ao, A , E Q 
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with Ao = o<~ + 0<; - 0<0 and A\ = 20<0 0<\ - 0< \ . Now Ao + A\g E P implies 

Aog + A" A5 + AoA ,g, AoA\g + A; are in P 

Hence (A~ + AoA1g) - (AoA 1g + A;) is in P. Thus A~ - A; E P. Th is 
is possible if and onl y if A~ - A; = O. T hat is (Ao - Atl(Ao + Atl = 0 
Since Q is the neld of rationals either 

(a) Ao = A1 and (or) 
(b)Ao+A,=O ‘ 

(a) Suppose Ao = A , then 얘 + 0<; - 0<0 = 20<0 0<, - 0<1 that is 

a3 + a? - 2aoal = 
(0<0- o< tl 2 

(0<0 - o<tl[ o<o - 0< , - 1] 

The two poss ibili ties are 

0<0 = 0< , 

0<0 1 + 0<\ 

0<0 - 0<1 

(O<o- o< tl 
0 

If 0<0 = 0<1 we get 0< = 0<0 + O<og = 0<0 {1 + g). Therefore P is generated 
by [0<0 {1 + g)]2 - [0<0 (1 + g)] = 0<0[0<0 (1 + g)2 - (1 + g)] . Cancelling 0<0 as 
P o<õ' = P we get P is generated by 

0<0 + 0<0g2 + 20<0g - 1 - 9 = 0<0 + 0<0 + 20<0g - 1 - 9 

(20<0 - 1) + g(20<0 - 1) 
(20<0 - 1)(1 + g) 

So 0< wi ll be a semi-idempotent only if 20<0 - 1 = O. For otherwise 0< = 

1 + 9 E P . T hus 0<0 = ~ = 0<\. So if 0<0 = 0<\ = ~ then 0< is a s히nt
idempotent. On the other hand suppose 0<0 = 1 + 0< \ . T hen 

0< = 0<0 + o< \g 

= I+ O<\+O<lg=l+ o< \(I+g) 

T he ideal P is generated by 

{1 + 0< \ (1 + gW - {1 + 0< 1(1 + g)} 
= 1 + 0<;(1 + g)2 + 20< \ (1 + g) - 1 - 0< \ (1 + g) 

= 1 + 0<; + 20<;g + 0<; + 20<1 + 20< \g - 1 - 0< \ - o< \g 

= 20<; + 20< ;g + 0< 1 + o< \g 

= (20<; + o< tl (1 + g) 
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Thus 1 + 9 E P. But 1 +"'1(1 + g) rf- P , if P is to be a proper ideal. Hence 
'" = "'0 + "' lg is a semi-idempotent κ "'0 = 1 + "'1' 

(b) Suppose Ao + A 1 = 0 then 

a3+af ao+2@OQ1- a1 = O 

("'0 + "(1) 2 - ("'0 + "'d = 0 

("'0 + "'d["'o + "'1 - 1] 0 

T his forces "'0 + "'1 = 0 or "'0 + "'1 = 1 (Since Q is the field of rationals) 
lf "'0 = -"'1 then '" = "'0 - "'og that is '" = "'0( 1 - g). Now P is generated 
by 

{"'0(1- gW - "'0(1- g) = "'0["'0(1- g)2 - (1- g) ] 

Thus P is generated by 

"'0(1- g? - (1 - g) = (2"'0 - 1)(1 - g). 

So '" E P only if 2"'0 - 1 f. 0 so the on ly possibi li ty for '" to be a semi
idempotent is that "'0 = ~. T hus "'0 = -"'1 = ~ gives '" = "'0( 1 + g) 
H1 + g). lf "'0 + "" = 1, then "'0 = 1 - "" 

Now P is generated by 

'" 1 - "'1 + "'lg 

1- "'1(1-g) 

[1 - ", , (1- g)]2 - (1- "'1(1- g)) 

= 1 - 2"'1(1- g) + "，~(1- g)2 - 1 + ",, (1 - g) 
= (2",; - "(1)(1- g) 

Clearly 1 - 9 E P but 1 - ", , (1 - g) 용 P if P is to be a proper ideal i.e 
if '" = 1 - "'1 (1 - g) is to be a semi-idempotent. Thus "'0 = 1 - "'1 gives 
'" to be a se때 idempotent. Clearly if '" rf- w( Q[G]) but ",2 - '" E ω(Q[G]) 
then '" is a semi-idempotent 

Conversely if '" rf- w( Q[G]) but ",2 - '" E w( Q[G]) then by definition of 
ω(Q[G]) in [1] we have '" to be a semi-idempotent ‘ 

Further if "'0 = 士"'1 = ! then '" = ! (1 土 g) , clearly the ideal P 
generated by ",2_ ", does not contain ~(1 土 g) as P = O. Thus '" = !(1 土g)
is a semi- idempotent 

Clearly if "'0 1 + "'1 or "'0 1 - "''' then '" = "'0 + "'lg does not 
belong to P , P generated by ",2 - α 
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We shall prove a similar resul t for a cyclic group of order 3 and t hen 
generalize it for any prime p 

Proposition 2. Lel G be a cyclic g1"OUp oJ order 3, G =< glg3 = 1 >. 
QG be lhe group ring oJ G over Q. Then a = ao + a,g + a2g2 is a 
semi-idempolenl in QG iJ and onlν iJ 

l , ao = Q l = @2 = 3 
2. Qo = 1 + a , and a , = a2 
3. ao + a , + a2 = 1 

P,'oof Let Q = Qo + a ,g + a2g2 be a semi. idempotent in QG. To obtain 
conditions on ao , a , and a2' Let P be the ideal gencrated by a 2 - α 

a 2 
- a (ao + a ,g + Q2g2)2 - (ao + Q,g + a2l) 

α3 + 0:g2 + Q3g + 2ooO!g + 2aoQ292 

+2a,a2 - aO - a,g - Q2l 
(a~ + 2a,Q2 - aO) + (Q~ + 2aOa, - a ,)g 

+(a; + 2aOa2 - (2)g2 

= Ao+A ,g+A2g2 where 

Ao, A" A2 E Q with 

A。 a~ + 2a,a2 - aO 
A , a~ + 2aOa, - a , 
A3 a; + 2aOa2 - a2' 

Now , Ao + A ,g + A2l , Aog + A,g2 + A2' Aol + A, + A2g are in P . Also 
AÕ + AoA,g + AOA2g2 , A2AOg2 + A2A, + A~g and A2AOg2 + A2A , + A~g 
are in P. So 

Sirnilarly 

(A~ + AoA,g + AoA2l) - (A2AOg2 + A2A, + A삶) 
= (A~ - A ,A2) + (AoA , - A~)g E P 

(A~ - A,Ao) + (AoA2 - A;)g E P and (A; - AoA2) + (A ,A2 - A~)g E P 

Hence (AÕ - A,A2)(A,A2 - AÕ) - (A; - AoA2)(AoA , - An is in P. lf P 
is to be a proper idcal 

(A~ - A ,A2)2 = (A; - AoA2)(A~ - AoA ,) 
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Sirnilarly 
(A; - AoA2)2 = (A~ - A1A2)(A; - AoAl) 

(A; - AoAtl2 = (A~ - A 1A2)(A; - AoA2) 

If A6-A1A2 = 0 then A~ -AoA2 = 0 and A~ -AoAj = 0 If A6 -A1A2 냥 O 

then A~ - AoAl 폼 o and Aî-AoA샘Ij냐￥ 0빠Bu바t때A쩌3 - A써l꺼껴A싸2 = 1흙쏠劉짜r fm 
the 1녀as야t equatio。이n 씨l어e get 

( A~ - AoAtl2 X (A~ - AoAtl 
(Af - AoA2)2 = ? 

Af - AoA2 

So that 
(A; - AoA2)3 = (A~ - AoAtl3 

Since Q is the fìeld of rationals we get 

A; - AoA2 = A; - AoA1 

Similarly 

A; - AoA2 = A~ - A jA2 

and 

A~ - A1A2 = A; - AoA2' 

Thus 

A; - AoA2 = A; - AoA1 = A~ - A1A2 

A; - Ao A2 = A~ - A1Ao implies A; - A~ = AoA2 - AOAj 

(A 1 - A2)(A1 + A2) = 

(A 1 - A2)(A1 + A2) 

(Aj + A2 + Ao)(Al - A2) = 

Ao(A2 - Atl 
Ao(A1 - A2) 

O. 

Since we are in P 
If Ao + Al + A2 i' 0 we have 

Ao - Al = 0 Aj - A2 = 0 A2 - Ao = 0 

Thus 

A j = Ao = A2 
n ” ( 

01 

Ao + Al + A2 = 0 (2) 
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If 
A~ - A\A2 = 0 A: - AoA2 = 0 A~ - AoA , = 0 

Then 
A~ = A\A2 A; = AoA2 and A~ = AoA, 

If one of Ao , A , or A 2 is zero then 

Ao = A\ = A2 = 0 

lf Ao ￥ 0 마en A , 츄 o and A2 f O. So Ao = 폈 A~ = AoA" Ao = 폈 
A 2 A 2 

(3) 

Then 였 = 쉰 so At = A~ since Q is the fi eld of rationals Ao = A , = A 2 
which is (1). Suppose condition (1) is true t hen 

o~ + 20,02 - 00 = o~ + 2000, - 0 , 
= 0; + 20002 - 02 

o~ + 2000, - 0 , = 0; + 20002 - 02 

0; - o~ = 2000, - 20002 + 02 - 0 , 
= 200(0, - 02) - (0, - 02) 

(0, - 02)[0, + 02 - 200 + 1] = O. 

So 0 , = 02 or 0 , + 02 - 200 + 1 = O. Let 0 , = 02 . Then 

a3 + 2aIQ2 - oo = af + 2ooO2 Q2 

o8 + 2ar - Qo = af + 2QOQl - OI 

o~ + 0; - 2000, + 0 , - 00 = 0 

(00- 0 ,)2_(00- 0 , ) = 。

(oo-od[oo-o,-l ] 0 

T he two possibilities are 

00 = 0, or 00 = 1 + 0\. 

If 00 = 0\ , then 00 = 0 , = 02. Hence 0 = 00(1 + 9 + g2). So 0 2 - 0 = 
(305-00) (1 +g+g2) l+ g+g2 rj. Ponly if 305-00=O i.e. 00=4. So 
Q 18 a ser따 

00 = 0 , = 02 = 3' 
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Suppose <:>} = <:>2 and <:>0 1 + <:>}. Then <:> 1 + <:>} + <:>}9 + <:>}9 2 

1+<:>1(1+9+92) ‘ 

P is generated by <:>2 - 0' = (30'? + O'} )(1 + 9 + l). Since P is a prope} 
ideal we have 1 + <:>} (1 + 9 + l) rf. P. Hence 0' is a semi-idempotent of 
QG. Suppose 0'1 + <:>2 = 20'0 - 1, then <:>0 = !土으암으.2. substituting 0'0 in 
the equation 

O'~ + 2<:>1 0'2 - <:>0 <:>î + 2<:>0<:>2 - <:>2 

<:>~ + 2<:>。이 - 0'1 

(1+<:>1+ 0'2)2 , n.. (1+<:>1+<:>2) z-- + 2Q1@2 ---5 o? + 2(1 + 0'1 + 0'2) -
- 十 0:2 - Q2 2 
2 , 2(1 + 0'1 + 0'2) 

= Q'? -r CXl - U1 
‘ 2 

(1 + <:>1 + 0'2)2 (l + QI + @2) 2 2<:>2(1 + <:>1 + 0'2) 
4 + 2Q1Q2 ---T-- = g , + - Q2 , . 2 

_.2 _ 2 1 0'‘ Qη 01 02 0: ]02 1 01 
;:. + ~ + ~ +_' +_' +:.... + 20' 1<:>2 - ~ - ~ 4 ' 4 ' 4 . 2 . 2 ' 2 , -. , 2 2 

O'? ‘ ” 
τ =따+ <:>1 0'2 + <:>2 +따 - 0'2 
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(0'1 - 0'2)2 = -~ since we are in the field of rationals. This is impos뼈l e. 
So <:>0 = 남얻엉ι cannot occur. Suppose (2) is true 

Ao + AI + A 2 0 

<:>~ + 20' 1<:>2 - 0'0 + O'~ + 2<:>0<:>1 - <:>1 + <:>î + 2<:>00'2 - <:>2 = 0 

(<:>0 + 0'1 + 0'2)2 - (<:>0 + <:>1 + 0'2) = 0 

i.e. (<:>0+ 0'1+ 0'2)[<:>0+<:>1+ 0'2-1]=0 

So <:>0 + 0'1 + 0'2 = 0 or 0'0 + 0'1 + 0'2 = 1. 
If 0'0 + 0'1 + <:>2 = 1. Then we have 

<:> rf. w(Q[G]) but <:>2 - 0' E ω(Q[미) . 
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50 c< is a semi-idempotcnt. If c<o + c<, + c<2 = 0 then both c< and c<2 - c< E 
ψ(Q[G]) hence c< is not a semi- idempotent . 

Conversely if (1), (2) or (3) is satisfied it can be easily verifìed that c< 

is a semi-idempotent in QG 
Now wc sketch. The proof of our main t hcorcm , whcn G is a cyclic 

group of primc power order p. 

Theorem 3. Let G be a cyclic group of 0 ,.,le7' p, p a l'πme. Q is the field 
of mtionals . Then c< = c<o + C< , 9 + , .. + C<p- ' 9P- ' is a semi-idempotent in 
QG if and only if 

(1 )이 =ajfoT1=1 ， 2 ， -, p-l andj=1 , 2, - , p-lGo=l+0l 
(2) @o = Ql = - = Op-l = i 

p- ' 
(3) εc<o = 1. 

i=O 

Proof Let c< = 0'0 + 0', + α'9 + ., . + O'p-'9P-' be a semi-idempotent in 
QG To get conditions on 0'0, C<1 , .. . ,O'p_' 

wbere 

f _ _v- I 、 2
0" - 0' = (α0+ O' , g + ... + O'p_ , gP- ' ) 

-(c<o + 0'19 + .. . + O'p_ ,gP-') 

= (O'~ + 2O"O'p_1 + 2O'2O'p_2 + .. , + 2C<r O'p_r - 0'0) 

+(0'렌 + 20'00', + ... + 2O'rC<p_r+1 - 0" )9 
+ ... 
+9P- ' (0'; + 2O'oO'p_' + . . . + 2O'p_rO'r_' - αp-.) 

= Ao + A ,9 + .. . + Ap- '9P-' 

Ao 0'5 + 2c<, c<p_' + ‘ + 2O'r2p_r - 0'0 

A , = α놓 + 2c<0 C<, + ... + 2O'rO'p_r+ ' - 0'1 

Ap_' = c<J + 2O'oC<p_ ' + . . . + 2O'p_rO'r_ ' - c<p _ ' 

where the suffìx of Ai for all i = 1, 2, " ',]> - 1 is sllch that the SU I1I 

of the suffìxes of O' j'S , and 따S are eqllal to i mod ]>. 씨'e havc ß = 
Ao + A '9 + ... + Ap- 19"- ' E P then 더， ßg , ßg2 , . . " ßgP- ' are in P. From 
these cqllat ions eliminate 9, y2’ ‘ Jp-l. 
Wc get Ag = Af = . . . = A:_ , or Ao + A , + . .. + Ap = O. If Ao = A , = 

= Ap_1 we get 

0'0 = 1 + 0' , and α I = 0:'2 = = Cip_ l , 
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w/뼈 makes a a sefTÚ -idempotent. lf ao = al = = a p_l = ~ once 
again a is a semi-idempotent. 
ln case Ao + AI + ... + Ap_ 1 = 0, we have 

(ao + al + . . . + a p_ l )2 - (aO + .. . + ap-tl = 0 

so that ao + al + . .. + a p-l = 0 or aO + al + ... + ap_1 = 1. lf ao + al + 
‘ + ap_1 = 0 then a is not a semi-idempoter1t. If ao + al + ‘ +ap_1 = 1 

we have a to be a semi-idempotcn t. 
Converse can be verified by direct calculations. Now we pose the fo l

lowing problem. 

Problem. Let G be a cydic group of prime order p. Q any ficld 
(i) When is any a E QG a se fTÚ-idcmpotent? 
(i i) If p is not a prime, does QG have non-trivial idempotents othel 

than the once characterized in [1] 
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