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SEMI-IDEMPOTENTS IN THE GROUP RING
OF A CYCLIC GROUP OVER THE FIELD OF
RATIONALS

W. B. Vasantha

Introduction

In [1] the author has introduced the notion of semi-idempotents to
group rings. This paper is concerned with the study of semi-idempotents
in QG, where @ is the field of rationals and (' is a cyclic group of prime
order p. Here a necessary and sufficient conditions are obtained for a =
ap + a1g + azg* + -+ + ap-19”"" to be a semi-idempotent in QG where
ap, @y, (g, - -+, @, are rationals in () and ¢” = 1. For definitions and results
used please refer [1].

Proposition 1. Let G =< g/g* = 1 > be a cyclic group of order 2. Q
be a rational field. QG the group ring of G over Q. Then a = ag + a9
is a semi-idempotent if and only if ap = +ay = % orag = 1+ oy or
ap=1—aq and if

a ¢ w(Q[G)]) but o — a € w(Q[G)).

Proof. Let a = ag+a;¢ be a semi-idempotent in QG. To obtain conditions
on ag and a; where ag,a; € . Let P be the proper ideal generated by
(ap + a19)* — (ag + a19). Then

(a0 + a19)? — (a0 + g) = 03 + 2ap19 + 0%92 — g — 14
=t (ag + af —ap) + (2apa; — ay)g
= Ap+ A1g where Ag, A; € Q
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with Ag = o + a? — ag and A; = 2092 — @;. Now Ag + A,g € P implies
Aog + Ay, A2 + AgAyg, ApArg + Af are in P.

Hence (A2 + ApA1g) — (AoArg + A?) is in P. Thus A3 — A} € P. This
is possible if and only if A2 — A} = 0. That is (Ao — A;)(Ao + A1) = 0.
Since @ is the field of rationals either

(a) Ag = A; and (or)

(a) Suppose Ag = A, then o2 + a? — ap = 20921 — a; that is

C!S + 0.’? o 20{00.'1 = g — 0
(o — 0’1)2 = (ap—a)
(&0—&1)[&0—01 = 1] =

The two possibilities are
y = M

Qo = 1+(.1'1.

If ap = a; we get @ = ap + apg = ap(l + g). Therefore P is generated
by [ao(1 + ¢)]% — [ao(1 + g)] = aolao(l + g)? — (1 + g)]. Cancelling aq as
Paj' = P we get P is generated by
a0+aogz+2aog— 1 —qg = a0+ag+2aog— 1 —4g
= (2a0 — 1)(1 + g).

So a will be a semi-idempotent only if 2ay — 1 = 0. For otherwise @ =

14+¢g € P. Thus o = % =ay. S0 ap =@ = % then a is a semi-

idempotent. On the other hand suppose ap = 1 + a;. Then
a = ag+ a9
= l+oy+ag=1+ao(1+g).
The ideal P is generated by

{1+ea(1+9)} - {1+ a(l +9)}
=14+aj(14+9)*+2a(1+9)—1-a(l+g)
—|| +af+2afg+af+2a1+2cxlg——l——o:l — a9
=2a’ 4+ 2ag+ a1 4 aig
= (2a} + a1)(1 + g).
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Thus 14+¢g € P. But 1+ a;(1+g) € P, if P is to be a proper ideal. Hence
a = ag + o9 is a semi-idempotent if ag = 1 + ;.
(b) Suppose Aq + A; = 0 then

ag+af—ag+2aoal—ag = 10
(a0 + 01)2 —(ao+ea1) = 0
(o +aq)[ag+ ey —1] = 0.

This forces ap + a; = 0 or ap + a; = 1 (Since @ is the field of rationals).
If ag = —a; then a = ag — apg that is @ = ap(l — g). Now P is generated
by

{ao(1 — g)}? — ao(1 — g) = aglao(l — g)* — (1 — g)].

Thus P is generated by
ag(l = g)* = (1 - g) = (2a0 = 1)(1 — g).

So a € P only if 2ap — 1 # 0 so the only possibility for « to be a semi-
idempotent is that ap = 1. Thus ap = —a; = 3 gives @ = ao(l + g) =
i(1+g). Hag+a;=1,thenap=1-

a = l—-a+ayg
= 1—ey(l —g)

Now P is generated by

-1 =g)) = (1 —au(l —g))
=1-20(1—-g)+a2(1 -9 —1+a(l—g)
= (202 — oy)(1 — g).

Clearly 1 —g € Pbut 1 —oy(1 — g) & P if P is to be a proper ideal i.e.
if @ =1—a;(1 —g) is to be a semi-idempotent. Thus ag = 1 — oy gives
a to be a semi-idempotent. Clearly if o ¢ w(Q[G]) but o? — a € w(Q[G))
then a is a semi-idempotent.

Conversely if a € w(Q[G]) but o — a € w(Q[G]) then by definition of
w(Q[G]) in [1] we have a to be a semi-idempotent.

Further if ap = fa; = 3 then a = (1 £ g), clearly the ideal P
generated by a® —a does not contain 3(1+g) as P = 0. Thus a = }(1+g)
is a semi-idempotent.

Clearly if g = 1 4+ a; or g = 1 — ay, then @ = oy + a;9 does not
belong to P, P generated by o? — a.
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We shall prove a similar result for a cyclic group of order 3 and then
generalize it for any prime p.

Proposition 2. Let G be a cyclic group of order 3, G =< glg°> =1 >.
QG be the group ring of G over Q. Then a = ag + a9 + azg” is a
semi-idempotent in QG if and only if

lLap=oy=a3=1

2. 0=14+a; and a; = oy

3. gt a;+a;=1.
Proof. Let a = ag + @19 + a39° be a semi-idempotent in QG. To obtain
conditions on agp, @; and a;. Let P be the ideal generated by o* — a.

o’ —a = (ag+ a1+ @g®)? — (a0 + a1g + a2g”)

= aj + aig® + ajg + 2a0a19 + 200039
+2a107 — ag — g — azg”

= (a2 42010y — ap) + (a3 + 2000y — )9
+(a? + 2002y — a3)g?

= Ag+ A1g + Azg* where

Ao, A1, Az € Q with

Ao = C\.'g + 20.'10.'2 — g

Ay = ag + 2apay —
2

A3 = =+ 2(10&2 — Q9.

Now, Ag + A1g + A2¢?, Aog + A19° + Ag, Aog® + A1 + Azg are in P. Also
AS + AoA1g + AoA2g?, A2 Aog® + A2 Ay + A%y and A;Agg? + A2A, + Alg
are in P. So

(A3 + AoArg + AoA2g”) — (A2Aog® + A2 A, + Alg)
= (Ag — A1 Ay) + (AAy — Ag)g EX

Similarly
(A2 — A Ag) + (ApAy — A})g € P and (A} — ApAy) + (A1A; — Al)g € P.

Hence (Ag = A]Ag)(AlAg = AS) = (A? at AoAg)(AQA] = A%) is in P. P
is to be a proper ideal

(A2 — A1A3)? = (A2 — ApA;)(A2 — AoAy)
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Similarly
(A2 = Aos)? = (42 — AyAg)(AZ — AgAy)

(A2 — AgA;)? = (A2 — A1A;)(A2 — AgA,)

If AS_AlAZ = 0 then A%—A[)Ag — 0 a_nd A%—AUAI = O If AS_A1A2 ?é 0
then A3 — AoA; # 0 and A} — AoA; # 0 But A3 — M4, = =22 from

the last equation. We get

(A3 — AgA1)? x (A2 — ApA))

2 _ A 2:
(Al AO 2) A%—A()AQ

So that
(A? — A0A2)3 B (A% = ADAl)a.

Since () is the field of rationals we get

A2 — Aghy = A% — Agdy,

Similarly

A% == AoAz —_ Ag - AIAQ.
and

A?} - A1A2 - Af - AQA';,.
Thus

,4? = AUA2 = Ag = A[)A] - Ag = AIAQ.
A} — ApA; = A2 — A Ap implies A2 — A2 = AgA; — AoA,.

(A — A3)(A1 + A;) = Ao(A; — Ay)
(A1 — A2)(Ay + Ag) Ao(A; — Ay)
(A1 4+ A2+ Ao)(A1 — A)) = 0.

Since we are in P.

If A0+A1+A2§£OWC have
AD—AIZO AI—A2=0 AQ—A():O.

Thus
Al - Ag = Az (1)

or
A0+A1+A2=0 (2)
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If
A2— AjA;=0 A2— AgA; =0 A2— AgA; =0

Then
Al = A1A; A% = ApA; and A2 = ApA,.

If one of Ay, A; or A, is zero then
A[_):Al:Ag:‘-O. (3)

If Ao # 0 then A; # 0 and Ay # 0. So Ag = 51 A2 = ApA,, Ag = %2

Then %z = %1% so A} = A3 since Q is the field of rationals Ay = A; = A,
which is (1). Suppose condition (1) is true then

ag + 2010 —ap = a% + 200y —

= o2+ 20007 — a3

a% + 2000y — @ = af + 2apay — ay
Q‘f — leg = 2(}‘0051 = 20!0(12 + g — @y

= 2ap(a; — az) — (g — @)

(Czl e 012)[0.*1 + g — 20.’0 + 1] =0.

Soaij=asora; +a;—2ap+1=0. Let a; = a3. Then

ag + 20109 — g = af + 2apaq — as.

al + 20? —ap = o 4+2000y —
a§+af—2aoal+al —ap = 0
(ag— ) —(@p—ay) = 0
(g —aq)fap—a; —1] = 0

The two possibilities are
ap = aq or ag = 1 + .
If ap = a1, then ap = @3 = a3. Hence a = ag(l + g + ¢%). So o’ —a =

(3aj—ao)(14+g+g*) 1+g+g* & Ponlyif3ad—ap=0ie ap=3. So
a is a semi-idempotent if oy = a; = a3 = % So a is a semi-idempotent if

|
00:012a2=§'
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Suppose o = a3 and g = 1 + &;. Then @ = 1+ a3 + a19 + yg® =
l+a(l+g+g°).

P is generated by o — a = (3a? + )(1 + g + ¢*). Since P is a proper
ideal we have 1 4+ a;(1 + g + ¢*) € P. Hence « is a semi-idempotent of
QQG. Suppose a1 + az; = 209 — 1, then ap = 1—"’—“?’—“2 substituting ap in
the equation

2 2
as + 20100 —apg = o + 20903 — ay

2
= a; 4+ 2ap0;1 — o1

2 2(1
(1+a+a) +201a2_(1+a1+az) o ( +°‘1+“2)a2_a2
4 2 2
2(1
= o+ ( +a1+02)01 —
2
- 1
(14 a1+ az) 1 Dasay — (14 a1+ a3) =af+2a2( + a; + a3) oy
4 2 2
1 CY% CE% ¥y o ¥ C¥p 1. (8 3]
. P 9 e oy
4+4+4+2+2+2+01€¥22 5
2 _ 2 2
—? —051 +O.’1(1’2+(12+02—C!2
1 3o} 30 3o,
Z _ = )
14 by 4 * 4 2
3 1
1(011 —ay)? + 1= 0
1
Z[3(a1 —a)?+1] = 0
(e —ay)? = —3 since we are in the field of rationals. This is impossible.
So ap = #2422 cannot occur. Suppose (2) is true
Ao + Ay + A,
ag + 2a1 09 — g + ag + 2ap0; — oy + o:f + 2ap000 — ;. = 0

(ao+0’1+02)2—(0!0+01 +a)=0
i.e. (CEO + (63} - (1'2)[030 B (631 - Qg — 1] =:{).

Soag+a;+a;=0o0r ag+ a; +a; = 1.
If ag + @y + a3 = 1. Then we have

a ¢ w(Q[G]) but o® — a € w(Q[G]).
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So a is a semi-idempotent. If ag + oy + a3 = 0 then both @ and a? — a €
w(Q[G]) hence « is not a semi-idempotent.

Conversely if (1), (2) or (3) is satisfied it can be easily verified that a
is a semi-idempotent in QG.

Now we sketch. The proof of our main theorem, when (' is a cyclic
group of prime power order p.

Theorem 3. Let GG be a cyclic group of order p, p a prime. Q) is the field
of rationals. Then a = ag+ a1 g+ -+ a,_19°"" is a semi-idempotent in
QG if and only if
NDNai=a; fori=1,2,---;p—landj=12,---;p—1lay=1+aq;
(2) ap = ay =t = Qpy =',1;
p=-1
(3) Z(XU = 1.
=0
Proof. Let a = ag + ay + @19 + -+ + ap,_197~" be a semi-idempotent in
QG To get conditions on ag,ay, -+, ap_1.

o—a = (+ag+-+apg"")?

—(o+arg+ -+ +ap_19”7")
= (ag +2a10p-1 + 202052 + -+ + 20,05, — @)

+((1'z-211 + 20001 + - - + 20, 0p_r 41 —1)g

+ S
+9" ' (a? + 200051 + -+ + 20,01 — Op_1)
= Ao+ Aig+--+ A7
where
Ao = af+2map1+-+20,2,, — g
A = 0’%_;_1 + 2agoy + v 2o Qp-rir — 0y
Apy = ﬂf + 2apap—1 + o+ 2€0pp Oty — Qpy
where the suffix of A; for all = 1,2,---,p — 1 is such that the sum

of the suffixes of ajs, and ajs are equal to : mod p. We have f =

Ao+ Arg+---+ A,_19"' € P then 3, 8g,8g% -+, 3¢ are in P. From

these equations eliminate g, g%,---,g?"'.
Weget Af=Al=- =4} jor Ao+ A1+ +A4,=0 A=A =
.= Ap_; we get

ap=14+aand ay =ay =+ =ap-,,
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which makes « a semi-idempotent. If ag = oy = -+ = a,_; = - once
again « is a semi-idempotent.
In case Ag+ Ay + -+ A,_1 =0, we have

(a0t a1+ +ap) — (a0 + -+ ) =0

so that 00+G’1+"'+Qp_1 =0or O’0+Q1+"'+0’p_1 — [F Ifag+0‘1+
-+ +4ap_1 = 0 then a is not a semi-idempoterit. If cg+a1+---+a,-; =1
we have o to be a semi-idempotent.

Converse can be verified by direct calculations. Now we pose the fol-
lowing problem.

Problem. Let GG be a cyclic group of prime order p. @ any field

(i) When is any a € QG a semi-idempotent?

(i1) If p is not a prime, does QG have non-trivial idempotents other
than the once characterized in [1].

References

[1]  W. B. Vasantha, On Semi-idempotents in Group Rings, Proc. Japan Acad., 61,
Ser. A, (1985), 107-108.

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, MADRAS-6G00
036, INDIA



