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COEFFICIENT 
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1. Introduction 

Let 5 denote the class of functions of the [orm 

U 1 ( 
f(z)=z+ ε anZn 

which are analytic and univale nt in the uni t disk U = {z: Iz l < 1} 
A fun ct ion f( z) E 5 is said to be a member o[ the class S( a β) ， which is 
the class of starlike function s of order a (0 ::::; a < 1) a nd type ß (0 < ß ::::; 
1) if and only if 

(1.2) I{펀 1 }/{搭 十 (1- 2a싸 

Moreover, a function f (z) E 5 is in C(a ,ßL t he class of convex functions of 

order a (0 ::::; a < 1) and type β (0 < ß::::; 1) if and only if zf' (z) E S( a ,ß) 
Let T denote the subclass of 5 consist ing of fun ct ions of the form 

(1.3) f (z) = z - 2.> nzn (an 즈 0) 

We denote by S"(a ,ß) and C"(a ,ß) the classes obtained by taking inter 
sections, respectively, of the classes S (a ,ß) and C(a,ß) with T 
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Fodhese classes S*(a ， β) and C*(a ,ß) , Gupta and Jain [3] showed the 
following lemmas. 

Lemma 1. A funclion f(z ) defined by (1 에 is in the class S*(a ,ß) if and 
only if 

(1.4) ε{ (n -1) + ß(n + 1 - 2a)}a,,:::: 2ß(1 - a) 
n=2 

This result is sharp 

Lemma 2. A funclion f(z) d랜ned by μ3) is in the class C'(a ,ß) ν 
and only if 

(1. 5) ε n{(n-1)+ β(n + 1 - 2a)}a" :::: 2ß(1 - a) 

This result is sharp 

In view of Lemma 1 and Lemma 2, 、ve can see that J( z) defined by 
(1.3) in S'(a,ß) and C*(a ,ß) satisfy 

( l.ò) a?< 2ß(1-a) 
• - 1- 2aß + 3ß 

and 

(1.7) ; 이
 -
때
 

1「-
매
 

이
 -
카
 

-l < 
-2 a 

respectiveJy. We note by S;( a , 이 functions in the class S‘ (a , ß) of the 
form 

(1.8) 
2pß(1 - a) ∞ 

f(z) = z - -----z2 - ε a"z’‘ (a n 으 0) 
1- 2aß + 3ß π=3 

and by C;( 0 , ß) functions in the class C ‘ (a , ß) of tbe form 

β(1 - a) ∞ 
f (z) = z - ~τ_ t:J ， τ3Z2 ε an z7l (a n 2:: 0), (1.9) 

where 0 :::: p :::: 1. 

SiJverman [5] , SiJverman and SiJvia [6] , AJ-Amiri [1 ], FinkeJstein [2], 
Netanyahu [4],'Suffridge [7] and Tepper [8] gave many intersting resuJts for 
various subclasses of univalent functions with a fixed second coefficient. 

In this paper, we introωce the two subclasses S;(a ,ß) of S‘ (0 , 이 
and C;(a ,ß) of C*(a,ß) consisting of functions with the fixed second 



Certain Classes of Univalent Functions 103 

coeffìcient a2. The object of the present paper is to prove some results for 
convex linear combinations and some distortion theorems for functions in 
these classes , and to find the order o[ starlikeness of funciion in the claso 
C;(o:, ß) 

2. Convex Linear Com b inations 

In this section , we show that the classes S;( 0:, ß) 비ld C;( 0: , ß) are 
closed under convex linear combinations. 

Theorem 1. Let 

(2.1 ) 
2pß(1- 0:) 

f2(z) = z - -------z 
1 - 20: ß + 3ß 

and 

2pß(1- 0: ) 2 2(1 - p)ß( l - 0:) 
(2 2) fn(z) = z - ------zZ -

1 - 20:ß + 3ß- (n - 1‘ ~， 

forn = 3,4,. . .. Then f (z) is in the class S;(o:, β) μ and onlν ν it can be 
expressed in the form 

(2.3) J(z) = ε Ànfn(z) , 
n=2 

ψhere Àn 즈 o and ε응2 시 =1 

Proof We assume that the function f(z) can be expressed in the from 
(2.3) . Then we have 

2pß(1 - 0:) _2 응 2시( 1 - p)ß(l - 。) _n 
(2 4) fn (z) = z - -------z - 、 、

1- 20:ß + 3ß 슨~ (n - 1) + ß(n + 1 - 20:) 

Z A ∞
 ε
 섭
 

z 

where 

(2.5) A? = 2pß( 1 - 0:) -
‘ 1 • 20:ß + 3ß 

and 
2Àn(1 - p)ß( l - 0:) 

(2 6) An = (n = 3,4, - ) 
(n - 1) + ß(n + 1 - 20:) 

Hence we can see that 

(2.7) ε{(n-1)+ β(n + 1 - 20: )}An 
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coefficient a2' The object of the present paper is to prove some results for 
convex linear combinations and some distortion theorems for functions in 
these classes, and to find the order of starlikeness of function in tbe clas, 
C;(a ,ß) 

2. Convex Linear Combinations 

1n tbis section , we show that the classes S; (o:, ß) and C;(a, ß) are 
closed under convex linear combinations 

Theorem l. Let 

(2 .1 ) 
2 시

 씨M
 

” 

「「
」띠
 

끼
 
‘ / 
-n 
/ “ 

9 
---1 

l 
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z 사
 μ
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/ 

시
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응
 
j 
1 

-

and 

2pß( 1 - a) 2 2(1 - p)ß(l - 0:) _n 
fn(z) = z - -------z -

1 - 2aß + 3ß - (n - 1) + ß(n + 1 - 20:) 

forn=3 ,4, .... Th en f( z) 앙 in the c1ass 5;(0:, ,8) if and only if it can be 
expressed in the fOlm 

(2.2) 

(2 .3) f(z) = ε >'nIπ (z ), 
n=2 

where >'n ~ 0 and ε응2 시 =1. 

Proof We assume tbat the function J( z) can be expressed in tbe from 
(2.3). Tben we bave 

2pß(1- 0: ) 2 옹 2시( 1 - p)ß(l - 0:) . n (2 .4 ) Jn(z) z - -"""' - 0 ， -~oZ2 - L 1 - 2얘 + 3ß 낌 (n - 1) + ß(n + 1 - 2a) 

Z A ∞
 ε
 i 

z 

where 

(2.5) A? = 
2pß(1 - a) -

‘ 1 - 2aß + 3ß 

and 
2>'n(l - p)β(1 - a) 

(2.6) An = ( 1 、 DI _ , 1 。 、 (n=3 ,4, .. . ) 

Hence we can see that 

(2 .7) ε {(n -1) + ß(n + 1 - 20: )} An 
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= 2ß(1 - O')[P + (1 - p) ε Àn} 
n=3 

= 2ß(1 - 0'){1 - À2(1 - p)} 

:::: 2ß(1 - 0')‘ 

because 0 :::: p :::: 1 e.nd 0 :::: 시 :::: 1. It follows from (1.4) that f (z) is in 
the class S; ( 0', ß) ‘ 

ConverseJy, 앤 suppose t l때 f (z) defìned by (1.8) is in the class S;( 0', ß) 
W비J the aid of (1.4), we obtain 

(2.8) 2pß(1 - 0') + ε { (n - 1) + ß(n + 1 - 20' )}a’‘ :::: 2ß(1 - 0'), 
n=3 

further 

(2.9) 
2(1 - p) ß( 1 - 0') 

a ”” < - (n l ) + a(n + l 2Q) 
(n = 3,4 ,' ,,) 

Putting 

(2.10) 
(n - 1) + ß( n + 1 - 20') 

An - 2(l p)a(l @) (n = 3,4,"') 

and 
。。

(2.11) 서 =1 ε Àn ， 
n=3 

we have (2.3). This compJetes the proof of the theorem 

Theorem 2. Let 

(2.12) 

and 

ß( l - 0') 
f2(z) = z - --- ---z 

1 - 20'ß + 3ß 

pß(l - 0') 2 2(1 - p)ß(1 - 0') 
(2 l3) fn(z) = z - - --- --z -

1 - 20'ß + 3ß- n{(n -1 ) + ß(n + 1 - 20')} 

for π = 3,4, ‘ . Then f( z) is in the class C; (O', ß) if and only ν it can be 
expressed in the form 

(2.14) f (z) = ε Ànfn(z), 
n=2 

ψhere Àn 으 o and ε응2 Àn = 1. 

The proof of Theorem 2 from the bounds in (1.5) just as Theorem 1 
folJowed from the bounds in (1.4). 
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3. Distortion Theorems 

In order to show the distortion for f(z) in S;(a , θ) ， we neεd tbe f，이
lowing lemmas 

Lemma 3. Let the funclion h(z) be defined bν 

(3.1) 
3 시

 띠
 
{
잉
 

1 
i -+ 뼈

→
얘
 

--
--( 

-2 이
얘
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「
얘
 

。1 
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「
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ι
 

2 
-----i z 셔

 

/ ” r ‘ , 
J 

Then , for 0 ::::: r < 1 and 0 ::::: P ::::: 1, 

(3.2) 
2pa(l a) 2 (1 p)a(1 o) 3 

IM，'댐 )1 ~ r • .,.--'-'-::-'--;:----:--,:. r - -
1 - 2aß + 3ß. 1 - aß + 2ß 

with equalitν for 0 O. F0 1" either 0 ::::: p < Po and 0 < ,. < 1"0 01 
po ::::: p::::: 1 

(3 .3) 
2pß(1 - a) 2 (1 - p)ß( l - 0') 3 

|f3(Te”)| 5 r + ------r -
1- 2aβ + 3ß 1- aß+ 2ß 

ψith equality Ior 0 = π Further, for 0 ::::: p < po an.d ro ::::: r < 1, 

1I떠떠h헤3씨(쐐T 

( 1 - P P2ß(1 - 0') 、
+2ß(1 - 0')(•- -- + ) 

\ 1-aß + 2ß ' (1 - 2O' ß+ 3ß)2/ 
+ (1 간)$말;)2 (F앓닮 +(1 魔짧)2)，.4}~ 

with equality fOI" 

(3.4) 

(3.5) 

where 

(3.6) 

an.d 

(3 .7) 

= cos-1 (f.(1 - p)ß(l - a)I.2 - p(l - O'ß + 2ß2ì 
\ 2(1- p)(1 - 2aß + 3ß)I' J 

% = --L- {-(3 4얘 +7β)2 
2β(1 - a) 
+매그aß + 7ß)2 + 8ß(1 • a)(1 - 20'β 十 3ß)} 

o = 1 { (1 p)(1 2aa+36) 
(1 - p)ß(1 - 0') 

+.)(1- p)2(1 - 2aß + 3ß)2 + p2(1 - p)이1 - 0)(1 - 2a.ß + 2ß)} 
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Proof We employ the same technique as used by Silverman and Silvia [6] ‘ 

By the simple computation, we have 

3lf3(reiBW • n{ , . \ 3 3 . n r 얘(1- O'?값n 6{ ---
ll- 20'ß + 3ß 

p(1 - p)ß(1 - 0')2 , 2(1-p) 서 
…… , 

(1-20'ß+3β)(1 - O'ß + 2ß) ’ 1- 0'β + 2ß --- " J 

further ô lh(reiBW /8 /1 = 0 for /1, = 0, /12 = π and 

-} f P(1 - p)ß(1 - 0')r2 
- p( l.- O'ß + 2ß) \ 

(3-9) O3 = cos ( ) 
\ 2(1 - p) (1 - 20'ß + 3ß)r J 

(3.8) 

Since /13 is a valid root only when 

(3.10) 
IE(1 - p)이 1 - 0')r2 

- p(l - O'ß + 2ß) I / , 
2(1 - p)(1 • 20'ß + 3ß)I' I --" ‘ 

we have a third root if and only if ro ::; r < 1 and 0 ::; c ::; Co . Thus we 
have the lemma by comparing the extremal vaJ ues If3 (re’Bk)1 (k = 1,2, 
3) on the appropriate intervals 

Lemma 4. Suppose n 2: 4. Let the function fn(z) be de.βned by (2.2) 
Then 

비
 

q J ( 
Ifn (re'B)1 ::; I f4 (一r )1 . 

Proof Since 2p(1- p)ß(l- O')rn / {(n -1) + ß(n + 1- 20')} is a decreasing 
function of n , we obtain 

2pß(1 - 0:) _2 2(1 - p)ß(l - 0') < r + 4 -rt~ \ - : '"' r~ 

1-20'ß+3ß (n - 1) +ß(n+1-20: ) 
2pß(1 - 0')2 2(1 - p)이 1 - 0'). 

<r+_~-'-\- '_ r. 
1 - 20' ß + 3ß 3 - 20'ß + 5ß 

= - f4( -r) 

wh때 shows (3.11 ). 

Theorem 3. Let the function f( z ) de.βned by μ8) be;n the class S; (O' ， β). 
Then, for 0 ::; r < 1, 

(3 .12)lfn(reiB )1 

페
 

q 
j u 

( 2pß(1- 0: ) _2 (1- p)β(1 - 0')_3 
If(감)1 으 r - . r--

1 - 20'ß + 3ß 1 - O'ß + 2ß 
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with equality for the function h ( z ) at z = r , and 

(3 .14) I f(r생) I :S Max{Ma쟁 Ih(re'o)l ， - f4( -r)}, 

where Maxo lh(reiO)1 is given by Lemma 3. 

The proof of Theorem 3 follows from Lemma 3 and Lemma 4. 

Lemma 5. Let the function h(z) be defin ed by (3.1). Then , forO 으 r < 1 
and 0 :s P :s 1, 

(3 .1 5) 
9\1 ~ , 4pß(1 - a ) 3(l - p)ß(l α)2 

|깅(r e’ θ)| E 1 - - - - ---r -
1 - 2aß + 3ß 1 - a ß + 2ß 

with equalitν for 0 O. For eithere 0 < p < Pl and 0 < r < r , or 
Po :S p :S 1, 

(3.16) 
4pß(1 - a ) _ 3(1 - p) ß(l - a ) _2 

I f~ (re’8 )| 5 1 + -------T -
.)\'- 11 - -' 1 - 2따'1+ 3ß 1 - aß + 2ß 

with equality for () = π . Further, for 0 으 P < P, and rj :S r < 1, 

1J~(re’0)1 :S {(1+ 헬센삶)(1석업짧2) 
(3( 1 - p) 4p2ß(1-a ) \_2 + a(1 Q)(------ + ) 
\ 1-aß + 2ß ' (1 - 2야1+ 3ßJ2 1 

+3(1짧2찮)2 (펴짧:a+(ï션2짧 앓)Jr4} ~ 

with equ띠ity for 

m 
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1 
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( 

(3 .18) 

ψhere 

(3.19) 
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땐
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= --L-{-2(1- 얘 + 2ß) 
3ß (1 a) 

+)(4(1 - aß + 2ß)2 + 9ß(1 - a)(l - 2aß + 3β)} 

(320) TI = l {-3(1 - p)(1 - 2Qa + 3a) 
6p(l - p)ß(l - a) 

+)9(1- pJ2 (l - 2aß + 3ß)2 + 12p2(1 - p)ß(1- a)(l - aß + 2ß)} 
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The proof of Lemma 5 is given in much the same way as Lemma 3. 

Theorem 4. Let the function f( z) de.β7뼈 by (1.8) be in the class S;( o:, ß). 
Then, for 0 :S r < 1, 

(3.21 ) 
4pß(1 - 0:) 3(1 - p)ß(l - 0: )2 11'(1'e’8)1 2:: 1 - -:t1-'~\._.l. n- ， Ulnr 

1 - 2o: ß + 3ß 1 - o:ß + 2ß 

with equalitν fo 1' f~(z) at z = 1', aηd 

(3.22) 1f' (reiO)1 :S Max{M“xo If~( 1' e iO) 1, f~( - 1')}, 

ψh e 1'e Maxolf~( 1' ei8))1 is given by Lemma 5 

In the same 、.vay， we can show the fo l1owing results for functions f( z) 
III σ; ( o: ， ß) 

Lemma 6. Let the functioη h( z) be defined by 

(3 .23) 
p,ß(l - 0: )2 (1- p)ß(l - 0: ) 3 

f3(z) = z - -----z 
1 - 2o:ß + 3ß- 3(1 - o: ß + 2ß) 

Theη， fo 1' 0 :S l' < 1 and 0 :S p :S 1, 

(3.24 ) 
? 
J 띠
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with equalitν fo 1' (J O. Fo 1' eithe1' 0 < p < p~ and 0 < l' < 1'~ 0 1' 

p~ :S p :S 1 

pß(1- 0:) .• 2 (1 - p)ß(l - 0: )3 
|&(rei8)| s T + ------ r -

1 - 2o: ß + 3ß 3(1 - o:ß + 2ß) 
(3.25) 

with equality fo 1' (J = π . Furthe 1', for 0 :S p < p~ aηd 1'b :S l' < 1, 

(3.26) |β ( 1' e‘8)| 5 T{(1 + 9￡F?Aa낀씩ad3짧2) 
(2(1 - p) p2ß (1 -o:) 、 2 

+a(1 a)( + ) 
\3(1 - o:ß + 2ß) , 2(1 - 2o: ß + 3ß)2J 

+(E션a3;3없~(3(1 f1짧 2ß)+4(1깐짧펴ß)2)r4 } t 
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with equality for 

(3 .27) 

ψhere 

(3.28) p~ 

and 

0 = cos-1 (!!.(1 - p)ß(1 - 0:)r2 - 3p(1 - o:ß + 2ß2) 
- \ 4(1 - p)(1 - 20:ß + 3β)r } 

- --L- { (7 1O얘 + 17ß) 
2ß(1 - 0:) 

+이(7 - 100:β + 17ßF + 16ß( I - 0: )(1 - 20: ß + 3ß)} 

(3 .29) rb =" ,1"" , {-2(1 - p)( 1 - 20:ß + 3ß) 
p(1- p) ß( 1 - 0:) 

109 

+이4( 1 - p)2(1 - 20: ß + 3ß)2 + 3p2(1 - p) ß( l - 0: )(1 - aß + 2ß)} 

Theorem 5. Let thefunction f (z) deβn ed by (1 .9) be in the class C;(o:, ß). 
Th en, for 0 으 r < 1, 

(3.30) 
pß(1 - 0:) _ 2 (1 - p)ß(1 - o:L3 

lf(reiO)| E T - ------T - T 
1 - 20: ß + 3ß' 3(1 - o:ß + 2ß) 

ψith equalitν for the f1ln 

(3.31) If(r eiO) 1 ~ Max{Ma얘 I !J( reiO ) 1, - f4 ( -r )}, 

whel'e Maxol !J (reiB )I is given by Lemma 6 

Lemma 7 . Let the 1:ψ?ηun 

1,’ and 0 ~ p < 1, 

(3.32) 
2pß( 1 - 0:) (1 - p)ß(1 - 0: ) 2 

I fνeiB)1 즈 1- - ~ ， - \- --'_ r 
1 - 20:ß + 3ß 1 - o:ß + 2ß 

with equalitν for 0 O. For either 0 < p < p~ and 0 < r < 서 or 
p; ~ p ~ 1, 

(3.33) 
2pß(1 - 0:) (l - p)ß(1 - 0: )_2 

|죄(Tel8)| 5 1 + r 
1 - 20:ß + 3ß 1 - o:ß + 2ß 
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with equalitν for 0 = π . Furthe 1', for 0 ::; p < p~ and 이 ::;1' <1 , 

(3.34 ) If떠떠f~(μ(쐐T 

((l-p) P2ß(1 - a) \ 2 
+2a(1 Q) ( ------ + ) 

\ 1-aß+2더 (1 - 2aß+ 3ß )2 J 

+.12 간)$펴￡)2 (닌짧젊 +(1 魔잖)J 1'4 }! 
with equality fo 1' 

(3.35) 

whe1'e 

(3.36) p; 

and 

= cos- 1 (E.(1 - p)ß(l • a) 1'
2 

• p(l- aß + 2ß2ì. 
\ 2(1 - p)(l - 2aß + 3ß)r J ’ 

--L-{-(3 -4aa + 73) 
2ß(1 - a) 

+아3-4얘 + 7ß)2 + 8ß(1- a)(l- 2뼈 + 3ß)} 

(3.37) 서 = 1 {-(l p)(l - 2aa + 3β) 
p(1 - p)ß(l - a) 

+이(1 - p)2(1 - 2a더 + 3ß)2 + p2(1 - p)ß(l - a)(l - aß + 2ß)} 

Theorem 6. Let the function f(z) defined by (1.9) be in the class C;(α， 너) 
Then, fo 1' 0::; l' < 1, 

(3.38) 
2pß(1 - a) (1 - p)ß(l - a)2 

|f(Tei8) | E l ------T -
1 - 2aß + 3ß (1- aß + 2ß) 

with equal때 for the function f~(z) at z = r , and 

(3 .39) I f'(1'e‘8)1 ::; Max{Ma헤f~(re;8)1 ， f~( -r)} , 

ψheπ MaX81죄(re‘8) 1 is given bν Lemrna 7. 
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4. Starlikeness of C;(a ,ß) 
Finallν， we consider about the starlikeness for functions in the class 

C;(a ,ß) 

Theorem 7. Let the function f(z) defined by (1.9) be in the class C;(a , ß) 
Then f(z) is iη the class S; ( a1 , 이 ) for al (0 ~ al < 1) and ßl (0 < ßl ~ 
1) which satisfy 

(4 .1) 2{3A+ (1- p)B}aIßl - {9A+4(1- p)B}이 

{3A + 2(1 - p)B - 6AB} = 0, 

where A = 1 - aß + 2ß and B = 1 - 2aß + 3ß. This result is sharp for 
the jiμnction h(z) de껴7뼈 bν (3.23) 

Proof. With the condition μ 1), we can see that 

(4 .2 
pß(1 - a) 

(1 - 2a1ß1 + 3ßd 
1- 2aß + 3ß 

(1 - p)ß(1 - a) 
+2(1- a1a1 +29l) = 2a1(1 Q1) 

3(1 - aß + 2ß) 

so that h(z) E S;(a1 ,ß1)' Next , let f(z) E C;(a , 이 ln view of Theorem 
2, ψe may 8et 

(4.3) 

aπd 

( 4.4) 

2Àn (1- p)ß(1- a) 
(n=3 ,4, ... ) 

n{(n - 1) + ß(n + 1 - 2a)} 

εÀn ~ 1 
n=3 

Since {(n-1)+ß1(n+1-2atl}jn{(η 1)+ß(η+ 1- 2a)} i8 a decreasing 
function of n , the expression 

2ß(1-a) 효 An{(n - 1) 얘1(n + 1 - 2atl} 
,:;;;; n{(n - 1) + ß(n + 1 - 2a)} 

is maximized ψheη À3 = 1, f:μ rther f(z) = h(z). Consequeηtly we obtain 

pß(1- α) 
(4.5) (1-2얘1 + 3ßtl1τ 2aB +:1 

∞ An{(n - 1) + ß1(n + 1 - 2a,)} 
+2ß(J - a) ε 

n=3 n{(η - 1) + ß(η +1 • 2a)} 

~ 2ß,(1- a1) 
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with the aìd 0 f μ.2). This completes the proof of the theorem. 
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