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FIXED POINT THEOREMS IN 
NONARCHIMEDEAN MENGER SPACES 

R. C. Dimri and B.D. Pand 

onarchimedean probabilistic metric spaces and some topological pre
liminaries on them were first stlldied by Istrãtescll and Crivãt [7] (see, 
also [6]). Some fixed point theorems for mappings on nonarchimedean 
Menger spaces have been proved by Istratescu [4,5] as a result of the gen 
eralizations of some of the results of Sehgal and Bharllcha-Reid [11] and 
Sherwood [12]. Achari [1] stlldied the fixed points of qllasi- contraction 
type mappings in nonarchimedean probabilistic metric spaces and gener
alized the results of Istratescu [5]. Recently, Sir뺑 and Pant [15] have 
established common fixed point theorems for weakly commuting quasi
contraction pair of mappings on nonarchimedean Menger spaces. 

In the present paper we replace the condition of commutativity by that 
of preorbital commlltativity, a condition weaker than commutativity and 
prove some cornmon fixed point theorems for S-type and F -type quasi 
contraction triplets (see definitions 1,4) of self- mappings on nonarcbime
dean Menger spaces. Extension to llniform spaces and applìcation to prod
llct spaces of one of the results are also given. 

The following definition is due to Istratescll [5] 

Definition 1. Let Fu.v denote the value at u , v E X x X of the function F : 
XxX • C, the collection of all distrihution functions . A nonarchimedean 
Menger space is a triplet (X ,F ,t) , where (X ,F) is a nonarchimedean 
probabilistic metric space and t is a t- norm sllch that tbe nonarchimedean 
triangle inequality 

n / ( 
Fu .ψ(max{x ， y }) ?: t{Fu.v( x) ， l괴，ω(y) } 
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holds for áll 1.1 , v ， ω EXandx ,y 으 O. Hereafter X stands for a non 
archimedean Menger space 

We introduce the following ‘ 

Definition 2. T hree mappings f ,g, h X • X are called an S- type 
quasi-contraction triplet (1, gj h) (S after Singh [1 3]) iff there ex.ists a 
constant k E (0,1) such that for every 1.1, v in X , 

(2) Ffu ,}v(kx ) ~ max{Fhu,hv(X) , Fju ,hu(X) , F뇨，hv(X) ， Fju ,hv( X) , 강v ， hv(X)} 

holds for all x > 0 

On the lines of Tiwari and Singh [17] we have the following : 

Definition 3. Assume that a sequence of 0 (1, gj huo) converges to a 
point 1.1 in h(X) and Bu = {z : hz = u} which is nonempty. For a pos띠ve 
integer N , define AN = {Un E A: n ~ N} . 

Then the mapping f and h will be called (1, gj huo) preorbitally com 
muting if the restrictions.of f and h on AN U B N are commuting for some 
posi tive in teger N 

Now we introduce the following : 

Definition 4. Three mappings f ,g , h on a nonarchimedean Menger space 
(X ,:F, t) are called an F - type quasi- contraction triplet (l j g, h)(F after 
F빼er [3]) iff there exists a constant k E (0,1) such that for every 1.1, v in 
X , 

(3) Fju,}v( kx) 즈 max{감u，hv(X) ， 까u ，gu ( x) , Ffv,hv( x) , 타u，hv( x) , Fjv,gu( x)} 

holds for all x > O. 

The following definition is also on the lines of Tiwari and Singh [17] 

Definition 5 . Assume that a subsequence {fun } of O(lUoj g, h) converges 
to a point 1.1 in g(X ) n h(X) and Bu = {z : gz = u} U {Wj hψ = u} . Let 
for a positive integer N , AN = {싸 E A: n 으 N}. 

The mappings f and g will be called (lUOj g, h) preorbitally commuting 
if the restrictions of f and g on AN U Bu are commuting for some positive 
integer N 

Theorem 1. Lel (X ,:F, t ) be a nonarchimedean Menger space, where t 
성 continuous and salisfies t(x ,x) 으 x for every X E [0 , 1] and (I, gj h) an 
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5 -type quasi-coηtraction tη'plet oj selj mappings on X. Ij there is a point 
Uo and a sequence {Un} in X such that 

(i) hU2n+1 = jU2n , hU2n+2 = gU2n+l , n = 0,1,2, ’ 
(ii) h(X) is (j, g; huo) -orbitaIly complete; 
(iii) h 싫 (j, g; huo)껴'eorbitally commuting with j and g , then j , 9 and 

h have a unique commoη βxed point and {hun} converges to the fixed point. 
Proof By (1) , (2) and (i) 

FhU2n+l ,hu2n+2 (kx) Ffμ2n ，9펴n+ ' (kx) 
> max{ Fhu2n ,hu2n+l (x) , Ffu2n ,hu2n (x) , 

Fg싸+ 1 ，h… 
FgU2n+ " hu2J X )} 

> max{ Fhu2n ,h.u2T1+1 (x) , Fhu2nt2 ,hU2 n+l (x) , 
Fh "2n+2 ,hu'n (x ) } 

max {Fhu2n ,hu.2ntl (x) , FhU2nt2 ,hU2n+l (x) , 
Fhu'n+"hu,Jmax{ X , kx})} 

> max{ Fhu2n ,hU2ntl (x) , FhU2n+2 .hu2ntl (x) , 
FhU2nt2 ,hU2ntl (x) , FhU2ntl.h썩Jkx)} 
FhU2n ,hU2ntl 

Therefore, by the lemma (Singh and Pant , [14]) , {hu n } is a Cauchy 
sequence and by virtue of (ii) converges to a point p (say) in h(X) . This 
implies the existence of a point z in X such that hz = p. Now , let Uhz(C:,'\) 
be a neighbourhood of hz. Then for c:,'\ :> 0, there e잉sts an integer N 
such that 

(4) Fhu2n
’
hz(c: j k ) > 1 -,\ and Fhu2n ,hu'n+l (c: j k) > 1 - ,\ 

for all n > N 
Again by (1) , (2) and (i) , 

Fhu2n+l ,gZ(C:) Ffu2n ，g z(ε) 

즈 max{ Fhu2n,hz (c: j k) , Fhu2n+l ,hu'n (c: j k) , 암z ，hz(Ejk) ， 

FhU2nt l ，hz(ε jk) ， 건z ，hu2Jt:jk)} 

즈 max{ Fhu2n ,hzlEj k) , Fhu2n
’
hU2n+l (t: j k)} 

> 1 -'\, by (4) ‘ 

So, gz = hz. Similarly j z = hz. Thus f z = gz = hz = p. Now by (iii) , 

f hz = hfz = f f z = hhz and ghz = hgz = ggz = hhz. 
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Putting u = p and v = z in (2) , we get 

fp = gz= p 

T herefore fp = gp = hp = p 

Uniqueness of p easily follows from (2) . 

Theorem 2. Let (X , F , t ) be a nonarchimedean Menger space, ψhere t 
is continuous and satisfies t( x , x) 2': x for every x E [0 , 1] and (J i g , h) an 
F -type quasi-contraction triplet of self mappings on X. If there is a point 
Uo and a sequence {un} in X such that 

(i) gU2n+1 = f U2n , hU2n+2 = fU2;.+I , n = 0, 1, 2,"'j 
(ii) g(X) n h(X) is (J Uoi g, h)-orbital/ν complete ’ 
(iii) f 엽 (JUoi g, h) -preorbital/y commuting with each of 9 and h, then 

f , g, h have a unique common j뇨ed point and {J Un} con verges to the fixed 
point 

ProoJ It is easy to see that {Jun} is a Cauchy sequence and in view of 
(ii) , it converges to a point in g(X) n h(X). Call it p. Then there exists a 
point z in X such that gz = p. Since {fun } is a Cauchy sequence, there 
eJ,.;sts an integer N = N(é ,>') such that 

(5) Ffu'"tl ,fu'"t, (é/k) > 1 - >. and Fu，fu，써(é/k)>l->' 

for al1 n > N . 
Now we prove that fz = gz 

Taking u = z and v = U2n+2 in (3) , we have 

Ffz ,fu,"t , (é) > max{되Z ，fu'"+1 (é / k ), Ffz .gz (ε/k) ，Ff썩"+，，fU'n+ 1 (é/ k ), 

Ffz ,fu,n+1 (é/ k) , 까U'n+2 .9 Z (éjk)} 

> max{ Fu ,fu,"+, (é/ k) , Ffu,"+, .!u'"tI (é/ k) , 
Ffz .!u, .. +, (é j k) , 타U'n+ ， .u(éjk) ， 

F끼뇨t 

F까tyfu2hn야+샤2ι“，fμ싸“야'"야+μ+， (é/샤k서)， F.까t)fμu…'n샤+션?ι’μ.u(é터/μk셔)} } 

> 1 - >. , by (5) 

So f z = gz since f U2n+2 • p. Similarly for a w in X such that hω = p, 
we can show that hw = fω = p. Now by (iii) , f p = fgz = gfz = gu 
and fu = fhw = hu since gz = u and hw = u . AIso, fu = fgz = fp 
Therefore fu = gu = hu. Putting u = fU2n+l ,V = u in (3) and passing 
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to the limits we get jμ = u. So ju = gu = hμ = u. Uniqueness follows 
easily. 

Corollary 1. Let X and j , g, h be as in Theorem 1. [j there exists a point 
Uo in X and a sequence {싸 n = 0,1, ‘ } in X such that 

(i) hU2n+l = jμ2n ， hU2n+2 = gU2n+l , n = 0, 1, 2, 
(ii) h(X) is (f, gj huo)-orbitally complete ’ 
( iω111페ii) h commu띠tles (f’gj hu‘애o야)-preOl사b’ηl“ta띠IIων elπther‘ uψv뼈) 
(iv) h is (f, gj huo)-orbitally coηtinuous. Then the conclusions of The

orem 1 hold 

Extension to Uniform Spaces 

Let D = {d,,} be a nonempty collection of pseudometrices on X. It is 
well known that the uniformity generated by D is obtained by taking as 
a subbase of all sets of the form U" ,< = {( u ， ν) E X x X : d，， (u ， ν) < é} , 
where d" E D and é > O. 1n fact , the topology determine by the uniformity 
has all d,,- spheres as a subbase. For details one may refer to Kelley [9] . 

Cain and Kasriel [2] have shown that a collection of pseudo-metrics 
{d,,} can be defined which generates the usual structure for Menger spaces 
Hence the following result is a direct consequence of Theorem 1. 

Theorem 3. 5uppose X is a lIausdorJJ space and j , g, hj X • X having 
the propertν that for every d" E D there is a coπ:stant k" E (0 ,1) such that 

(6) d,,(ju ,gv)::; k ,,{maxd,,(hu , hv) ,d,,(fu , hu) , d,, (gv , hν) , 

d,,(fu , ~ω ) ， d，， (gv ， hU)}j 

h(X) is sequeπtially complete ; and h is commuting with j aπdg ， thenj,g 
and h have a unique common fixed point. 1n an analogous blend Theorem 

2 may also be extended to uniform spaces. 
Theorem 3 includes a number of fixed point theorems in metric, Menger 
and uniform spaces , which may be obtained by choosing j ,g , h suitably. 
1n particular, if j = 9 then it presents a nice generalization of J ungck’s 
result [8]. Theorem 4 also includes an interesting result of Khan and Fisher 
[10J and contains as a special case Theorem 1.1 of Tarafdar [16]. It may 
be noted that Tarafdar [16] has obtained an exact analogue of Banach 
contraction mapping principle on a complete I-Iausdorff space. 

Application to Product Spaces 



94 R.C. Dimri and B.D‘ Pand 

We no“’ give an application of Tbeorem 2 to product spaces. 

T heorem 4 . Lel. X be a Hausdor.fJ space and f ,g, h : X X X • X. [f for 
every d", E D , there exists a constant k", E (0,1) such that 

d",(J( ", v ), g( u' , 이) 
(7) 

::; k", max{d", (h(u , v) , h(u' , v’)), 
d",(J( u , v) , h( " , v )), d", (g( u' , v') , h( u’ ,v' ) ), 
d,,((J( u , v) , h( u' , v' )) , d", (g( u냐')， h(u , v))} 

for all u, v , u' , v' E X ; h(X x {v}) is sequentially complete, and 

h(J (u ,v),v) 
h(g(u ,v) ,v) = 

f(h (u ,v ),v) 

g(h(u , v) , v) 

for all u , v E X. Then there exists exactly one point p E X such that 

f(p ,v) = g(p,v) = h(p,v) = p 

for all u, v E X 

PI'oof For a fixed v E X and v -# v’, t he i ne껴uality (7) corresponds to (6). 
Therefore in view of t he conclus iol1s of T heorem 2 for each v E X there 
eXlsts a un때e u( v) in X Sl때 that 

f(μ(v) ， v) = g(u(v ), ν) = h(u(v) ,v) = u(v) 

Now [or every v, v' E X and d", E D from (7) we obtain 

d,,(u(v) ,u(v' )) = d,, (J (u(v) ,v) ,g(u (v' ),v' )) 

::; k"， d"， (u(v) ， u(이)‘ 

CO l1sequently u( v) = u( v') . So μ(. ) is some constant p E X and hence the 
proo[ 
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