
Kyungpook Mathema.tica.1 Jown매 

Volume 31 , Number 1, June, 1991 

ON THE WEAK AUTOMORPHI SM GROUP OF 
A PRINCIPAL BUNDLE, PROD UCT C ASE 

Chan-Young Park 

1n this paper, we will establish a homotopy theory of the weak 
automorphism group of a principal bundle in the product case, which 
serves as the universal group in the Seifert fiber space construction. (See 
[LR]) 

1. Preliminaries 

Let G be a Lie group and let q : P • B be the projection map of 
a principal G- bundle. Assume that the base space B is locally compact, 
locally connected Hausdorff space. Then by R. Palais ([P1]) the projection 
map q : P • B is equivalent to the quotient map of a proper free left 
G-action on P 

By Top(B) we denote the topological group of aU self-homeomorph-
isms of B , equipped with the compact-open topology. By Aut(G) we 
denote the Lie group of 외1 continuous automorphisms of G. A self
homeomorphism f of P is called a ψeak automorphism of the principal 
G-bundle if there exists a continuous automorphism a E Aut( G) so that 
f(gx) = a(g)f(x) for aU 9 E G and x E P . When a is the identity auto
morphism of G, we call f an automorphism. By Auta(P) and respectively 
Aut(';(P) we denote the topological group of all the automorphisms and 
all the weak automorphisms, respectively, of the principal bundle. 

Thus we have a natural projection p : Aut응 (P) • Top(B) via p(J) = 
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7 where 7 is induced from f , making the following diagram commute : 

P ~→ P 

q 
----+ i 

l --’ 
* 

q 

B ---+ B. 
/ 

Clearly the map p is a homomorphism ‘ 

Theorem 1.1. The projection map p: Aut응(P) • Top( B ) is continu 

Proof Let q P • B denote the projection map of the principaJ G
bundle. Let f E Aut응(P) with p(J) = h. Assume that h is coαon따lta때a비ined 
in a bas인따iπco얘pe앉n set (C， U띠) ，’ i냐e.끼’ C and U are com매1 
tμIve리ly， subsets of B and h(C) c U. Since C C h- 1(U) and B is locally 
compact , C is covered by finitely many open subsets U" of B such that 
U" is compact, h(U,, ) c U and q-l (σ，， ) is trivial for each Q . Then C 
is a .finite union of compact subsets of the form C n U" and so (C, U) 
contains a finite intersection of the open subsels of the form (C n U '" U) . 
Since (C n U",U) contains h and q-l(C n U,,) is trivial, we may assume 
without Joss of generality that (C, U) is such that q-I(C) and q-l(U) 
are trivial. Now identify q-l(C) with G x C and q- l(U) with G x U 
Then ({ e} X C,G x U) n Aut용 (P) is an open subset of Aut 'G (P) and 
f E ({e} x C,G x U) and ({e} x C,G x U) n Aut응 (P) is contained in 
p- l(C, U) where e denotes the identity element of G. Thus the map p is 
contínuous. 

Now 빼at is the kernal of p? It is known in [LRJ that the kernaJ of 
p is precisely M ap응(P， G) the topologκal group of all continuous maps 
À E M ap( P, G) satisfying 

À(gx) = a(g)À(x)g-1 

for all 9 E G,x E P and for some a E Aut(G) where Map(P,G) de
notes the space of aJl continuous maps from P to G. The topology of 
Map;성 ( P， G) is of course the compact-open topology and the group oper
ation * on M ap옹 (P， G) is defined as follows : for ÀJ, À2 E M ap견 (P， G) 

with 시(gx) = a‘ (g)À.(x)g-1, À2 * 시 :P • G is defined by À2 * 시 (x) 
= a2(시 (X))À2(X ) for all x E P 

Let Mapa(P,G) = P E Map(P,G)IÀ(gx) = gÀ(X)g-1 for all 9 E G 
and x E P} ‘ 
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Summarizing we have tbe following 

Theorem 1.2. For a principal G- bundle as above, we have a short exacl 
sequence oJ topological groups: 

1-• Map'G (P， G)-→Aut용 (P) - • Im(p) - • 1 

wheπ Im(p) denotes the image oJ the projection map p Aut 'G (P) • 
Top(B) and the map i : M ap견(P， G) • Aut엉(P) is defined by i(À)(x) = 
À(X)X Jor all X E P. 

Theorem 1.3. ([CR2 ] , [LR]) Let P be a trivial principal G-bundle over 
B. Then we have a splitting exact seqμence oJ topological groups 

l • Mapc(P,G) - • Au챙(P) • Aμt(G) x Top(B) - • 1 

Proof A stronger version of this theorem is stated in [CR2 ] for G = R k 

and in [LR] for general product bundle. Actually Aut견 (P) is a semi-direct 
product of M apc(P, G) and Aut(G) x Top(B). We outline tbe proof 
Let J E Aut엉 (P). Then there exists a unique continuous automorphism 
a E Aut(G) such that J(gx) = a(g)J(x) for all 9 E G and x E P 
Also J induces a homeomorphism 7 E Top(B) as above. Define a map p' 
Auto용(P) - • Aut(G)xTop(B) by p’(J) = (a , J). Then p' is a continuous 
homomorphism and the kernel of p' is precisely the spa얀 Mapc( P,G) 
~ow conversely for (ß ,h) E Aut(G) x Top(B) , defìn~ h P • P by 
h(g,x) = (ß(g) ,h(x)) for (g ,x) E P = G x B. Then h E Au행(P) a뱅 
thus defìnes a map s : Aut(G) x Top(B) • Aut용(P) via s(ß, h) = h. 
Clearly s is a continuous homomorphism and p 0 s = the identity map on 
Aut(G) x Top(B). T his completes the proo f. 

Corollary 1.4. Let P be a tηvial principal G -bundle over B. Then we 
have splitling exact sequences oJ topological groups: 

1-• Map엉(P， G) - • Aut용(P) • Top(B ) - • l 

1 • Mapc(P,G) - • Autc(P) • Top(B) • 1 

and 
1 • M apc(P,G) - • Map 'G (P,G) • Al씨G) • 1 
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2. Fibrations 

Let q : P • B be the projectioD map of a priDcÍpal G-buDdle as iD 
~l. 

Lemma 2.1. Assume that B = Y x 1 and that everν open subspace of Y 
is paracompact . Then there exists a principal G - bundle E over Y and a 
G-bundle equivalence 'P ’ P • E x 1 of principal G- bundles such that 

p 주→ E x 1 

t q 
’ ’ ’ 
l 
+ 

---• 
q 

B = YxI 

commutes whel‘e G acts on 1 trivially and q' is the projection map. More
over, E can be taken to be q-l(y x {O}) and 

'P lq - I(YX{O}) : E • E x 1, 

the inclusion x •• (x ,O) for all x E E. 

Proof It is very similar to that of theorem 7.1 of Bredon ([B] p 93). 

Theorem 2.2. (Weak Covering Homotopy Theorem) Let X 1 ,X 2 be two 
pnnclp띠 G - bundles over base spaces Bl and B 2 respectivelμ Assume 
that every open subspace of BI is pamcompact. Let f ’ X 1 • X 2 be a 
weakly G-equivariant map, say f(gx) = a(g)f(x ) for some a E Aut(G) . 
Let h : BI • B 2 be the map induced from f and let H : Bl X 1 • B 2 
be a homotopy starting at h. Then there exists a weakly G-equiva7'iant 
homotopν F ’ X 1 X 1 • X 2 covering H aηd starting at f. Furthermore 
F(gx , t) = a(g)F(x , t) for all 9 E G , x E X 1 and t E 1 

Proof CODsider the pull-back h* (X2) over Bl of the map h : Bl • B 2. 
Recall that h‘ (X2) = {(x‘ ,y) E Bl x X2Ih(x*) = y’,} where x' , y* are the 
projecitoDs of x E X 1 aDd y E X 2 respectively. By the uDiversal property 
of the pull- backs, tbere exÎsts a unique map k : X 1 • h'(X2) such that 
the diagram 
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X 1 k --I--, X2 
\ /' 

h"(X2) h 

/ 
h'( ,,) 

- -• 
h 

B1 B2 

commutes. ln fact k(x) = (x" ,J(x)) , x E X. The identities k(gx) = 
(x' ,J(gx)) = a(g)(x* ,J(x)) = a(g)k(x) imply that k is actuaUy a weakly 
G-equivariant map. Consider the pull- back H’ (X2 ) over B1 X 1: 

W(X2 ) 

H'(., ) 1 
B1 X 1 

고~ X2 

-• B, 
H 

Then H*(q2t 1 (B j x {O}) = h*(X2) and by lemma 2.1 , there exists a G
equivalence cp : h*(X2) x 1 • W(X2) such that cp((x' ,y) ,O) = (x’깨) for 
aU (x* , y) E h"(X2). Define F : X j X 1 • X 2 by 

F(x ,t) = H 。 ψ( k (x) ， t) ， x E X1 , t E 1. 

깐len F(g(x ,t) ) = F(gx ,t) = Ho cp(k(gx) ,t) = H ocp(a(g)k(x ),t ) = 
H(a(g)cp(k강)， t)) = a(g)F딴， t) for aU 9 E G, x E X j and t E 1 and 
F(x ,O) = H 0 cp(k(x ),O) = h(k(x)) = J(x ). Thus F is t he desired homσ 
topy. 

Theorem 2.3. Let P be a principal G-bundle over B. Assume thal every 
open subspace oJ B is pamcompact. Then the projection map 

p: Aut용(P) - • Top(B) 

is a Serre fibr띠IOn. 

Proof Note that B is a localJy compact, locally connected Hausdorff space 
and recall that a Serre fibration Îs a map satisfying the homotopy lifting 
property for any CW-complex. Let Y be a CW-wmplex and suppose 
that we have a map J : Y • Aut용(P) and a homotopy ht : Y • Top(B) , 
t E 1 such that po f = ho. Consider the principal G-bundJe P x Y • BxY 
where G acts on Y trivially. The maps J : Y • Autã(P) and ht : Y • 
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Top(B) induce maps f ’ : P x Y • P x Y and h; B x Y • BxY 
respectively via the equations 

f ’(x ,y) 
시(b， y) 

(J (y)(x) ,y) and 

( ht(ν)( b) , ν) 

for all x E P , y E Y and b E B. 
Clearly /' and h; are homeomorphisms for each t E 1 so that h; is an 

isotopy. 
Furthermore if f (y)(gx) = ay(g) f(y )(x) for ay E Aut(G) , then /, (g(x , 
y)) = f'(gx ,y) = (J (y)(gx) ,y) = ay(g)f’(x , y). Since every subset of a 
CW-complex is paracompact, every open subset of B x Y is paracompact 
Thus by applying theorem 2.2, we have a homotopy J: : P x Y • P' xY 
starting at /', covering h; and such that f;(g(x , y)) = ay(g)f;(x ,y) for 
9 E G and (x , y) E P x Y. By using the equation : f:(x , y) = (λ (y)(x) ， y) 
for all (x , ν) E P x Y , f: induces a homotopy ft : Y • Top(P) covering 
ht and starting at f. Since f: fixes the second factor Y , 

(Jt(y))(gx) = ay(g) (Jt(Y))(x) 

for all ν E Y , 9 E G and x E P. This implies ft E Auta(P) and completes 
the proof 

Corollary 2.4 . Under the same assumption as in theorem 2.3, the p1'O

jection map Autc(P) • Top(B ) is a Serre βbmtion 

Remark 2.5. For two principal G-bundles P1 • B1 and P2 • B2, we can 
define the space of all weakly G-equivariant maps Mapa(P1 ,P2) as well 
as MapG(P1 ,P2) , i.e. , a map f E MaP(P1 ,P2) belongs to Map엉(P1 ， P2 ) 

if and only if there exists a continuous automorphism a E Aut( G) such 
that f (gx) = a(g )f (x) for all 9 E G and x E P1 . Also we can define t he 
natural pro jections 

p:Map응(P1 ， P2) --> Map(B1 ,B2) 

and 
p' : M apG( P!, P2) • Map(B1,B2). 

By using similar arguments employed as in theorems 2.2 and 2.3, we can 
show that the above natural projections are Serre fibrations . In [J], 1. 
M. James showed that the second projection map p' : M apc(Pl, P2) • 
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M ap(B" B 2 ) is a Serre fibration provided that B 1 is a locally finit e CW 
complex and G is a compact topological group. 

3. Some Calculations 

1n this section, we will restrict ourselves to the case when G is a k~ 
torus T k and B is a compact connected manifold so that P is a principal 
Tk~bundle over a compact connected manifold B 

Let M ap,(B , T k ) be the subgroup of the topological group M ap(B , 
T k ) which are homotopic to a constant mapping 

Theorem 3. 1. [1 B is a compact connected topological space, then 

( H'(B; Zk) , i = 0 
π;Map(B ， Tk ) = { Zk , i = 1 

l 0, otherwise. 

、

Proof The exact sequence 0 • Zk • R k • T k • o induces an exact 
sequence of topological groups: 

0-• Map(B ,Zk) - • Map(B ,R k) - • Map,(B ,T k) • O‘ 

Moreover, for each 1 E M ap,(B , T k ) there exists a unique map 1 E 
M ap(B, Rk) up to an element of M ap(B, Zk). 1n partin밴r if 1 is close 
to the mapping c, : B • T\ c,(b) = 1 for all b E B , then 1 can be chosen 
close to eo : B • R k , eo( b) = 0 for all b E B . Therefore the exact sequence 
of topological groups is a locally trivial fiber bundle. Now we have 

π;Map(B ， Rk ) 

끼Map(B ， Zk) 

o for all i and 

1r:zk = 1 z\ i = 0 
‘ 1 0, otherwise 

Applying the homotopy exact sequence, we obtain 

0 • τ， (Map(B ， T k), c,) • πoMap(B ， Zk) • 0 

with the remaining groups all o. Thus 

! k 7 

ι
 0 

익
 

f 
l ’ 
<
l 
l 
、

= 、U C T B 
때
 

M / “ π
 

i = 1 
i> 1. 
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Finally in dimension 0, the path- components of M ap(B , Tk) are preci
sely the homotopy c1asses [B, T k

] which is naturaIIy identified with 
H1(B;Zk) 

Let P be a principal Tk-bundle over a compact connected manifold 
B. For f E Aut하 (P) ， there exists a unique continuous automorphism 
a E Aut(Tk) such that f(gx) = a(g)f(x) for aIl 9 E T k and x E P. This 
gives us a continuous map 

Pl: Aut하 (P) • Aut(Tk) 

defined by Pl (1) = a. Thus Aut운.(P) is a principal AutT.(P)-bundle over 
the image of Pl because Aut(Tk) is discrete 

CorolIary 3.2. Let P be a principal T k - bundle over a compacl coπnecled 
manifold B. lf Pl : Aut하 (P) • Aut(Tk) i5 onto, then 

and 

ι J Zk , i = 1 
끼Map한 (P,T k) = ~ 1 0, i > 1 

0-• Hl(p; Zk) _ • πoMap듀 (B ， Tk ) - • GL(k; Z) -• l 

15 exact. 

Proof This fo lIows from the application of the homotopy exact sequence 
to the locaIly trivial bundle 

MapT.(P,Tk) - • Map하 (P， T k) • Aut(Tk) 

and using theorem 3‘ 1 together with the facts: 

Aut(Tk) = G L( k, Z) and 

MapT.(P,T k) = Map(B ,T k) 

Remark 3. 3. If P is any trivial G- bundle over B , for example when G = 
R k and see [CRtl for many cases when G = T\ then the natural project ion 
maps P Aut견 (P) • Top(B) and Pl : Autë! (P) • Aut(T k) are onto. 
When the projection map P : Autë! (P) • T op(B ) is onto, it is possible 
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to relate the homotopy groups of Aut용(P) with those of Top(B). The 
ontoness of the projection map p in other cases will be stud.ied later. 

Example 3 .4 . Fix G = Tk(k :::: 1) and let P be a t rivial principal G
bundle over S2. Then by theorem 1.3 and corollary 1.4, we have splitting 
exact sequences of topological groups: 

1-• Map엉(P， G) - • Aut응 (P) - • Top(52) - • 1, 

1-• MapG(P,G) • AutG(P) -• Top(52) - • 1 ，、

1 -+ M apa(P, G) -• Map응(P， G) - • Aut(G) - • l 

Also recaJ l that MapG(P,G) is homeomorphic to Map(52,G). Thus for 
all i 

πi Aut응(P) = πiMap:응(P， G) æ πiTop(S2) 

- πiMapa(P， G) æ πiAut(G) æ πiTop(S2) 

πiMap(52

’ G) æ π‘ Aut(G) æ πiTop(52 ) 

and 

τiAuta(P) = π‘ MapG(P， G) æ τiTop(S2) 

= π;Map(S2 ， G) æ π;TOp(S2) 
Recall that 

πiTop(52 ) = π;(0(3)) 

r Z2, i = 0,1 
< 0, i = 2 
l π‘W)= 자(52) ， i > 2 

80 we have 
(GL(k , Z) æ Z2 
I Zk æz, 

π‘Aut§(P) = 1 。 x 

l π;(52 ) ， 

i = 0 
i = 1 
i = 2 
i> 3 

and 

2 ?
ι
 

、
L
”

’ 
$ 

앙
 

2 
k 

」

Z 
Z 

n
씨
 π
 

/-------

--꺼
 

바
 

띠
 

A 
π
 

i=O 
i = 1 
i=2 
i > 3 
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