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ESTIMATES ON MEAN ENTROPY FOR QUASI-FREE
STATES ON CAR AND CCR ALGEBRAS

BUM S00 LEE, YONG MOON PARK AND HYUN HYE SHIN

1. Introduction

The notion of entropy first arose in thermodynamics as a measure of
the heat absorbed, or emitted, when extremal work is done on a sys-
tem. In the subsequent development of classical statistical mechanics
this quantity was related to the order, or disorder, of the microscopic
particles which constitute the system. The equilibrium states in sta-
tistical mechanics have been characterized by a principle of maximum
mean entropy at fixed energy([l]. The concept of (mean) entropy was
then abstracted from statistical mechanics to dynamical systems via the
work of Kolmogorov and Sinai[4,8] and become a key notion in ergodic
theory|2].

A quantum or non-commutative analogue of the Kolmogorov - Sinai
dynamical entropy was required for both to provide an important math-
ematical concept for quantum dynamical systems and to be applicable in
quantum statistical mechanics. There have been several attempts to gen-
eralize the classical theory to non-commutative case. Recently Connes,
Narenhofer and Thirring was able to extend the KS dynamical entropy
to quantum dynamical systems[5] and their results for AF-algebras have
been extended to non-AF algebras[7]. It has also been established that in
many situation the dynamical entropy for space translations in quantum
spin systems turn out to be the mean entropy[5,6,9].

In this paper we estimate the mean entropy for quasi-free states on al-
gebras of canonical commutation relations (CCR) and of canonical anti-
commutation relations (CAR) over L?(R”), and derive exact formulae
for the entropies. OQur ultimate goal will be to show that the dynamical
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entropy for space translation, and mean entropy for the systems are co-
incide. We leave it to further studies. The CAR and CCR algebras, we
are dealing with arise naturally in quantum particle systems and so the
estimate of the mean entropy itself would be meaningful.

The contents of the paper are as follows : In Section 2 we briefly
review the notion of quasi-free states on CAR and CCR algebras and
then state our main result. In Section 3, we investigate local entropies
of the systems in details. We establish our main result in Section 4.

2. Quasi-free States on CAR and CCR Algebras and Main
Result

In this section we briefly review the notion of quasi-free states on CAR
and CCR algebras, and then state our main result. For the detailed
descriptions on CAR and CCR algebras, we refer the reader to Ref.[1].

Let us first describe quasi-free states on the algebra of canonical com-
mutation relations ( CCR algebra ) briefly. For any bounded region
A C R?, let A) denote the C*-algebra generated by non-zero element
W(f), f€LA,d%), satisfying

(2.1) W(-f)=Ww()*
(2.2) W(f)W(g) = exp(—iIm(f,9))W(f +9)

and let A be the quasi-local algebra defined by the norm closure of
Uacrr Ar. Let w be a regular state on A. Let (M., 7u(A), Q) be
the canonical representation of A with respect to the state w. For each
f € L}(R") denote the infinitesimal generator of the unitary group ¢
7,(W(tf)) by ®,(f). The annihilation and creation operators for each
f € L}(R") given by

(23) a(f)= -\%—i(%(f)ﬂqm(if)), a*(f) = %(%(f)—i%(if))

are densely defined, closed, a(f)* = a*(f) and satisfy the following

canonical commutation relation

(2-4) a(f)a*(g) — a*(9)a(f) = (f,9)1
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for any f,g € L*(R"). For any positive A € L(L*(R")) the quasi-free
state w4 on the CCR algebra over L2(RY) is defined by

wA(W()) = exp{~5wa(@u()))
(28)  wa@u?) = zeala(fa*() + @ (al)
= (1 (1+24)f)
for any f € L2(R”). The relation (2.5) implies that

(2.6) wa(a*(fla(g)) = (9,Af)

for any f,¢g € L*(R") and any higher order truncated functional equal
to zero.

The algebra of canonical anti-commutation relations (CAR algebra)
over L2(RY) is the C*-algebra generated by the identity 1 and the ele-
ments a(f), f € L(RY), satisfying the following canonical anti-commu-
tation relations

2.7) a(f)a(g)* + a(g)*a(f) = (f,9)1
for any f,g € L>(R”). For any positive A € L(L%(R")) the quasi-free
state w4 on the CCR algebra is defined by

wa(a*(f)alg)) = (9, Af)

for any f,g € L%(R"), and any higher order truncated functionals equal
to zero[1,10].

We now describe our result. Let K : R — R be a (integrable)
function and let K be its unconventional Fourier transform:

(2.8) R(k) = f K(z)exp(—ikz)d%

where kz = Z:’___l k:z;. Let A be the operator on LZ(R") given by
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(2.9) (A1) = [ K@ -n)fe)ay

Then the quasi-free state w4 is translational invariant. Throughout the
paper we assume that the following conditions hold:

ASSUMPTION A. The Fourier transform K of K satisfies the following
conditions:

(a) For the CAR algebra, 0 < K(k) < 1, and for CCR algebra there
exist a positive constant M such that 0 < K(k) < M.
(b) There exists a positive constant a(< 1) and M’ such that

IR (k) < M T+ [Rif) = O

i=1
(c) K be continuous on R”.

REMARKS. (1) Assumption A(a) implies that 0 < A <1 for the CAR
algebra and 0 < A < M1 for the CCR algebra. Assumption A(c) can be
relaxed in some way. However for technical convenience we stick to the
condition (c).

(2) The states for ideal Fermi and Bose gases at inverse temperature
B = 1/T with activity z = e~* are the quasi-free state corresponding to

(2.10) R(k) = li":&'fk; _’_‘)#) (CAR)

and

(2.11)  RK(k)= li":}f;(’f = f)”), p>0, (CCR)

respectively. Obviously these satisfy the condition in Assumption A.
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THEOREM 2.1. Let A be the operator on L?*(R") defined by (2.8) -
(2.9). Let s(w,) be the mean entropy for the quasi-free state w 4. Under
Assumption A the following results hold :

(a) For the CAR algebra one has

1
(2m)*

(b) For the CCR one has

s(wa) =

/ {R(k)log R(k) + (1 — K(k))log(1 — K(k))}d%

(04) = sz SRR (k) + 1+ R(k)) log(1 + R(E)) %

REMARK. The exact definition of the mean entropy will be given in
Section 3.

3. Some Properties of Local Entropies

For any bounded region A C RY let P, denote the projection operator
from L*(R”) to L?(A), and let

(3.1) Ar = PrAAP,

For a notational simplification we suppress w,4 in the notation, i.e.,
H="H,,, Q2 =R,,, etc. Let Hy be the subspace of H spanned by
7(Ap)Q, and denotes the trace over Hp by Try,. From Assumption
A(Db) it follows that

Tra, (A) = (27)"Y[A] / R(k)d% < oo

and so the state w, is locally normal [1,10]. Let pp be the density

operator corresponding to wp = wal4,. We then have that for f,g €
L3(A)

wa(a*(fla(g)) = Try,(paa*(falg))
(3.2) = (9,Anf)
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The local entropy for the state w4 is given by
(3.3) Sa = —Try,(palogpa)

and the mean entropy is defined by

— 3 SA
(3.4) s(wA) = Alzrlllll" lAl .

The above limit exists by the subadditivity of S4[1,10].
PROPOSITION 3.1. Let Sp be the local entropy defined by (3.3) for

each bounded region A C R”. One has that
Sy = —TT‘Lz(A)(AA log Ap + (1 — AA) log(l - AA)) (CAR)

and

SA = —TTLz(A)(AA logAA — (1 + AA)Iog(l + AA)) (CCR)

for any A C R¥. The right hand sides of the above expressions are finite
for any bounded region A in R”.

Proof. We first consider the local entropy of the CCR algebra. Since
w4, is a quasi-free state on w( Ay ), there exists a trace class positive
operator B on L%(A)

(3.5) pa =T(B)/Tr(I(B))

where I'(B) is the second quantization of B[1]. We note that

(3.6) I(B)a™(f) = a*(Bf)T(B)-
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Thus it follows from (3.2), (3.5) and (3.6) that for any f,g € L*(A)
wa(a*(fla(g)) = Tr(L(B)a*(f)a(g))/Tr(T(B))
= Tr(a(g)a*(Bf)T(B))/Tr(T(B))
= (9, Bf) + Tr(T(B)a*(Bf)al(g))/Tr(I(B))
= (9, Bf) + wa(a*(Bf)a(yg))
Choosing f = (1 — B)™ g, we have that

wr(a*(g)al(9)) = (6, 7=59)-

From (3.2) and the above result we conclude that Ay = B(1— B)~! and
S0

T 14 Ap
Let {);} be the eigenvalues of B counting multiplicities. Then it can be
easy to show that [1]

(3.7

TriTB) =, Y, (Ap-ap

k=1 my,- ,mp=0:

{n1,- nx}CN
(3.8) =[J( -2~
(3.9) = exp{—Tr2a)(log(1 — B))}

and

o0 [o o]
Tri,(T(B)logT(B)) =Y > (A7 Al )log(Amt --- A

k=1 my,--- ,mp=0:

{ﬂl,---,nk}CN
- Z [H(l =27 ( Z A log AT")
i=1 i m=0

=3 [T - 2) ] (og 2 A1 — A0)~2

=1 j#i
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Therefore from (3.8) it follows that

oo

Tr(T(B)log(B)) =— ) - f" - log \;

=1

N
Tr((B))

(3.10)

B
= "TTIP(A)(I — BlogB)

From (3.3), (3.9) and (3.10) we obtain that

SA = _TTL(A) (1 _BB logB) - TTLz(A) log(l - B)
= —Tr(Aalog Ap) + Tr((1 + Ap)log(l + An))

Here we have used (3.7) to derived the second equality. Thus we have
derive the expression for the CCR algebra in Proposition 3.1.

Next let us consider the CAR algebra. The equality in the Proposition
has been essentially derived in Ref.{10]. For the reader’s convenience we
sketch the basic idea. Using CAR relations in (2.7) and the method to
obtain (3.7) we conclude that there is a positive operator D on L(A)
such that

pa = T(D)/Tr(I(D))
(3.11) _ Ap

Let {v;} be the eigenvalues of A5 counting multiplicities. It can be show
that [10]

pA = ;G_Di((l - 7)Po,i +viP1,:)

where Py; and Py ; are projection operators in two dimensional space
such that Py ; + P ; = 1. The expression for the CCR algebra follows
from the above representation. For the details we refer to Ref.[10].

Finally we show that the finiteness of S). We will use the follow-
ing inequality [1]. For any trace class positive operator A and B the
inequality

(3.12) —Tr(Alog A— Alog B) < Tr(B — A)
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holds.
We first show that

(3.13) ——T'I‘(AA log AA) < 00

Let A = (—L/2,L/2)” be the rectangular box, and let A, p be the
Laplacian on A with periodic boundary condition. Choose positive con-

stants o' and o such that 0 < o' < a < 1, where a satisfies Assumption
A(b). Denote

Dp = exp{—(—Aa p)* %}
Then by (3.12) we have that

~Tr(Arlog Ap) = —Tr(Aplog An — Aplog Dp) — Tr(Aplog Dy)
S TT(DA — AA) + TT((—AA,p)a'/ZAA)

Since Dj and Aj are trace class operators, Tr(Dy — Ap) < co. Let

(3.14) falz) = fI{L"l/2 exp(i2n;rz/L)}, ne Z”

Then {f.} form a basis for L?(A). Denote that

v

(3.15) Xan(k) = H {% sin(%(kj

=1

)

A direct computation yields that

2|n]7r

(3.16)  Tr((-Aap)*?4x) = > (

nezv

)" [Gan®y R

where |n|? =n? + ... + n2. Using Assumption A(b) and the fact that

v

el < T (1 + Ik = 2nm/L])

=1
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it is easy to check that

(3.17) / Kan(k)K(k)d"k < M fI(l + [2n;m/Lf) "

j=1

for some 0 < M. Substituting the above bound to (3.16) we prove that
Tr((—Aa,p)* /244) < o0
This proved (3.13) completely
Next we note that
Tr((14 Ap)log(1 + Ap)) < Tr(Aa + A3)
(3.18) < (1+ 1 AalTr(Ar)
< o0

and
—Tr((1— Ap)log(1 — Ap)) < Tr(Aa)

(3.19) o

The finiteness of S, follows from the first part of Proposition, (3.13) and
(3.17)-(3.18). This completes the proof.

4. Estimate on Mean Entropy

In this section we prove Theorem 2.1. We first consider the mean
entropy of the quasi-free state w4 on the CCR algebra. As in Section 3,
let A =(—L/2,L/2)" be a box. We introduce an operator E, on L%(A)
by

~ . 2nn
4.1 Ei = E K(==\P
( ) A . ( L ) n

where for each n € Z%, P, be the project operator onto one dimensional
subspace spanned by the vector defined in (3.14). Put

(4.2) Sa = ~Tr(Eplog Er) + Tr((1 + Ea) log(1 + Ep)).
We then have the following result:
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PROPOSITION 4.1. Under the Assumption A, the equality

Iim —S\, = lim ——1—

[Al—oco IAI IA]—o0 |A|

holds for thr CCR algebra. An analogous result holds for CAR algebra.
Proof of Theorem 2.1. Notice that

~Tr(Eplog Ex) = — »  K(2n7/L)log(K(2n7/L)).
necZv

REMARK. Since —K log K < C(6)K'~? for any § > 0. Assumption
A(b) implies that —K log K is integrable. Thus it follows that

1
_mTT(EA logEA) (2 )u

as L — oo. The second term in (4.2) gives the corresponding second
term in the theorem. The method similar to that used in the above can
be applied to the proof of the theorem for CAR. This proved Theorem
2.1 completely.

/ R(k)log R(k)d%

The rest of this paper is devoted to the proof of the Proposition 4.1.
For each L, let a(L) be a positive number satisfying

(4.3) Jlim a(Z) =

We will specify the number a(L) later. As in Section 3 we define an
operator Dy on L(A) by

2
(4.4) Dy= Y exp{_|ﬂ| } P,
nezZv

where |a| is the Euclidian norm of a € R, and 0 < o’ < a < 1. For a
notational simplification, denote

(4.5) Fy=Epr + a(L)DA
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We then have that

—Tr(Aplog Ap) = —Tr(Aplog Ay — Ay log Fi)
- Tr((AA — Fy)log FA)
(4.6) —~ (Tr(Fp log Fr) — Tr(Ej log Ep))
— Tr(Eplog Eyp)
=In+ Oy + Oy + TV

We assert that

(4.7) |7 (Hal + [Ha| + [T5) — 0

as L — oo. Under the assertion we conclude that

(4.8) |AI7Y| — Tr(Anlog Ax) + Tr(Eplog Ep)| — 0

as L — oo.
Let us prove our assertion in (4.7). Using (3.12) we obtain that

Hal < |Tr(Fa — Ap)|
= |Tr(Ex + a(L)Dp — Ap)|

Since |A|7YTr(Ex — Ap)| — 0 and |A|~'a(L)Tr(Dp — 0 as L — oo,
{A|"Y|Ir| — 0 as L — oo. Similaly it is easy to show that |A|~}|IIIx| — O
as L — oo.

Next we consider II,. Since

|(fn,log(En + a(L)Da)fn)| < |(fn,1og(a(L)Da)fa)|

if (fn, (Er+a(L)Da)fs) < 1, and |(fa,log(Er+a(L)Dy)fn)]| is bounded
uniformly in A if (fn,(EA + a(L)Dj)fs) > 1 by Assumption A(a), we
have that

(49) AL S IS (s (An = Ea)fo) | [ log o)+ 122 ]
neczv
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Consider the quantity defined by

HE) = A1 3 1T (fr (An — En)So)
(4.10) nez* . o
=7 S P [ 1RnaWPRI)E - R
nezv

where XA n has been defined in (3.15). Change of variable yield that

Rin= / | ()2 R (k)%

(4.11) = f (I1 ‘;E sin®(Lk;/2)/k}) K (k + (2n7/L))d%
=1

=nx" /(H sin2(kj)/k12-)1?((2k/L) + (2nw/L))d%

Jj=1

Note that 7—! f(sin® k)k~2dk = 1. For given k' € R”, take L — oo
and |n] — oo such that lim(2nx/L) = k'. Then by the Dominated
Convergence Theorem we obtain that

(4.12) Kpn— K(K)

as L — oo and |n| — oo. Here we have used Assumption A(b) and (c).
Define

- 2 2 2 1
Kgl)(k,) nwla KL n if k[ € [ YII;W, (nz )7(')
- 2 2 2 1
ROy =22 ’"‘r* R@nr/L) if K €] 2”, (”z il

Then
b(L) =

Gr )V/|K(1)(k)—K(2)(k)|d%'

0 < o' < a < 1, one may use Assumption A(b), (3.17), the Dominated
Convergence Theorem and (4.12) to conclude that

(4.13) (L)y— 0 as L— oo
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Similarly it can be check that ( the case in which a' =0 in (4.12))

(4.14) (L) = A7 Y [(Fnr(Ar — En)fa)l
nezv
— 0

as L — co. We choose a{L) such that

(4.15) o(L)(—loga(L)) = 0
Then it follow from (4.9), (4.10), (4.13), (4.14) and (4.15) that
A7 IIa] -0

as L — oo. This proved the assertion in (4.7).
It is clear that a straight forward application of the method used in
the proof of (4.8) show that

ITr((1+ Ax)log(l £ Ax) —Tr((1 £ Eprlog(1+ Ep))| — 0

as L — oo. We leave the detailed proof of the above result to the reader.
This completes the proof of the Proposition.

References

1. Bratteli, O. and Robinson, D. W., Operator algebras and gquanfum stafistical
mechanics vol I and II, Springer-Verlag, 1979.

2. Confeld, I. P, Fomin, S. V. and Sinai, Ya.G., Ergodic theory, Springer-Verlag,
1980.

3. Connes, A., Narnhofer, H., and Thirring, W., Commun. Math. Phys. 112 (1987),
691.

4. Kolmogorov, A. N., Dokl.Akad.Nauk. 119 (1958), 861.

5. Narnhofer, H. and Thirring, W., From relative eniropy to eniropy, Fizika 17
(1985), 257.

6. Narnhofer, H. and Thirring, W., Dynamical entropy and the third law of ther-
modynamics, Lett. Math. Phys. 15 (1988), 261-273.



10.

Mean entropy for quasi-free states 297

. Park, Y.M. and Shin, H.H., Dynamical Entropy of Quasi-local Algebras in Quan-

tum Statistical Mechanics, Preprint (1991).

. Sinai, Ya. G., Dokl. Akad. Nauk. 124 (1959), 768.
. Stormer, E. and Voiculescu, D., Entropy of Bogoliubov Automorphisms of Canon-

ical Anticmmautation Relations, Commun. Math. Phys. 133 (1990), 521-541.
Verbeure, A., Normal and locally normal quasi-free states of Fermi systems,

Cargése Lecture in Physics. D. Kastler, ed. Vol 4 Gorden and Breach, New York,
1970.

Department of Mathematics
Yonsei University

Seoul 120-749, Korea

and

Department of Mathematics
Seoul National University
Seoul 151-742, Korea





