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ON PROJECTIVE MAPPING OF
RECURRENT FINSLER SPACES

HoNG SUH PARK AND BYUNG Doo KM

0. Introduction

A diffeomorphism of a Finsler space F" to another Finsler space F™
is called a projective mapping if it maps an arbitrary geodesic on a geo-
desic. Projective mappings in Finsler spaces have been studied by several
authors([1],[2],{3],[4]),[5]). Under the projective mapping, the projective
deviation tensor is invariant and the curvature tensor of Berwald is also
invariant if it satisfies a condition @; = 0.

The purpose of the present paper is to consider projective mappings
between the recurrent Finsler spaces. After having introduced the main
relations about projective mappings, in Theorem 3, we have the relations
between a recurrent Finsler space F™ with the recurrence vector K, and
another recurrent Finsler space F'™ with the recurrence vector K,,.

1. The Berwald connection and projective mapping

Let F™ = (M™", L) be an n—dimensional Finsler space with the funda-
mental function L(z,y) homogeneous of the first degree in y, where z is
a point of M™ and y is an element of support. The metric tensor of F*
is given by

1. .
gij(;p y) - 56,~6,-L2(:t, y)7

where we put §; = —0-(?—'
Y
The equation of a geodesic in F'™ is written as
dy’* P . dz? .
(1.1) E’+’Yj'ky1yk =ay’, (o~ =v)
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with respect to a general parameter ¢, where 'yj‘ & are Christoffel symbols
constructed from g;;. Throughout the present paper we shall use the
usual index 0 to denote the contraction with the element of support y*.
Putting

(1.2) 2G* = 1%, G'; = §;G', G}, = &G'},
we can define the Berwald connection B = (Gj-, ;U) by
0

for a Finsler tensor field Tij(m, y), where O = 5o

Now, we consider two Finsler spaces F* = (M™,L) and F" = (M", L)
on a common underlying manifold. Asis well known, the mapping L —
L is a projective if and only if there exists a scalar field p(z,y) on M™
such that

(1.4) G'(z,y) = G'(z,y) + p(z,v)y", (p #0).

The projective factor p(z, y) is positively homogeneous function of degree
1in y. From (1.4) we can readily obtain

(1.6) Gi'x =G e +y'pix + 8ipi + 8ipj,
where we put p; = 'J-p and pjx = 3kp,-.

On the other hand, the deviation tensor and the curvature tensor are
given by

(1.7) HY; = 20,G' — 0,G'jy™ +2G;.G™ - G*,.G™,
(1.8) Hj'y = 3(0;H'y — OuH')), Hy' ji = OnH}',
which satisfy the identities

(a) U(hjk)Hhijk =0,
(1.9) (b) onjryH; kny =0,
(¢) ority{Hpm i) + Gm neH; %} =0,
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W'here G'h'.]-k = 3thik, ::,md o(hjk) means cyclic permutation of the in-
dices 1, j, k and summation.
Contracting H,'; and H,';;, we obtain

(a) Hoijk = Hjika (b) Hoik = HY,
(c) Hji = Hjaka = 3:'Hkv Hjaa = Hj,
(1.10) (d) Hox = Hg, (e) Hy=(n-1)H,
(f) Haahj = jh—tha (g) H(;:O,
(b) H;'y = ~H,\};, (i) Hio = (n—1)0:H — H,.
S.C.Rastogi discussed the properties of the projective factor p(z,y)
satisfying the condition Q; = p(;y — pp; = 0 [4]. We shall investigate the
meaning of Q; = 0. In this case, the curvature tensor is invariant under
the projective transformation (1.4), that is, H,' ;; = H}' ;4.
S.C.Rastogi proved the following [4].

THEOREM A. If Q; = 0, then the scalar p(z,y) and its derivatives
satisfy the equations :

(a) Preri =0,
(1.11) (b) preH;"; + p-H,';; =0,
(¢) ouiny{preH;;} = 0.

Trancsvectiong (1.11 a) by y’ and using (1.10 b), we have
(1.12) H'p,=0.

Differentiating (1.12) with respect to y* and interchanging ; and k, we
have

(]‘13) Hriprk + Hrkpri = 0’

by virtue of (1.8) and (1.11).
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2. Projective mappings between recurrent Finsler spaces

A Finsler space F™ is called recurrent [6] if the curvature tensor H,,} ik
of F™ satisfies

(2.1) Hy jtimy = KmHy 1

where K,, is a non—zero covariant vector field and the curvature tensor
does not vanish.

Let BT = (G} j,éi ;) be the Berwald connection on the space F* =
(M", L) obtained from F" = (M",L) by a projective transformation
(1.4). Then the covariant derivative of the curvature tensor in F™ is

given by
(2.2) I?hijk(ﬁ;) = amﬂhijk - 3aﬁhijkéam + I—Ihajkéaim
— H. 4 Gy — Hy' kG — Hy,' jo Gy -

We assume that a recurrent space F™ is transformed into another
recurrent space F'™ by a projective transfomation. Using the fact that
the curvature tensor satisfying @; = 0 is invariant under the projective
mapping, and using (1.5) and (1.6), we have from (2.2)

(Km — Km)H} j1 — 0aH} ;1(p02, + prmy®) + Hy% 1 (Y Pam
+82Pm + 63Pa) — Hy' i3 (y*Phm + 84Pm + 6%.D1)
- Hhiak(yapjm + 5}'Pm +65.p5) — Hhija(yapkm
+ 0gpm + b5,pk) = 0.

(2.3)

where K,, is a recurrence vector in F'™.

Now, we shall see how the recurrence vectors K,, and K,, change
by the projective transfromation. First, we shall discuss the case of
K., = K,,, that is, the recurrence vector of the F™ and the F™ are
same.

(i) The case of K,, = K,

Since p(z,y) and H,' jk(z,y) are homogeneous of degree 1 and degree
0 in y respectively, we find

(2.4) pmy™ =0, Pmipi =0, a.rnI:Ihijkym = 0.
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Thus, transvectiong (2.3) with y™ and y*, we have
(2.5) ~3pH;* + H ;Py — H',p; = 0.
Transvecting this with y7, we obtain

(2.6) pH ik =0,

which is a contradiction. In fact, since the curvature tensor does not
vanish, the deviation tensor H®, also does not vanish owing to (1.8).
Hence, under the non-trivial transformation (1.4) the space does not
have the same recurrence vector.

THEOREM 1. If a recurrent Finsler space F™ is transformed into an-
other recurrent one F™ by a projective transformation (1.4) satisfying
Q; =0, then the F™ and F™ do not have the same recurrence vector.

Next, we assume that the F™ and F™ are both recurrent spaces with
the different recurrence vectors.

(ii) The casse K., # K,

By the similar method above, transvecting (2.3) with y™ and y*, we
find

(2.7) (Ko — Ko)H;'y —3pH ', + H';px — H';p; = 0.
From (1.10 g) we obtain
(2.8) (Ko — Ko —4p)H', = 0.

Since the deviation tensor does not vanish, we have

LEMMA 2. If a recurrent space F™ is transformed into another recur-
rent one F™ with the different recurrence vectors respectively, then we
have

We consider the case (2.9). Substituting (2.9) into (2.7), we get

ijik = HikPj - Hijpk-
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Differentiating this equation with respect to y' and cyclic permutation
of the indices [, j, k and summation, we have

(2.10) oryH; ko1 =0,

by virtue of (1.8). Contracting (2.10) with respect to ¢ and k and using
(1.10), we obtain

(2.11) Hjpi— Hip; = 0.
Transvecting (2.11) with y’, we get
(2.12) (n—1)Hp;— pH; =0,

where the scalar curvature H is non-zero.
On the other hand, transvecting (2.3) with y* and cyclic permutation
of the indices m, j, k¥ and summation, we have

(2.13) O(mjk)(Km — Km)H}* = 0.
Transvecting this equation with y™ and using (2.9), we get
(2.14) 4pH ', — (Kj — K;)H' + (Kx — Kp)HY; = 0.

Next, contracting (2.14) with respect to ¢ and k and using (1.10 c), we
have

(2.15) (Km — Kpn)H™ = (n—1)(K; — K;)H — 4pH;.

Moreover, transvecting (2.3) with y* and y’ and using (1.10), (1.11)
and (2.4), we have

(Km - Km)Hik + Hakpamyi

(2.16) i i i i
—pHy 1y’ —pH,y ¢ — HY%ypm — H' o = 0,
from which
(2.17) (Km — Kn)H% = pH,"y,,
in view of (2.12). From (1.10 f) and (1.10 i), (2.17) may be written as
(2.18) (Km — Km)H™ = p{(n - 1)0;H — 2H;}.

On substituting (2.15) in (2.18), from (2.12) we have
K; - K; = p(0;H/H) + 2p;
= p9;(log Hp*).

This shows the relation of two recurrence vectors under the projective
mapping (1.4). Hence we ahve

(2.19)
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THEOREM 3. If a recurrent space F'" With the recurrence vector K,,
is transformed into another recurrent one F'* with the recurrence vector
K, by a projective transformation (1.4) satisfying Q; = 0, then we have

Km - Rm = pém(longz).

By virtue of (2.15) and (2.12), we can easily prove the following the-
orem.

THEOREM 4. If a recurrent space F™ with the recurrence vector K,
is transfromed into another recurrent one F™ with the recurrence vec-
tor K, by a projective transformtion (1.4) satisfying Q; = 0, then the
following equations are equivalent
(a-) Kp,— -_Km = 4pm,

(b Ko~ K, )Hy, = 0.

References

1. M. Fuki and T. Yamada, On Projeclive mappings in Finsler geomelry, Tensor
N.S. 35 (1981), 216-222.

2. M. Mathumoto, Projective change of Finsler metrics and projectively flat Finsler
space, Tensor N.S. 34 (1980), 303-315.

3. R.B. Misra, The projective transformation in a Finsler space, Ann. Soc. Sci Brux-
elles 80 (1966), 227-239.

4. S.C. Rastogi, On projective mappings in a Finsler space, Tensor N.S. 42 (1985),
121-125.

5. H. Rund, The differential geometry of Finsler spaces, Springer, Berlin Gottingen
Heidelberg, 1959.

6. B.B. Sinha and S.P. Singh, On recurrent Finsler spaces, Rev. Roum. Math. Pures
et Appl. Tome XVL 6 (1971), 977-986.

7. P. Venzi, On conformally recurrent manifolds, Tensor N.S. 33 (1979), 40-42.

Department of Mathematics
Yeungnam University
Gyongsan 713-749, Korea





