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AN EXTENDED JIANG SUBGROUP
OF THE FUNDAMENTAL GROUP OF
A TRANSFORMATION GROUP

Moo HA Woo aAND SonGg Ho HaN

F.Rhodes [4] introduced the fundamental group o( X, ¢, G) of a trans-
formation group (X,G) as a generalization of the fundamental group
of a topological space X and showed that (X, z¢,G) is isomorphic to
71(X, o) X G if (G, G) admits a family of preferred paths at e. B.J. Jiang
[3] introduced the Jiang subgroup J(f,zo) of the fundamental group of
a topological space X.

In this paper, we define an extended Jiang subgroup J( f, zo, G) which
is an extention of Jiang subgroup J(f, zo) and show some properties of
these extended Jiang subgroups.

Let (X, G, ) be a transformation group, where X is a path connected
space with z¢ as base point. Given any element g of G, a path f of order g
with base point z¢ is a continuous map f : I — X such that f(0) = z¢
and f(1) = gzo. A path f; of order g; and a path f; of order g, give
rise to a path f; + g1 f; of order g,g; defined by the equations

= f1(2¢), 0<s<1/2
(fr+ 91f2)(s) = { a1f2(2s—-1), 1/2<s<1.

Two paths f and f' of the same order g are said to be homotophic if
there is a continuous map F : I? — X such that

F(s,0)=f(s), 0<s<1,
F(s,1)=f'(s), 0<s<1,
F(0,t) = zo, 0<t<1,
F(1,t) = gz, 0<t<1.
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The homotopy class of a path f of order ¢ was denoted by [f : ¢].
Two homotopy classes of paths of different orders ¢; and g, are distinct,
even if g;z¢ = g22¢. F. Rhodes showed that the set of homotopy classes
of paths of prescribed order with the rule of composition * is a group,
where * is defined by [fi : g1l *[f2 : g2]l =[fi+91f2 : g1g2]. This
group was denoted by o( X, z¢, G), and was called the fundamenital group
of (X, G) with base point z,.

Let f be a self-map of X. A homotopy H : X x I — X is called
a cyclic homotopy [3] if H(z,0) = H(z,1) = f(z). This concept of a
topological space is generalized to that of a transformation group. A
continuous map H : X x I — X is called an f-homotopy of order ¢
if H(z,0) = f(z), H(z,1) = gf(z), where g is an element of G. If
H is an f-homotopy of order g, then the path @ : I — X given by
a(t) = H(x,t) will be called the trace of H.

DEFINITION. The trace subgroup of f-homotopies of prescribed order
J(f,:l:o,G) C O(X,f(.’to), G) is defined by J(.fvx()ag) = {[Cl : g] €
o(X, f(z0), G) | there exists an f-homotopy of order g with trace a}.

In particular, J(1x,z0,G) was defined by E(X,z¢,G) in [5] and
J(f, o, {e}) was also defined by J(f, z¢) in [3]. From this fact, J(f, zo, G)
will be called by an eztended Jiang subgroup.

THEOREM 1. Let X be a pathwise connected CW-complex. If o is
the trace of an f-homotopy of order g and a is homotopic to o, then a
is the trace of an f-homotopy of order g.

Proof. Let H : X x I — X be an f-homotopy with trace ¢ and let
h: be the homotopy connecting ¢ with a . Let L be the subcomplex of
X x I given by (X x 0)[J(X x 1)U(zo x I). Define a homotopy on L
as follows: ky : L — X such that k,(z,0) = f(z), ki(z,1) = gf(z) and
kizo,s) = hy(s). By the absolute homotopy extension property, there
exists a homotopy K; : X x I — X such that K¢ = H, Ki|p = k..
Then K; : X x I — X is an f-homotopy of order g with trace a.

THEOREM 2. J(f, o, G) is a subgroup of o(X, f(z0),G).

Proof. Let [a : g1] and [B : g2] be any two element of J(f,z¢,G). Let
h¢ and k¢ be the f-homotopies of order g1, go with trace a, § respectively.
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Define an f-homotopy ¢ : X — X such that

hgg(l'), 0St£1/2

7{e) = { gik2e-1(z), 1/2<t <1

Then we have vo(z) = f(z) and 71(z) = g192f(z). So the trace of 7, is
the path a+ ¢18 of order g;g2. Hence [ : g1]*[B: g2] = [+ 918 : 9192}
belongs to J(f,z0,G).

If [a: g] € J(f,%0,G), then there exists an f-homotopy h, of order g
such that hy = f, by = gf and he(zo) = a(t). If we take an f-homotopy
of order g7, A} = g7 hj—¢ : X — X, then h) = f and B} = ¢7f.
Since ¢~ 'ap is the trace of h} where p(t) is 1 — ¢,

(o g1 = [~ ap : g™1] belongs to I(f, 20, G).

REMARK. We know that E(X, f(z), G) is a subgroup of J(f, ze, G).
Indeed, let [a : g] be an element of E(X, f(z¢),G). Then there exists a
homotopy H : X x I — X of order g such that H(z,0) = z,H(z,1) =

gz and H(f(zo),t) = a(t). Let K : X x I — X be an f-homotopy of
order g by K = Ho(f x1;). Then

K(z,0) = H o (f x 11)(z,0) = H(f(x),0) = f(z)
K(z,1) = Ho(f x 11)(z,1) = H(f(z),1) = gf(=)
K(zo,t) = H o (f x 17)(z0,1) = H(f(z0), 1) = a(?).

Thus [« : g] belongs to J(f,z¢,G). This implies

E(X, f(z0), G) C I(f,20,G).

Let X be a pathwise connected CW-complex. In [5], a transformation
group (X, G) is called an H-transformation group with base point z¢ if
there exists a continuous map g : X X X — X such that u(gzo,z) =
p(z,gzo) = gz for every element g of G.

- COROLLARY 3. If a transformation group (X, G) is an H -transforma-
tion group with base point z¢, then J(f,z0,G) = (X, f(z0),G).

Proof. In [5], E(X, f(z0), G) = (X, f(z0),G). Since E(X, f(z0), G)
is a subgroup of J(f,z0,G), J(f,%0,G) = o(X, f(z0),G).
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Let (X,G) be a transformation group and XX be the space of all
continuous mappings from X to X with compact-open topology. Let
G act on XX continuously by #'(f,g) = gf. Then (XX,G,x') is a
transformation group .

Let P : XX — X be the evaluation map given by P(f) = f(zo).
If X is a locally compact,then the evaluation map P is continuous.
Since P(gf) = gf(zo) = gP(f), where ¢ € G and f € XX,(P,1¢) :
(XX,G) — (X, G) is a category mapping. Thus P, : o(XX,1x,G) —
(X, z9,G) is a homomorphism by P,[a:g]=[Poa:g].

REMARK. There is a natural homeomorphism ¢ : (XX)! — XX*/
given by ¢(f)(z,s) = f(s)(z) forz € X and s € I.

Note that f ~ f' if and only if ¢(f) ~ ¢(f'). Motivated by the fol-
lowing theorem, we can consider J(f,z¢,G) as a generalized evaluation
subgroup of the fundamental group of a transformation group (X, G).

THEOREM 4. Let X be a pathwise connected CW-complex. Then
P*G(Xxuf’G) = J(f,anG)’

Proof. By the above remark, the path a : I — XX of order g with
base point f corresponds to the f-homotopy é(a) : X x I — X of
order g. For every element [a : g] € o(X X, f,G), P.la:g]=[Poa:g]
and there exists an f-homotopy ¢(a) of order g with trace P o a. Thus
Pua: g] € I(f,20,G).

Conversely, for each element [ : g] of J(f,z¢,G), there exists an f-
homotopy F : X xI — X of order ¢ with trace a. Since ¢ : (X*)I —
XX*I is a homeomorphism such that ¢(f)(z,s) = (f(s))(z), ¢~ (F)
is a path of order g with base point f in XX, for ¢~ 1(F) : I — XX
such that ¢~1(F)(0)(z) = F(z,0) = f(z) and ¢~ (F)(1)(z) = F(z,1) =
gf(z). Thus [¢=*(F) : g] belongs to 6(X %, f,G). Since Po¢™}(F)(s) =
¢~ F)(s)(zo) = F(zy,3) = a(s), we have [a : g] € P.o(XX, f,G). This
completes the proof.

The Jiang’s result ([3], Lemma 2.1) can be generalized as follows.

THEOREM 5. Let f and k be self-maps of X.
(1) J(k, f(z0), G) C J(k o f, 20, G).
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(2) If k is a homomorphism of (X, G), i.e., kg(z) = gk(z) for any element
g of G, then k.(J(f,z0,G)) C J(k o f,z9,G) where kx[a : g] = [ka : g]
for any element [a : g] of J(f,z0,G).

Proof. (1) Let [a : g] be an element of J(k, f(z0),G). Then there
exists an k~homotopy H : X x I — X of order g such that H(z,0) =
k(z),H(z,1) = gk(z) and H(f(zo),t) = a(t). Therefore there exists
a homotopy H' = Ho (f x 1;) : X x I — X such that H'(z,0) =
H(f(z),0) = kf(z),H'(z,1) = H(f(z),1) = gkf(z) and H'(zo,t) =
H(f(z0),t) = a(t). Thus [a : g] belongs to J(k o f,ze,G).

(2) Since k : (X,G) — (X, G) is a homomorphism, & induces a homo-
morphism k, : o(X, f(z0), G) — o(X,kf(zq),G). Let [a : g] be an ele-
ment of J(f,zo,G). Then there exists an f~homotopy H : X xI — X
of order ¢ such that H(z,0) = f(z),H(z,1) = ¢gf(z) and H(z,t) =
a(t). Therefore there exists a homotopy K = ko H : X x I — X such
that K(z,0) = ko H(z,0) = kf(z), K(z,1) = ko H(z,1) = kgf(z) =
gkf(z) and K(zo,t) = kH(zo,t) = ka(t).

Thus k,[a : g] belongs to J(ko f,z¢,G). Therefore, we show that

ko(J(f,70,G)) C (ko f,z0,G).

COROLLARY 6 ([3]). . Let f and k be self-maps of X. Then
(1) J(k, f(z0)) C J(ko f,zo),
(2) kx(J(f,20)) C J(k o f,z0).

If we take a map i, : J(f,z0) — J(f, 20, G) such that i,[a] = [a : €],
then we can identify J(f, o) as a subgroup of J(f,ze,G).
THEOREM 7. J(f, o) is a normal subgroup of J(f,zo,G).

Proof. Let [« : g] be any element of J(f,z¢,G) and [B : €] be any
element of J(f, z¢). Then there exists an f-homotopy H : X xI — X
of order g with trace a and a cyclic homotopy K : X x I — X such
that K(zg,t) = B. Define a homotopy

F:XxI—X by
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H(z,3t), 0<t<1/3,
F(z,t)=<¢ gK(z,3t—-1), 1/3<t<2/3,
H(z,3-3t), 2/3<t<1.

Then F(z,0) = H(z,0) = f(z), F(z,1) = H(z,0).= f(z) and

a(3t), 0<t<1/3,
F(zo,t)={ gB(3t—1), 1/3<t<2/3,
ap(3t—2), 2/3<t<1.

Therefore F is a cyclic homotopy such that F(zo,t) = (a + g8+ ap)(?).
Sofa:g]+[8: €|+ [a: g™ =[a+gB+ap: ] belongs to J(f, o).

In [4], F.Rhodes showed that if A is a path from z¢ to z;, then
A induces an isomorphism A, : ¢(X,z¢,G) — o(X,z1,G) such that
Ala:gl=[p+a+ghr:g]

THEOREM 8. Assume that X is a pathwise connected CW -complex.
If \ is a path from x4 to z; in X, then the induced homomorphism ( fA).
carries J(f,z9,G) isomorphically onto J(f,z1,G).

Proof. Since (fA)« : 0(X, f(0),G) — o(X, f(z1),G) is an isomor-
phism, it is sufficient to show that (fA).(J(f,ze,G)) C J(f,z1,G).

Let [a : g] be any element of J(f,z9,G). Then there exists an f-
homotopy W : X xI — X of order g with trace a. Consider a homotopy
H : (X x0)U(z1 x I) — X given by H(z,0) = z andH(z1,t) = Ap({).
Then there exists a homotopy H : X x I — X such that H(z,0) =z
and H(z,,t) = H(z1,t) = A\p(t). Define K : X x I — X by

fH(z,3t), 0<t<1/3
K(z,t)={ W(H(z,1),3t—1), 1/3<t<2/3
gfH(2,3(1-1)), 2/3<t<1.
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Then K is an f-homotopy of order g, for

( fH(z,,3t), 0<t<1/3
W(H(z1,1),3t—1), 1/3<t<2/3
( gfH(z1,3(1 1)), 2/3<t<1

[ fAp(3t), 0<t<1/3

={ a(3t-1), 1/3<t<2/3

| 9fA(3t—2), 2/3<t<1

= [fAp + o +gfA(t).

Thus (fA)«([a : g]) = [fAp+a + gfX : g] belongs to J(f,z1,G). So,
the induced homomorphism (fA). is an isomorphism from J(f, zo, G) to
J(fa I, G)

THEOREM 9. If f.k : X — X are homotopic, then J(f,zo,G) and
J(k,z0,G) are isomorphic.

Proof. Let H: X x I — X be a homotopy from f to k and P(t) =
H(zg,t). Then P is a path from f(z) to k(zg). It is sufficient to show
that P,(J(f,z0,G)) C J(k,z9,G).

Let [« : g] be any element of J( f,z¢,G). Then there exists a homotopy
W : X x I — X such that W(z,0) = f(z),W(z,1) = ¢gf(z) and
W(zo,t) = a(t). If we define a homotopy K : X x I — X given by

K(xl,t)

.

H(z,1-3t), 0<t<1/3
K(z,t)=¢ W(z,3t-1), 1/3<t<2/3
gH(z,3t-2), 2/3<t<1,

then K(z,0) = H(z,1) = k(z), K(z,1) = gH(z,1) = gk(z) and
H(zo,1-3t), 0<t<1/3

gH(z¢,3t —2), 2/3<t<1.

Therefore [Pp + a + gP : ¢g] belongs to J(k,zo,G). So Ps(J(f,z0,G)) is
contained in J(k,zg, G).
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COROLLARY 10. If f,k: X — X are homotophic, then J(f,z¢) and
J(k,zqo) are isomorphic.

THEOREM 11. If f : (X,G) — (X,@G) is a homomorphism, i.e.,
fg(z) = gf(z) for any element g of G and z, belongs to goX, for
some go € G, where Xg is the path connected component of x4, then

J(f,z0,G) and J(f,z1,G) are isomorphic.

Proof. By Theorem 8, we may assume that z, = gozo. In [6], the
first author proved that ¢d : o(X, f(z0),G) — (X, gof(20),G) given
by gdla : g] = [goa : goggy '] is an isomorphism. Therefore, it is sufficient
to show gg(‘](f’ xO,G)) C J(f’xlvG)'

Let [a : g] be an element of J(f,z9,Go). Then there exists an f-
homotopy H : X xI — X of order g such that H(z,0) = f(z), H(z,1) =
gf(z) and H(zo,t) = a(t). Let F : X x I — X be a homotopy such
that F = goo Ho(g;" x 17). Then

F(z,0) = goH(ga_lx, 0) = gofg;l(:z:) = f(=),

F(z,1) = goH (g5 'z,1) = gogfg5 ' () = goggy ' f(=)
and
F(z1,t) = goH(gy 'z1,t) = goH(x0,t) = goa(2).
Therefore [goa ; goggy ] belongs to J(f,z1,G).

THEOREM 12. If f: X — X is a homeomorphism, k is a self-map
of X and f(x¢) = k(zo), then J(f,z0,G) is contained in J(k, zo,G).

Proof. Let [a : g] be any element of J(f,z9,G). Then there exists
an f-homotopy H : X x I — X of order g with trace . If we define
K : X x I — X be a homotopy such that K = H o (f 'k x 1), then

K(z,0) = H(f'k(z),0) = k(z),
K(za 1) = H(f..lk(x)v 1) = gk(z)
and
K(zo,t) = H(f " k(z0),t) = H(f ' f(z0),¢)
= H(zo,t) = a(t).

Therefore [« : g] belongs to J(k,z,G).
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CoroLLARY 13. 1) If f,k : X — X are homeomorphisms and
f(zo) = k(zo), then J(f,z0,G) is equal to J(k,z¢,G). In particular,
J(f,xo) is also equal to J(k,z,) for homeomorphisms f and k.

2) If f : X — X is a homeomorphism and f(zo) = z¢, then
J(f,z0,G) is equal to E(X, z0,G).
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