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COMPACT CONTACT CR-SUBMANIFOLDS

WITH PARALLEL MEAN CURVATURE

VECTOR OF A SASAKIAN SPACE FORM·

JAE-BoK JUN, MASUMI KAMEDA AND U-HANG KI

Introduction

The theory of a CR-submanifold of a Sasakian manifold was investi
gated from two different points of view, namely, one is the case where
CR-submanifolds are tangent to the structure vector field, and the other
is the case where those are normal to the structure vector field (cf. [11],
[12],[13]).

Many subjects for CR-submanifolds in a Sasakian manifold have been
studied in [2],[3],[4],[5],[9] and [10] and some interesting results have been
obtained. One of which done by Kameda, Ki and Yamaguchi asserts the
following:

THEOREM A ([3]). Let M be a compact totally real submanifold
tangent to the structure vector :field in a Sasakian space form. If the
mean curvature vector is nontrivial and parallel in the normal bundle,
and if the induced f -structure in the normal bundle is parallel, then the
shape operator in the direction of the mean curvature vector of M is
parallel.

The purpose of the present paper is to investigate compact contact
CR-submanifolds in a Sasakian space form, of which the mean curvature
vector field is parallel.

In this paper, all manifolds are assumed to be smooth and connected.
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(1.1)

1. Submanifolds of a Sasakian manifold

Let M be a (2m + I)-dimensional Sasakian manifold covered by a
system of coordinate neighborhoods {fj : yA} and with structure tensor
{FBA, GCB, V A}. We then have

[

FBVFrf = -bl+ VBV A, VBFA
B =O,FBAVB =0,

VAVA = 1,GBvFc
BFA

v = GCA - VCVA,

VB being the associated I-form of VA, where here and in the sequel,
the indices A, B, C,'" run over the range {I"" ,2m + I}. Denoting
by \1 B the operator of covariant differentiation with respect to GBA, we
also have

(1.2) \1BFc
A = -GCBVA +blVc ,\1BVA = FE!.

Let M be an (n + 1)-dimensional Riemannian manifold covered by a
system of coordinate neighborhoods {U; x h

} and isometrically immersed
in M by the immersion i : M --t M. When the argument is local, M
need not be distinguished from i(M). We represent the immersion i
locally by yA = yA(xh). Throughout this paper, the indices h,j,i,'"
run over the range {I"" ,n+ I} and we assume that the submanifold M
of M is tangent to the structure vector field V A. If we put Bt = OjyA,

OJ = 0/ox j
, then B j = (Bt) are (n + 1)-linearly independent vectors of

M tangent to the submanifold. We choose 2m - n mutually orthogonal
unit normals Cx = (C:) to M. Since the immersion is isometric, we
then have

(1.3) 9ji = GBAB!B{', gxy = GBAC~C:, GBAB!C: = 0, .

9ji and gxy being the induced metric tensor of M and that of the nor
mal bundle of M respectively, where here and in the sequel the indices
x,y,Z,U,V,w run over the rang {n + 2,n + 3"" ,2m + I}. Therefore,
denoting by \1j the operator of van der Waerden-Bortolotti covariant
differentiation formed with gji, the equations of Gauss and Weingarten
for M are respectively obtained:

(1.4) B A h xCA CA h iXBA
\1j i = ji x' \1j x =- j i ,
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where hj/; are the second fundamental forms in the direction of C x and
I t d b h h - h ih - h Y ih ( ji) - ( )-1 Th t sfire a e 'Y j x - jix9 - ji 9 911x, 9 - 9ji . e ran orms

of B j A and CxA by F are represented in each coordinate neighborhood
as follows:

(1.5) F AB B-1 iB A + J xC A F AC B - JiB A + f lIC AB j - j i j x' B x -- x i x Y'

where we have put Iji = G(JB;,Bi), Jjx = G(JBj,Cx), Jxj = -G(JCx,
B ·) f - G(JC C) I h - f·· ih J x - J. yx d f Y - f zlll' xll - x, 11' j - ,.9 , j - 1119 an x - xz9 ,
911z being the contravariant components of 911 z. From these definitions
we verify that f;i + lij = 0, Jjx = Jxj and I X ll +11Ix = O. Since the
structure vector V A is tangent to M, we can also put

(1.6)

for a vector field vi on M.
By the properties of the Sasakian structure tensors, it follows, from

(1.5) and (1.6) that we have

(1.7)

(1.8)

(1.9)

I tf i - c i + . i + J xJ i f lIf z - c z + J tJ Zj t - -OJ v,v j x, x 11 - -ux x t ,

I/J/ + J/fll
x = 0,

vjJ.x - 0 vjf·i - 0 v·v j - 1,-, 1-"-·

Differentiating (1.5) and (1.6) covariantly along M and making use of
(1.1), (1.2), (1.4) and these equations, we easily find

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

I h - c h h + h h J x h xJ h\lj i - Uj Vi - 9jiV j x i - ji x'
J x - h 111 x h XI t\lj i - ji 11 - jt i'

\ljl ll X = hj/J/ - hjtllJtx,

\ljVi =hi,
h z t - J x

jt v - j .

In the rest of this section we suppose that the ambient Sasakian man
ifold M is of constant ~-holomorphic sectional curvature c and of real
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(1.15)

dimension 2m +1, which is called a Sasakian space form, and is denoted
by M2m+l(c). Then the curvature tensor R of M2m+I(e) is given by

- 1
RDCBA = 4(e+ 3)(GDAGcB - GDBGCA)

1+ 4(e -l)(VCVAGDB - VCVBGDA + VDVBGCA - VDVAGCB

+ FDAFcB - FDBFcA - 2FDCFBA).

Thus, we see, using (1.3), (1.5) and (1.6), that equations of the Gauss,
Codazzi and Hicci for M are respectively obtained:

Rkjih = ~(e + 3)(9khgji - gjh9ki) + hkhhjiz - hjhZhkiz

1+ 4(e - 1)(VkVi9jh - UjUigkh + VjVhgki - ukuhgji

+ fkhf;i - f;hfki - 2!kjIih),

(1.16)

(1.17)
1

Rjiyz = :i(e - l)(Jjz Jiy - JixJjy - 2f;dyz)

+ hjizh/y - hitzh/ y'

(1.18)

where Rhjih and R jiyz are the Hiemannian curvature tensor of M and
that with respect to the connection induced in the normal bundle of
M respectively. We see from (1.15) that the Hicci tensor of M can be
expressed as follows:

1 1
R ji = 4{n(e + 3) +2(e - l)}gji - :i(e -l)(n + 2)VjVi

- ~(e -l)J/Jiz + hZhjiz - hj/h/z

with the aid of (1.7), where h Z = gjihjiz.
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2. Parallel tensor fields

123

Let M be a submanifold isometrically immersed in a Sasakian man
ifold M tangent to the structure vector V. Then M is called a contact
CR-submanifold ([12])of M if there exists a differentiable distribution
V : p ---+ Vp C Tp ( M) on M satisfying the following conditions :

(1) V is invariant with respect to F, namely, FVp C V p for each
point p in M, and

(2) The complementary orthogonal distribution VJ.. : p ---+ V; C

Tp(M) is totally real with respect to F, namely, FV; C T/(M)
for each point p in M,

where Tp ( M) and T/(M) denote the tangent space and normal space
respectively at p E M. If dimV; = 0 (resp. dim V p = 0), then the
contact CR-submanifold M is an invariant submanifold (resp. totally
real submanifold) of M. If dimV; = dim TpJ..(M), then M is a generic

submanifold of if.
By the way, the contact CR- submanifolds of a Sasakian manifold M

are characterized as follows:

LEMMA 1.1([12]). In order for a submanifold M ofif to be a contact
CR-submanifold, it is necessary and sufficient that

f/J/ = 0 (equivalently J/f/ = 0).

In such a case, f/ and f y x are f-structure in M and that in the normal
bundle of M respectively.

A normal vector field e= (ex) is called a parallel section in the normal
bundle if it satisfies V je X = 0, and furthermore a tensor field S on M is
said to be parallel in the normal bundle if VjS vanishes identically.

In this section, thef-structure ([7]) in the normal bundle of a contact
CR-submanifold is assumed to be parallel. In this case, the equation
(1.12) turns out to be

(2.2) h · Jty h YJ t - 0]tx - jt x - •
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REMARK 1. We notice here that I y x vanishes identically if M is a

generic submanifold of a Sasakian manifold NI. Thus, a generic sub
manifold of M has always a trivial I-structure in the normal bundle.

Let H be a mean curvature vector field of M. Namely, it is defined
by H = gjihj/Cx/(n + 1) = hXCx/(n + 1), which is independent of the
choice of the local field of orthonormal frames {Cx}.

From now on we suppose that the mean curvature vector field H of M
is nonzero and is parallel in the normal bundle. Then we may choose a
local field {ex} in such a way that H = aCn+2 , where a = IHI in nonzero
constant. Because of the choice of the local field, the parallelism of H
yields

(2.3)
[

hX = 0, x ~ n +3

h* = (n +1)a,

where here and in the sequel we denote the index n + 2 by *. Since the
I-structure in the normal bundle is parallel, it is easily seen form (2.1)
that IxY \jj Jjy = 0 and hence hZI/Iyx = 0 by means of (1.11). Iyx
being defined the I-structure, it follows that we get h Z I z x = 0, which
together with (2.3) gives

(2.4) I*x = o.

because H is nontrivial. Therefore the second equation of (1.7) gives

(2.5)

H being a normal vector field on M, the curvature tensor Rjiyx of the
connection in the normal bundle shows that Rji*x vanishes identically
for any index x. Thus the Ricci equation (1.17) yields

(2.6) hj/h/ - hi/h/ = ~(c -1)(Jj*Ji
x - Ji*J/)

by means of (2.4), where we have put h/ = h/*.
For a normal vector field e, let Ae be a shape operator of the tangent

space Tp(M) at p in the direction of e, which is defined by g(AeX, Y) =
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G(O'(X,Y), e) for any tangent vectors X and Y ofTp(M), where 0' de
notes the second fundamental fonn on M.

On the other hand, using (1.7), (2.1) and (2.5), we find

I\1k hji + l(e - l)(ikjJi * + ikiJ/12

2 k" 1 2 .= I \1k hjil + (c -l)(\1khji)J J JI* + g(c -1) (n - Jjxl'X).

However, if we take account of (1.7), (1.16) and (2.1), then the second
term of the right hand side of above equation is given by -He -1)2(n
JjxJjZ). Thus, it follows that we have

(2.7) I \1k h ji + ~(e - l)(fkj Ji * + ikJ/)12

2 1 2 .
= I\1k hjil - g(e - 1) (n - Jjzl'Z).

3 Normal i-structure on contact CR-submanifolds

In this section, we assume that the contact CR-submanifold M with
parallel i-structure in the normal bundle immersed in a Sasakian space
form M2rn+l(e) has nontrivial and parallel mean curvature vector.

Furthermore, we suppose that the second fundamental forms 0' and
the i-structure induced on the submanifold M are commutative to each
other, that is, h/xit h - i/h/x = 0 for any index x or, equivalently

(3.1)

In this case, we say that the contact CR-structure induced on M is
normal ([5]).

Transfonning (3.1) by J/iki and making use of (1.7) and (2.1), we
find hj /J/(fJ1;t - Vkvt - J1; z J/) = 0, which together with (1.14) gives

(3.2)

where have put Py / = h j / J/J/ and hence it satisfies

(3.3) PyzXfzW = o.
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Denoting pzy%= g%Wpzy
W, we see, in a direct consequence of (2.2),

that p zy % is symmetric for all indices. When x = n + 2 in (3.2) we have

(3.4)

because of (2.4).
Multiplying J/J/ to (2.6) and summing for j and i, we get

where we have used (1.9), (2.1), (2.5), (3.2), (3.3) and (3.4). Thus, Pyzz
being symmetric for all indices, it follows that we obtain

(3.6) p%yzPyz* = p zPzz*+ ~(c +3)(JixJ ix - 1)15%*,

(3.7) P%/Py%* = P%yzP%** + ~(c +3)(J/Jiz - e5y*e5/),

where we denoted p% zz: = pz:.
Defferentiating (3.4) covariantly along M and substituting (1.11) and

(1.13), we find

(,\/khjt)J/ + h/(hk/ f%y - hksyft S)

= (VkPy%*)J/ +Py%*(hkt'fw% - hk/f/) + e5y*fkj,

from which, taking the skew-symmetric part with respect to indices k
and j, and using (1.16), (2.6) and (3.1), we obtain

~(c -l)(Jk*/it - J/!A;t - 2J//kj)J/ - 2h/hksy ft S

= (VkPy/)J/ - (VjPy/)Jk%- 2Py/h k/f/ + 2e5y*fkj,

or, equivalently

(3.8)
-2h/hksyft 8 = (VkPy/)J/ - (VjPy/)Jk%

- 2Py%*h k / f/ + ~(c + 3)e5y*/kj.
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(3.10)

because of (2.1) and (2.5). Transforming (3.8) by J/ and making use
of (2.1), (3.1) and (3.4), we get '\ljPzy* = (Jz

t 'Vt Pyn)J/ and hence
'VjPyz* = (J,/ '\It Pzn)J/. Thus, the equation (3.8) is reduced to

h/htsy/,/ = Pyz*hj/ /,/ + i(e + 3)Oy*!;k,

which together with the first equation of (1.7) gives

h;th/y(O/ - ViV· - JizJ/)

= Pyz*h;/(o/ - Vivt - Ji W J';) + ~(e + 3)6y*(gji - V;Vi - J/ Jzi ).

By means of (3.2), (3.3) and (3.4), the last equation can be written as

h;thity - 611*vjvi - J/ Ji1l = Py/hj/

(3.9) +(PzyuP" u* - PvzuPyu*)J; vJ i z

+ ~(e + 3)6;(g;i - VjVi - J/ Jiz),

which implies

hjih;iy = h*Py** + i(n -1)(e + 3)6; + 26;,

where we have used (1.7), (1.9), (2.3), (2.5), (3.3) and (3.6), which shows
that

(3.11) h2 = h* P*** + i(n -l)(e + 3) + 2,

where we have defined h2 = hjihii . when y = n +2 in (3.9) and make
use of (3.7), we find

which together with (1.14) and (3.10) yields

(3.12) h3 = h*IPz**1 2 + ~(e +3)(n - 2)P*",* + ~(e + 3)h* +3P***,
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where h3 = hirh{hji .
Making use of (1.7), (2.3) and (3.2), the equation (1.10) implies

which implies

where we have used (1.9), (1.11), (2.4) and (3.4).
By the way, making use of (1.7), (11.4), (3.1) and (3.6), we see that

Therefore (3.13) turns out to be

(3.15)

Since the submanifold M has parallel mean curvature vector, the
Laplacian I::::.h ji of h ji is given, using the Ricci formula of hji and (1.16),
by

(3.16)

On the other hand, by using (1.14), (2.3) and (2.6), the equation
(1.18) implies

.. 1 1
Rjsh/h" = :i{n(c + 3) +2(e -1)}h2 - :i(e -1)(n +2)

- ~(e -1)h/hsiJjzJ/ + h*h3 - hj/hisxhrshji

- ~(c -1)h{Xhji(Jr*Jix - Ji*Jrx ),
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which together with (2.5), (3.2), (3.3), (3.4), (3.6) and (3.12) gives
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(3.17)

.. 1 1
RjshishJt = :i{n(e + 3) +2(e - 1)}h2 - :i(e -l)(n + 2)

+ ~(e _1)2 - ~(e - l)P X Pxu

1 . 2
- :t(e - l)(e + 2)Jjx px + Ih*Pxul

1+ :t(e +3)(h*)2 + 3h*P***

+ ~(e + 3)(n - 2)h*P*u - hi/hisxhrshji.

By means of (1.14), (2.5) abd (3.10), the equation (1.15) gives

(3.18)

kh ., 1 2 1
Rkjih h hJt = :t(e + 3){(h*) - h2 } + 2(e - 1)

2 3 hk ..
+ Ih*P***1 + :t(e - l)h hJ1/kj!hi

- hj/hisxhrshji + i(e + 3)(n - l)h*P***

1
+ 4h*P*** + {:t(e +3)(n -1) + 2}2.

From (3.17) and (3.18) we have

.. kh" 1 1
Rjsh/h}' - Rkjih h hJ' = {:t(e + 3)n + 1}(h2 - h*P***) - :t(e - l)(n + 2)

+ ~(e - 1)2 - {~(e + 3)(n -1) + 2}2 - ~(e -1) + 1
3
6(e -1)2(Jjx J j

X -1)

3 ·1·+ :i(e -l)(Jjx P X + 1) - :t(e -l)(e + 2)Jjx JJX

because of (3.14), which together with (3.11) implies that

(3.19)
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Multiplying h ji to (3.16) and summing'for j and i and taking account
of (3.15) and (3.19), we obtain

.. 1 2 .
hJ' 6. hji = -s(c - 1) (n - Jjx PZ ).

Substituting this and (2.7) into the identity:

1.. 22' 6. h 2 = hJ' b. hji +I\/k hjil

we find

~ 6. h2 = I '\lk hji + i(c -I)(Jj*/ki + J i*fkj)1
2

•

Thus, we have

LEMMA 3.1. Let M be a compact (n + I)-dimensional contact CR
submanifold with nontrivial and parallel mean curvature vector and
with parallel f -structure in the normal bundle in a Sasakian space form
M2m+I(c). H the f-~tructure induced on M is normal, then we have

(3.20)

REMARK 2. If M is generic in Lemma 3.1, then we have (3.20).

4. Eigevalues of the shape operator

Let M be a contact CR-submanifold of a Sasakian space form M2m+1

(c) satisfying the hypothesis of Lemma 3.1. Furthermore we will consider
the case where the second fundamental form in the direction of the mean
curvature vector on M is parallel. In the sequel, the shape operator in
the direction of Cn+2 is denoted by A*. For any constant A over M, we
define a smooth determinant function det( A * - AI) on M, where I is
the identity transformation of the tangent space. Since hji is parallel,
we have \ldet( A * .,.- AI) = O. This means that the smooth function
det(A * - AI) is constant over M. From the uniquness of roots, we see
that all eigenvalue functions Ai of A* are constant. Taking account of
the llicci formular for hji and the fact that RjiX* = 0 and \/khji = 0 we
find (Aj - Ai)Rjiij = 0 for any fixed indices j and i. Thus we have
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THEOREM 4.1. Let M be a compact contact CR-submanifold with
nontrivial and parallel mean curvature vector and wi th parallel I -structure
in the normal bundle in a unit sphere S2m+l(I). H the I-structure in
duced on M is normal and if the eigenvalue functions of the shape oper
ator in the direction of the mean curvature vector are mutually distinct,
then M is flat.

REMARK 3. For a totally real submanifold of a Sasakian space form,
Theorem 4.1 is valid [3].

COROLLARY 4.2. Let M be a compact generic submanifold with non
trivial and parallel mean curvature vector in a unit sphere S2m+l(I). H
the I -structure induced on M is normal and if the eigenvalue functions
of the shape operator in the direction of the mean curvature vector are
mutually distinct, then M is flat.

Now, let Ilh ... ,IlOt be mutually distinct eigenvalue of A * and nh ... ,

nOt their multiplicities. Since A * is parallel, the smooth distribution
Ta ( a = 1"" ,a) which consists of all eigenspaces associated with the
eigenvalue can be defined and is parallel. M is assumed to be simply
connected and complete, then by means of the de Rham decomposition
theorem, the submanifold is a product of Riemannian manifolds M 1 x
... x M a, where the tangent bundle of Ma corresponds to Ta. Since
the shape operator A * restricted to Ta is propotional to the identity
transformation of Ta and each submanifold Ma is totally geodesic in
M, the mean curvature vector of M is an umbilical section of M a in
M2m+l(c). Thus, by means of the above arguments and that of Lemma
3.1, we have

THEOREM 4.3.. Let M be an (n + I)-dimensional compact and sim
ply connected contact CR-submanifold with nontrival and parallel mean
curvature vector and with parallel I -structure in the nonnal bundle in a
unit sphere s2m+l(1). H the I-structure induced on M is normal, then
M is a product of Riemannian manifolds, M 1 x ... x Ma, where a is the
number of the distinct eigenvalues of the shape operator in the direction
of the mean curvature vector field of M, and the mean curvature vector
field of M is an umbilical section of Ma (a = 1, ... ,a).
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COROLLARY 4.4. Let M be an (n+ I)-dimensional compact and sim
ply connected generic submanifold with nontrivial and parallel mean cur
vature vector in a unit sphere S2m+l(l). If the i-structure induced on
M is nonnal, then we have the same conclusions as those of Theorem
4.3.
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