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CHAIN RECURRENCE AND RESIDUAL SETS

SUNG KyU CHOI, KEON HEE LEE AND JONG SUH PARK

M. Hurley[3] showed that there is a residual subset J of the set of
Cl-diffeomorphisms on any compact Riemannian manifold M such that
for any f E J, the maps

(i) f -+ CR(f)

(ii) f -+ (number of chain...-components forI)

are continuous.
The purpose of theis paper is to extend the above result to Cl-flows

on a compact Riemannian manifold M. The main result is

THEOREM. There is a residual subset 'R. of X'(M) such that for any
X E X'(M) the maps

(i) X -+ CR(X)

(ii) X -+ (number of chain components for X)

are continuous.

Throughout this paper M will denote a compact Riemannian manifold
with metric d, and X' will denote the set of Cl -flows on M, that is,

X'(M) ={X: M x R -+ M is Cl : X(x,O) = x,

X(x, s + t) = X(X(x, s), t), x E M, s, t ER}.

We shall denote X(x, t) by Xt(x) or xt for (x, t) E M x R. We give
X'(M) the topology generated by the CO-metric on generating vector
fields

do(X, Y) = sup{IIX'(x,O) - Y'(x, 0)11 : X EM}.
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Let E > 0 and a > 0 be given. For any x, y E M, we say that a
sequence {(Xi, ti)}f=l in M x R is called an (e, a)-chain going from X to
y for X E X(M) if

(i) Xl = X, ti ~ a, i =1", . ,n,

(ii) d(Xi-1 -ti-bXi) < e and d(xntn,y) < E,

i = 2"" ,n. The sequence {(Xi, ti)}f=l is called an e-chain if 1 ~ ti ~ 2
for each i = 1, ... ,n.

The chain recurrent set for X, denoted by CR(X), is the set {x E M:
for each e > 0 and a > 0 there is an (e, a)-chain going from X to x}.
There is a natural equivalence relation defined on CR(X) : X f"V Y if and
only if for each e > 0 and a > 0 there exist two (e, a )-chainsj going from X

to y and going from y to X • Equivalence classes under this equivalence
relation are called chain components of X. It turns out for Hows on
compact manifolds that the chain components are exactly the connected
components of CR(X) (See [4]).

To Prove our theorem, we need some lemmas.

LEMMA 1. Let h : R + --+ R + be a strictly positive (but not neces
sarily continuous) function such that

(1) foranye > 0, d(x,y) < h(e) and 1 ~ t ~ 2 imply that d(xt,yt) <
e/4.

(2) for any i < j, hi < hi.
n

H {(Xi,ti)}i=l is an hn(e)-chain, then d(XI I:ti,Xntn) < E/2.
i=l

Proof Let e> 0 be arbitrary. Then we can choose 0 < 6(e) < e such
that if d(x,y) < 6 then d(xt,yt) < e/4 for any t E [1,2]. The function
h : R+ --+ R+ defined by h(e) = 6(e) satisfies the conditions (i) and
(ii). Hence we amy assume that the function h exists.

We will prove the lemma by induction on n. If n = 1, there is nothing
to prove. If n = 2, then the result is clear by the condition (i). Suppose
the result is known for a given n ~ 2j we shall establish it for n + 1.
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Let {(Xi,ti)}i~"l be an hn+l (f)-chain. Since {(Xi,ti)}f=l is an hn(h(f»
chain, we have

n

d(Xl Lti,Xntn) < h(€)/2 < h(f).
i=l

By the assumption (i), we get

n+l

d(Xl L ti, xn(tn + tn+l» < €/4.
i=l

By the definition of the chain, we obtain

d(xntn,Xn+l) < hn+l(f) < h(f),

and so
d(xn(tn + t n+1), Xn+ltn+l) < f/4.

Consequently we have
n+l

d(Xl I:>i' Xn+ltn+l) < f/2.
i=l

LEMMA 2. For any tow points x,y in CR(M), x,..., Y if and only if for
any f > °there exist two €-chains; going from x to Y and going from Y
to x.

Proof. The necessity is obvious. To prove the sufficiency, we let f > °
and a > °be arbitrary. We may assume that a > 1. We shall construct
(f, a )-cahinsj going from x to Y and going from y to x. Let p be the great
est integer smaller than a +1. Choose two 22p(f)-chainsj {(Xi, ti)}i=l
going from x to y and {(Yj, Sj)}}=l going from Y to x. For each k E Z
with 1 :::; k :::; (p + 1)n + pm, define Zk E M and 1 :::; rk :::; 2 as follows:

{

Xk-i(n+m), if i(n +m) < k ~ (i + 1)n + im, where i = 0,1,," ,p,
Zk =

Yk-(Hl)n-jm, if (j +1)n + jm < k ~ (j +1)(n +m),
where j = 0,1, ... ,p - 1,

{

tk-i(n+m), if i(n +m) < k :::; (i + 1)n + im, where i = 0,1"" ,p,
rk =

Sk-(j+l)n-jm, if (j +1)n + jm < k :::; (j +1)(n +m),

where j = 0,1"" ,p-1.
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Then {(z" rt}, .. · ,(z(p+I)n+pm, r(p+I)n+pm)} is also an h2P(e)-chain
going from x to y. Let (p+ l)n +pm = sp+ q for some 0 ~ q < p. Since
h2p(e) < hP(e), {(Z(i-l)P+br(i-l)p+b··· ,(zip,rip)) is an hP(e)-chain.
By Lemma 1, we have

P

d(Z(i-l)p+l L r(i-l)p+j, Ziprip) < e/2.
j=l

Since h2p(e) < hp+q(e), {(Z(S-l)p+br(S-l)P+l),··· ,(zap+q,rsp+q)) is an
hp+q(e)-chain. By Lemma 1, we have

p+q

d(Z(S-l)P+l L r(s-l)p+j, zsp+qrsp+q) < e/2.
j=l

p

Let Wl = Zt, W2 = Zp+b··· ,Ws = Z(s-l)+l· Let Tl = L rj, 7"2 
j=l

P

I: rp+j, ... , Ta = E}:f r(s-l)p+j· Then the sequence {(Wi, Ti)}i'=l is
j=l
a desired (e, a)-chain going from x to y. Similarly we can construct an
(e,a)-chain going from y to x. This completes the proof.

Let Xl and X 2 be metric spaces with X 2 compact. Let FX2 be the
set of all closed non-empty subsets of X 2 with the Hausdorff metric

p(A,B) = ma.x{supd(a,B),supd(A,b)}.
aEA bEB

A map f : Xl ---+ F X 2 is called upper (lower) semicontinuous at x E Xl
if for any e > 0 there exists 6 > 0 such that if des, y) < 6 then fey) c
B(f(x), e), (f(y) C B(f(x), e» respectively. Recall that a subset S of
a topological space Xl is residual if S can be realized as a countable
intersection of open dense subsets of Xl'

LEMMA 3. [3]. Let f : Xl ---+ FX2 be upper (lower) semicontinuous.
Then the set of all continuity points of f is a residual subset of Xl.
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Now we consider a map

CR: X/CM) ---? FM
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sending X E §/(M) to CR(X). We will show that there exists a residual
subset RI of X/CM) such that the map CR is continuous in each point
of R. For tbis, we need a lemma.

LEMMA 4. Suppose a sequence X n in X/CM) converges to X, X n ---+

x and Yn ---? Y in M, and that for each n and each positive € there is
an f-chain for X n going from X n to Yn' Then for each f > 0 there is an
f-chain for X going from x to y.

Proof. Let f > 0 be arbitrary and let a EM. For any t E [1,2]
there is S(a,t) > 0 such that if do(X,Y) < t5(a,t),d(a,b) < t5(a,t) and
It - si < t5(a, t) then d(Xt(a), YS(b» < f/4. Since [1,2] is compact,
there exists a finite set {ti E [1,2] : i = 1"" ,n} such that [1,2] C
Ui=IB(ti,t5(a,ti»' Let t5(a) = min{t5(a,ti) := 1"" ,n}. Then we have
that if do(X,Y) < t5(a) and d(a, b) < Sea), then d(Xt(a),yt(b» < f/2
for any t E [1,2J. Hence, for any a E M, we can choose t5(a) > 0 such
that if do(X, Y) < t5(a) and dCa, b) < t5(a), then d(Xt(a), yt(b» < f/2
for any t E [1,2J. Consider the open covering {B(a,t5(a)/2): a E M} of
M. We can select a finite set {ai EM: i = 1"" ,n} of M such that

n

M = UB(ai' t5(ai)/2). Let S = min{S(ai)/2 > 0 : i = 1,'" ,n}. Then
i=l

we have that if do(X, Y) < Sand dCa, b) < S, then d(Xt(a), yt(b» < € for
any a, b E M and any t E [1,2J. We may assume that there exists 0 < S <
f/3 such that if do(X,Y),6 and d(a,b) < 6, then d(Xt(a),yt(b» < f/3
for any t E [1,2J. Choose m such that do(Xm, X) < f,d(xm,x) < 6 and
d(Ym,Y) < S. By the assumption, we select E/3-chain {(Zi,ti)}i=l for X m

going from X m to Ym' Then the sequence {(x, td, (zz, tz),'" ,(zn, tn)}
in an f-chain for X going from x to y. This completes the proof.

THEOREM 5. There is a residual subset RI of X/CM) such that the
map eR is continuous in each point of RI'

Proof. It is enough to show that the map CR is upper semicontinuous.
Suppose not. Then we can choose f > 0 such that for each n > 0 there
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exists X n E X'(M) such that

Thus we can select X n E CR(Xn) satisfying d(xn,CR(X» 2: €. We may
assume that X n --+ x E M. Then we have d(x, CR(X» 2: €. Since
X n --+ X and X n E CR(Xn), by lemma 4, we get x E CR(X). This is
a contraction, and so completes the proof.

We consider a map

N : X'(M) --+ [0,00]

sending each X E X'(M) to the number of chain components for X. We
will show that there exists a residual subset 'R- of X'(M) such that the
map N is continuous in each point of'R-. For this we need a lemma which
characterize the lower semicontinuity using the concept of openness.

LEMMA 6. A map f: Xl --+ FX2 is lower semicontinuous at x E Xl
ifand only iffor any open subset U ofX 2 with Unf(x) =1= <P, there exists
a neighborhood V of x in Xl such that V n fey) =1= <p for any yE V.

Proof. Suppose that the map f is lower semicontinuous at x E X 1.

Let Z E Un f(x). Then there is € > 0 satisfying B(z, «:) C U. By the
assumption, there exists 8 > 0 such that if d(x, y) < 8 then f( x) C
B(f(y),€). Put V = B(x,8). For any y E V, we have Z E f(x) c
B(f(y), E), and so d(z, w) < € for some w E fey). This means that
fey) nU =1= <p.

Let € > 0 be arbitrary. Since {B(z,€/2): z E f(x)} is an open cover
ing of f(x), there are Zl,'" ,Zn E f(x) such that f(x) C Ui=lB(Zi, €/2).
By the assumption, there exist neighborhoods Vi of x such that if y E Vi
then B(Zi, «:/2) n fey) =1= <p. Choose 8 > 0 satisfying B(x,8) c ni=l Vi.
Then we have that if d(x,y) < 8 then f(x) C B(f(y),«:). To show
this, we let wE f(x). Then we have wE B(Zi,€/2) for some i. Since
yE B(x,8) c Vi, B(Zi, «:/2) n fey) =1= <P, say u E B(Zi, €/2) n fey). Then
we get

dew, u) ::; dew, Zi) + f(Zi' u) < «:

This implies that w E B(f(y), E), and so complets the proof.
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THEOREM 7. There is a residual subset R ofR! such that the map
N is continuous in each point of n.

Proof. It is enough to show that the map N : RI ~ [0,00] is lower
sernicontinuous. Let X E RI and suppose that N(X) is finite so that we
can list the X-chain components MI,'" ,Mk . Then there is € > 0 such
that B(Mi , €) n B(Mj , €) = <P if i =1= j. Since the map GR is continuous,
by Lemma 6, we can choose 8 > 0 such that if do(X, Y) < 8, then

GR(Y) c B(GR(X), €) and GR(Y) n B(Mi, €) =1= <P

for all i = 1,'" ,k. Let A be a chain component of GR(Y). Then we
have

Thus we obtain

Since A is a connected component in GR(Y), there exists a unique i
satisfying An B(Mi, €) =1= <p. Hence we have A C B(Mi , E). For any
i = 1"" ,k, GR(Y) n B(Mi, to) =1= <p. By the above property, we can
choose a unique chain component B of GR(Y) such that B c B(Mi , to).
This implies that N(X) ~ N(Y).

Suppose that N(X) = 00. For each n E Z+, we can choose 8(n) > 0
such that if do(X, Y) < 8 the N(Y) ~ n, by the above property. This
means that lim N(Y) = 00. Hence N is continuous at X. This

y-x
completes the proof.

A residual subset of a residual set is also residual. By combining
Theorem 6 and Theroem 7, we obtain the main theorem of this paper.

THEOREM 8. There is a residual subset R of X/CM) such that the
maps GRand N are continuous in each point of R.
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