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CHANGE OF SCALE FORMULAS
FOR YEH-WIENER INTEGRALS

IL Yoo AND GOOG-JOONG YOON

1. Introductory Preliminaris

R.H. Cameron and D.A. Storvick’s research [6] on the relationship
between Wiener and Feynman integrals has led them to consider the
problem of change of scale in Wiener integrals. In [5], they found change
of scale formulas for Wiener integrals for a large class of functionals
S(L%la,b]) wich was defined in [4]. Recently the first author [18] intro-
duced the relationship between the Yeh-Wiener integral and the analytic
Yeh-Feynman integral, and obtained change of scale formulas for Yeh-
Wiener integrals which we now briefly review.

Let C; = C3(Q) denote Yeh-Wiener space, that is, the space of con-
tinuous functions z on Q = [a, b] x ¢, d] such that z(a,t) = z(s,¢) = 0 for
all (s,t) € Q and let C; = x{C5(Q). We shall say that two functionals
F(Z) and G(Z) are equal s-almost everywhere (s — a.e.) if for each p > 0
the equation F(pZ) = G(pZ)) holds for almost all ¥ € C;. For a rather
detailed discussion of scale-invariant measurability and its relation with
other topics, see [7,13].

Let M = M(L3(Q)) be the class of complex measures of finite vari-
ation defined on B(L%), the Borel class of L}(Q). The Banach algebra
S(L3(Q)) consists of all functionals F' on C¥ expressible in the form

k=1

@y F@= [ eniy /Q vi(s, )dzx(s, )} ()

for s-a.e. £ € C; and for some u € M where / vk(s,t)a;k(s,t) means
Q
the Paley-Wiener-Zygmund integral [1, 4, 8, 14, 17]. We note that the
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correspondence p — F' is one-one and carries convolution into pointwise
multiplication. Moreover the analytic Yeh-Feynman integral exists for
every F in S(L%(Q)) and is given by the formula

any fq v
a2 [ F@e= [ ;exp{-z-‘q—;;uvku%}dum

(%1

In order to state change of scale formulas for Yeh-Wiener integrals, we
introduce the piecewise linear functions of two variables as approximators
for & € C3(Q).

Let I and m be nonnegative integers and consider the division o of
Q = [a,b] x [c,d] into subrectangles by means of the partition

c:a=359< 1< -<g=bec=tg<t1< - <typm=d

For each 7 = (z!,--- ,2") € C¥(Q), we define the quadratic approxima-
tion £, = (zl,--- ,2%) of % based on ¢ by the formula

(1.3)

a:i(Sj, tr) — xi(s,-_l,tk) - wi(Sj,tk_l) + wi(Sj_1,tk_1)
(85 — 8j—1)(tk — th-1)

X (8 — 8j-1)(t = te-1)

:cf,(s,t) =

2885, tk—y) — 2H(85—1, tr
+ (]7 k 1) (J 1,k 1)(5__3].-1)
85 — Sj-1
z'(sj-1,tk) — -"«"(Sj—l,tk—l)(t i)
tp —tr

+ z(8j-1,tk-1)

for (s7t) € [Sj_l,Sj] X [tk-—htk] for ] =1,.-- 1l,k = 1,---,m, and
t=1-.-.,0v.

As mentioned before, we now introduce change of scale formulas for
Yeh-Wiener integrals of elements in the Banach algebra S(L5(Q)) [18].

THEOREM 1.1. Let p > 0 and let {¢,} be a sequence of subdivisions
of Q such that the norm |lo,)] — 0 as n — oo, and let l,m, be the
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number of subrectangles in 0,,, Then if F € S(L3(Q)).
(1.4)

/ F(pZ)di
121
2_1
= lim —wlymy P /
n—-»oop L; €xp { 2p2 Q

THEOREM 1.2. Let p > 0 and let {¢,} be a complete orthonormal
sequence of functions on Q. Then if F € S(L3(Q)),

8z, (s,1)
Os0t

“2 dsdt} F(Z)dz

(1.5)
/C; F(p%)dz
= lim o™ /C o { P22p-21 fi‘: é [ /Q z/)j(s,t)Zi;k(s.t)] 2} F(2)dz

2. Formulas for Yeh-Wiener Integrals

In this section, we show that the Banach algebra S(L5(Q)) of analytic
Yeh-Feynman integrable functionals is not closed under the uniform con-
vergence, and that change of scale formulas (1.4) and (1.5) for S(L5(Q))
can be extended to the closure of S(L3(Q)) under the uniform conver-
gence scale-invariant almost everywhere.

PROPOSITION 2.1. S(L%(Q)) is not closed under the uniform conver-
gence.

Proof. Let M(R") be the set of C-valued countably additive Borel
Measures on R?, and let M(R"”) be the set of Fourier transforms of all
elements in M(R"). By a paper of Hewitt [11], there exists a sequence
1y of elements in M(R”) such that %, — % uniformly, but ¢ ¢ M(R*).
Now we define the functionals F,, and F from C%(Q) to C by

Fa(Z) = $n(Z(b, d)) and F(Z) = (&(b, d)).
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Then from Theorem 3.1 in [15] it follows that F, € S(L4(Q)) for n =
1,2,---, but F ¢ S(L3(Q))- And also the fact that 1, — ¥ uniformly
implies F,, — F uniformly. Thus S(L%(Q)) is not closed under the

uniform convergence.

NOTATION. We shall denote the closure of S(L%(Q)) under the uni-
form convergence s-a.e. by S*(L5(Q)).

PROPOSITION 2.2. Let p > 0, let {0,} by a sequence of subdivisions
of Q such that the norm |o,|| — 0 an n — o0, and let I,m, be the
number of sub-rectangles in 0,,. Let " be the set of functionals F' defined
s — a.e. on CJ such that F is bounded s-a.e. on C§ and such that the
equation (1.4) holds for F in the sense that both members exist and they
are equal. Then T is closed with respect to uniform convergence s-a.e.
on Cj

Proof. Let F, be a sequence of elements in I’ which converges to F'

uniformly s — a.e. on C¥. Then there exist a positive number B and a
subset 2 of C§ with contains s-almost all of C3 such that for all ¥ € Q

(2.1) |Fy(Z)| < B and |F(Z)] < B,

and hence we obtain

(2.2) F(p8)dZ = lim / F(p?)dz
s 1= Joy

By Proposition 2.3 in [18], we know that

2
pe—1
(2.3) / exp /
cy 20?2 Jg

Let
(2.4)

21
Grg=p "™ / exp{ £ /
! cy 2% Jg

8%z, (s,1)
030t

2
dsdt} dz = p¥hmn,

9%z, (s,t)
Os0ot

2
dsdt} Fy(Z) d
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and

21
25) H, = _"’""‘"/ exp 4 /

Then from (2.3), (2.4), (2.5) and the dominated conbvergence theorem,
we have that

0%z, (s,1)
Js0ot

2
dsdt} F(z) dF

(26) ql-l—»nolo Gn,q =H,
forn=1,2,---, and that
(2.7)
]Gn,q - Hnl
2 2z 2
—vi,m, P — 1 0 zan(sat) — — —
<p o exp 57 /Q Eyen dsdt » |Fo(Z) — F(Z)|dz
< sup |F(7) - F(2)|.

z€Q

Thus (2.6) holds uniformly in n for all positive integers n, and hence for
9= 11 2’ Tty

(2.8) I, = / F(p#)dE = lim G,
C; n—roo
and
(2.9) I—E/ F(pf)dZ = lim I, = lim lim G,4
cz g— o0 g— 00 n—oo

By the iterated limits theorem, it follows from (2.8) and (2.9) that

I=1lm lim Gpg= lim lim G,,= lim H,.

g—0o0 n—0o0 n—00 g—oo n—o0
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THEOREM 2.3. Let p > 0 and let {0} be a sequence of subdivions of
Q such that the norm |jo,|| — 0 as n — oo, and let [,m, be the number

of sub-rectangles in o,,. Then if F € S*(L%(Q)),
(2.10)

F(pz)dz
%1

2
. - p—1
= lim p ""‘""‘/ exp /
noreo C3 20* Jq

Proof. By Theorem 1.1 and Proposition 2.2, we have that S(L3(Q)) C
I' and hence that S*(L5}(Q)) C T.

9%, (s,t)
dsot

2
dsdt} F(2)dz.

The following theorem can be obtained by extending Theorem 1.2 in
the same way that Theorem 2.3 was obtained by extending Theorem 1.1

THEORM 2.4. Let p > 0 and let {3,} be a complete orthonormal
sequence of functions on Q. Then if F € S*(L3(Q)),

(2.11)
/ F(pZ)cx
%
= 1; -vn P2 1l ) - 2 N\ 1
= nlg%op /(;; exp{ 557 ;; [/Q 1/)J(s,t)da:k(s,t)} } F(Z)dz.

REMARK 2.5. Using extensions of the techniques developed in this
paper, we can formulate the counterparts for N-parameter Wiener space.

EXAMPLE. Welet v =1 and [a, b] = [c,d] = [0, 7] and define ¢;(s) =
sinjs for j = 1,2,---. Then {¢; x(s,t) = ¥;j(s)¥x(t)} is a complete or-
thonormal set on Q = [0, 7] x [0, 7]. Define the functional F : Cp(Q) —
C by

F(z) = exp {aLm(s,t)mscwtdsdt}
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for 2 € C2(Q) where a is a real or complex number. We now use the
{¥; +} and F, and evaluate the two sides of (2.11). By using integration
by parts formula and the Paley-Wiener-Zygmund theorem, we obtain

F(px)dx::/c exp{g—gz/Cztpl,l(s,t)dx(s,t)}dx

C:

- \/%; [—oo exp{aTmu}exp{—uzﬂ}du = exp{(apn)?/8}.

On the other hand, we apply the Paley-Wiener-Zygmund theorem to the
right side of (2.11) so that

2

I m
: —lm P2 -1 7
l,r];llfoop /;,', exp 57 E E [/Q ;Z)j,k(s,t)dz(s,t)} F(z)dz

7=1k=1

I m
- ~1 2 am
- o o0 [ oo 52155 e ()

exp { —

duy ;- --durm = exp{(apr)?/8}.

|-
h~
MS
[
o
-~
N, ncses?’ :,-

Thus we have established that the equation (2.11) is valid for all
complex number a. In particular, if a is pure imaginary, then F(z) €
S(Ly(Q)). On the other hand, if Rea # 0, then F(z) is unbounded,
so F(z) ¢ S*(Ly(Q)), and also F(z) ¢ S*(Ly(Q)). Thus this exam-
ple shows that the class of functionals for which (2.11) holds is more
extensive than S*(L3(Q)).
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