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A CLASS OF BCH-ALGEBRAS

J.W. NaM, S.M. HonG AND Y.B. JUN

In 1986, K. Iséki[6] introduced the notion of a BCI-algebra which is
a generalization of a BCK-algebra. In {4] and [5], Q.P. Hu and Xin Li
discussed the BCH-algebra. The notion of BCH-algebras generalizes the
notion of BCl-algebras in the sense that every BCl-algebra is a BCH-
algebra, but not vice versa(see[5]). Changchang Xi[8] discussed the BCI-
algebra satisfying (s * y) * 2 < z * (y * z). In this paper, we investigate
some properties of BCH-algebras and study the BCH-algebra satisfying
(z*y)*2z < zx(y=*2z2) for all x,y,2 in the algebra, which is called a
quasi-associative BCH-algebra.

Let us recall definitions.

DEFINITION 1. A BCl-algebra is an abstract algebra (X;*,0) of type
(2,0) with the following conditions:

(D) (z*y)x(z*2))x(z*y) =0,

(2) (z%(z*y)) xy =0,

B)zxz =0,

(4) zxy=y*z =0 implies z = y,

(5) £*0 =0 implies z = 0,

for all z,y,z € X.

DEFINITION 2. A BCH-algebra is an algebra (X;,0) of type (2,0)
satisfying the following conditions: for every z,y,2 € X,

(3) r*xz =0,

(4)zxy=y+*z=0impliesz =y,

6)(z*y)x2z=(z*2)*y.

We will use the symbol ” < ” defined by z < yifandonly f z+y =0
for all z,y € X.

A BCH-algebra has the following basic properties (for the proofs, see

[4] and [5]) :
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(2) (z*(z*y))*y =0,
(5) z*0 =0 implies z =0,
(7 z+0==z.

First of all, we give some examples of quasi-associative BCH-algebras.

ExAMPLE 1. Every quasi-associative BCl-algebra is a quasi-associative
BCH-algebra.

EXAMPLE 2. Any BCl-algebra with weak unit is a quasi-associative
BCH-algebra.

EXAMPLE 3. Let X = {0,1,2,3} and the operation * given as follows:

* 0123
0 0000
1 1033
2 2002
3 3000

Then (X;*,0) is a (proper) BCH-algebra (see [4]), and it is quasi-
associative but not associative.

ExXAMPLE 4. Let X = {0,1,2, 3} and the operation * given as follows:

* 0123
0 0000
1 1001
2 2303
3 3000

Then X is a (proper) BCH-algebra (see [4]), and it is quasi-associative
but not associative.

PROPOSITION 1. In a BCH-algebra X, we have
zxy < zimpliesz*z<y,
for all z,y,z € X.
Proof. 1t is obvious by (6).
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THEOREM 1. If a BCH-algebra X astisfies the condition
(I) <y implies zxy < zxz for all z,y,2 € X,

then X is a partially ordered set with respect to <.
Proof. By (3) and (4), we only prove that

<y, y<z imply z <=z

In fact, asume that z < yand y < z, then by (1), we have zxz < z*y = 0.
It follows from (5) that z * 2 = 0, that is, ¢ < 2, which completes the
proof.

LEMMA 1 ([7]). Let X be an abstract algebra of type (2,0) with a
binary operation * and a constant 0. Then X is a BCI-algebra if and
only if it satisfies the following conditions:

(1) ((z*+y)*(z*2))*(zxy) =0,

(4) zxy=y*z =0 impliesz =y,

(7) 2 %0 =z,
allz,y,z € X.

THEOREM 2. A BCH-algebra X is a BCl-algebra if and only if it
satisfies

(II) z <yimpliesszxz<y=*zforalzyzeX.

Proof. Necessity is clear. Let X be a BCH-algebra satisfying (II). By
Lemma 1, we only prove (1). In fact, we know that

(z*y)*(z*2)) * (2 xy)
=((z*(z*2))*xy)x(z*xy) by (6)
(z*xy)*(z*y) by (2) and (1)
=0. by (3)

It follows from (5) that ((z*y)*(z*2))*(2*y) =0for all z,y,2 € X.
This completes the proof.

Following [8] we have
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COROLLARY 1. If a BCH-algebra X satisfies the condition (II), then
Oxz<zifandonlyif 0¥z =0%(0*z) forallz € X.

Following [2], [3], [6] and [8], we have

COROLLARY 2. If a BCH-algebra X satisfies the condition (II), then
we have the following:

(a) ¢ xy > 0 implies y *z > 0,

(b) ((zxy)xz)(z*(y*2)) < (0*2) 2,

(c)(yxz)*(2%xz) < y=*z,

(d) ((zxy)*z)*x(u*xz) < (z*u)*y,

() ((zxy)xz)*x((z*u)*y) Su=xz,

) (xy)*(z*xu) < z*(z*x(ux*y)),

(8) (z*y)*(z*(2+(u*y))) < zxu,

(h)zx(z*(z*x2))=zx*z,

() (a*(z*y))*(y*z)<aq,

() 0*(z*xy) =(0xz)*(0*y),

(k)0*x(0*(0*z))=0x*z.

PROPOSITION 2. If a BCH-algebra X satisfies the condition (II), then
X also satisfies the condition (I).

Proof. Assume that £ < y. Then we have

(z*xy)*(z*xz)=(zx(zxz))*y by (6)
<z=*y by (2) and (II)
=0.
It follwos from (5) that (z * y) x (z x ) = 0, that is, z * y < z * £ which
proves (I). :

REMARKS. 1. Proposition 2 is also an immediate consequence of
Theorem 2 and [3 ; Lemma 1.6].

2. It does not hold in general that (I) = (II) because, in Example 3,
X satisfies (I) but not (II).

Combining Theorem 1 and Proposition 2, we have

COROLLARY 3. If a BCH-algebra X satisfies the condition (II), then
X is a partially ordered set with respect to < .
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PROPOSITION 3. If X is a quasi-associative BCH-algebra, then 0z =
0+(0*z) forallz € X.

Proof. Assume that X is quasi-associative. Then we have
0xz=(0%x0)*z <0x(0*zx)
for all £ € X. On the other hand, we also have
(0x(0xz))*x(0%xz) <0*((0*z)*(0=xz))
=0x0=0.

It follows from (5) that (0% (0%z))*(0*z) = 0, which means 0%(0xz) <
0+ z. Hence we have 0 xz = 0% (0x z) for all z € X.

From Theorem 2 and [8 ; Theorem 3] we have

THEOREM 3. Lex X be a BCH-algebbra satisfying the condition (. II)
Then the foIIowmg are equivalent:

(i) X is quasi-associative,

(ii) 0%z < z,

(iii)) 0 x (z xy) = 0 (y * z),

(iv) (0xz)*xy = 0% (z xy),

(v) (2 +y) * (y+2) 2 0,
forall z,y € X.

LEMMA 2 ([4 ; LEMMA 4]). Let X and Y be BCH-algebras and let
X®Y ={(zy)l e X,y Y}.
We define the composition * on X @ Y by
(z,9) *(z",y) = (z x 2",y ¥/)

for all (z,y),(z',y') € X ®Y. Then (X @ Y;+,(0,0)) is a BCH-algebra,
which is called the direct sum of X and Y.

We can easily extend this construction to any family of BCH-algebras.
Let (Xj)jes be a family of BCH-algebras indexed by J. We define the
direct sum @;csX; of BCH-algebras X, j € J, as follows: an element of
®;ecsX; is a family of (z;);jes with z; € X; and z; # 0 for only a finite
number of subscripts. The composition * is defined by

(z5)jer * (¥jdies = (zj * yj)ied-



18 J.W. Nam, S.M. Hong and Y.B. Jun

THEOREM 4. If X and Y are quasi-associative BCH-algebras, then
the direct sum X @Y is also quasi-associative.

Proof. We have that for every (z,y),(z',y'),(z",y") € X @,

(((z,9) * (=", 4") * (=", y") * (=, 9) = (=, ¥") * (=", 4")))
=((z*2',y*y")* (2",4") * (z,y) * (=" + 2",y +¢"))
=((z*xz')*z",(y*xy) *y") *(z x (' x "),y * (¥’ *y"))
=(((z*2")*x ") ¢ (2 *(z" ")), ((y+y" )+ y") * (y+ (4" x¢")))
= (0, 0).

This means that

((z,u) * (', y")) * (=", ") < (z,9) * (=", ¥') = (=", ¥"),
proving that X @Y is quasi-associative,

COROLLARY 4. If(X;);ey is a family of quasi-associative BCH-algebras,
then so is @jesX;.
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