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GENERALIZATIONS OF KY FAN'S MATCHING

THEOREMS AND THEm APPLICATIONS, II

SEHIE PARK

1. Introduction
In our previous work [9], we obtained generalizations of Ky Fan's

matching theorems for open [or closed] coverings and their applica
tions. In the present paper, we obtain further generalizations of some
main results in [~]'.[9] by a.d0pti~ more~eneral coercivity conditions.
The necessity ofsuCh-gener81 conditions is·-motiVated by recent worKS
in [1], [2], [3], [4], [6]. In fact, from our previous matching theorem
[9, Theorem 1], we deduce a general matching theorem, general KKM
type intersection theorems, the Fan-Browder type fixed point theo
rems, minimax inequalities, and a geometric properly of convex sets.

In Section 2, Theorem 1 is the matching theorem given by the author
[9, Theorem 1]. Theorem 2 generalizes Theorem 1 to non-eompact case
with a new coercivity conditon and includes Fan [5, Theorem 3] and
Park [9, Theorem 2].

Section 3 deals with generalizations of the KKM type intersection
theorems. Theorem 3 extends Chang [3, Theorem 2.1] and Lassonde
[7, Theorems I and Ill].

In Section 4, we obtain new Fan-Browder type fixed point theorems.
In fact, Theorem 5 generalizes Jiang [6, Lemma 2.1], Park [8, Theorem
11, and many others.. Corollary 6 is a dual f0I'IIl of Theorem 5 including
·Park [8, Thoorem4Tall<fothers.- ----.--- ---- .-----.

Section 5 deals with analytic alternatives generalizing the well
known Ky Fan minimax inequality. In fact, Theorem 7 contains [8,
Theorem 9] and various extensions of the Ky Fan inequality due to
many authors. From Theorem 7, we obtain Corollary 8, which in
cludes recent results of Bae and Kim [1, Theorem 1], Bae, Kim, and
Tan [2, Theorem 1], and Ding and Tan [4, Theorem 1].
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In Section 6, we give a geometric property of convex sets. Theorem
9 is a far-reaching generalization of Ky Fan's 1961 Lemma and includes
results in [2], [8], [10].

Since particular forms of our new results have many applications as
shown in the literature, some of them could be improved in view of this
paper. For example, most of results in [8] can be improved by adopting
the new coercivity condition.

2. Matching theorems for open coverings

A convex space X is a nonempty convex set X (in a vector space)
with any topology that induces the Euclidean topology on the convex
hulls of its finite subsets [7]. A nonempty subset L of X is called a c
compact set if for each finite subset N c X there is a compact convex
subset of X containing L U N [7].

For any topological spaces X and Y, let C(X, Y) denote the class
of all continuous functions from X into Y. For other terminology and
notations, we follow [7], [9].

We begin with the following [9, Theorem 1] :

THEOREM 1. Let D be a nonempty subset of a compact convex
space X, Y a topological space, and A : D -+ 2Y a multifunction
satisfying

(i) for each x E D, Ax is compactly open in Y, and
(ii) A(D) = Y.

Then, for each f E C(X, Y), there exist a nonempty finite subset
{XI,X2, ... ,Xn} of D and an Xo E CO{Xl,X2, ... ,Xn } such that fxo E
n7::1 AXi.

The following consequence of Theorem 1 is the main result of this
paper:

THEOREM 2. Let D be a nonempty subset of a convex space X, Y
a topological space, A : D -+ 2Y a multifunction, and f E C(X, Y).
Suppose that there exists a nonempty compact subset K of Y such
that

(i) for each x E D, Ax is compactly open;
(ii) for each yE f(X) n K, A-ly is nonempty; and
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(iii) for each finite subset N of D, there exists a compact convex
subset L N of X containing N such that x E LN\f-I(K) im
plies fx E A(LN n D).

Then, there exist a nonempty finite subset {Xl, X2, ... , x n } of D and
an Xo E CO{Xl,X2, ... ,xn } such that jxo E n~==l AXi.

Proof. Since j(X) n K is compact in Y and is included in A(D) by
(ii), there exists a finite subset N = {PI,P2, ... ,Pm} C D such that
j(X) n K C U:'l Api. Let Xl = L N be the compact convex subset
of X as in (iii). Let D I = Xl n D and YI = A(Dd. We show that
j(Xt} C YI . In fact, if x E Xl n f-l(K), then jx E j(Xt} n K C

j(X) n K C U:'l APi C A(XI n D) = YI . On the other hand, if
x E Xl \j-I(K) = LN\j-I(K), then, by (iii), jx E A(LN n D) = YI .
Hence A and j can be regarded as functions A : D l -t 2Y1 and j E
C(Xl, Yd. By applying Theorem 1 to Dl, Xl, and Yl, we have the
conclusion.

REMARKS. 1. Instead of (ii), we may assume
(ii)' A(D) = Y

in Theorem 2 without affecting the conclusion.
2. The coercivity condition (iii) is motivated by Chang [3} and

improves that of Jiang [5, Lemma 2.1}.
3. If there exists a c-compact subset L of X, then, instead of (iii),

we may assume any of the following:
(iii)l for each x EX\j-I(K), jXEA(co(LU{x})nD).
(iiih Y\A(L n D) C K.

In fact, it is easy to check (iiih =:::} (iiih =:::} (iii).
Theorem 2 with (iiih instead of (iii) reduces to Park [9, Theorem 2],

which is a generalization of the matching theorem for open coverings
due to Ky Fan [5, Theorem 3}.

3. Generalizations of the KKM theorem

Theorem 2 with (ii)' instead of (ii) may be restated in its contra
positive form and in terms of the complement Fx ofAx in Y as follows:

THEOREM 3. Let D be a nonempty subset of a convex space X, Y
a topological space, F : D -t 2Y a multifunction, and j E C(X, Y).
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Suppose that

(i) for each x E D, Fx is compactly closed in Y;
(ii) for any finite subset {Xl, X2, ... , xn } of D,

n

f( CO{Xl' X2,"" xn }) C UFXii
i::=1

and
(iii) there exist a nonempty compact subset K ofY and, for eaclI

finite subset N of D, a compact convex subset LN of X con
taining N suclI that X E LN\f-l(K) implies fx ~ n{Fz : z E
LNnD}.

Then we have n{Fx : X E D} =1= 0.
REMARK. If there exists a c-compaet subset L of X, then, instead

of (iii), we may assume the following:
(iii)' n{Fz: z E LnD} c K.
Theorem 3 with (iii)' instead of (iii) is due to Lassonde [7, Theorem

I] and, as indicated in [9], contains a number of generalizations of the
KKM theorem.

From Theorem 3, we obtain the following :

COROLLARY 4. Let D be a nonempty subset of a convex space X,
and F : D ---+ 2x a multifunction. Suppose that

(i) for each X E D, Fx is compactly closed in X;
(ii) for any finite subset {Xl, X2, ... , xn } of D,

n

co{XI, X2,···, xn } C UFXii
i::=1

and
(iii) there exist a nonempty compact subset K of X and, for each

finite subset N of D, a compact convex subset L N of X con
taining N suclI that

LN n n{Fx : X E LN n D} c K.

Then n{Fx : x E D} =1= 0.
Proof. In Theorem 3, put X = Y and f = Ix.
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REMARK. Corollary 4 is due to Chang [3, Theorem 2.1] and im
proves Lassonde [6, Theorem Ill] who assumed the Hausdorffness of
the underlying topological vector space and adopted a stronger condi
tion than (iii).

4. The Fan-Browder type fixed point theorems

As an application of Theorem 2, we give the following generalization
of the Fan-Browder fixed point theorem:

THEOREM 5. Let D be a nonempty subset of a convex space X, Y
a topological space, A : X --+ 2Y , B : D --+ 2Y multifunctions, and
f E C(X, Y). Suppose that there exists a nonempty compact subset K
of Y such that

(a) Bx C Ax for each x E D;
(b) A-l(Jx) is convex for each x EX;
(c) B-ly =1= 0 for each y E f(X) n K;
(d) Bx is compactly open for each x E D; and
(e) for each finite subset N of D, there exists a compact convex

subset L N of X containing N such that x E LN\f-l(K) im
plies fx E B(LN n D).

Then there exists an Xo E X such that fxo E Axo.

Proof. Since the conditions (d), (c), and (e) imply (i), (ii), and
(iii) of Theorem 2, respectively, there exist {Xl,X2, ... ,X n } CD and
Xo E CO{Xl,X2, ... ,X n } such that fxo E n~=lBxi C n~=lAxi by
(a). We have Xi E A-l(JxO) for all i = 1, ... ,n, and hence by (b),
CO{Xl,X2, ... ,X n } C A-l(Jxo). In particular, Xo E A-1(Jxo), that is,
fxo E Axo. This completes our proof.

REMARKS.!. For D = X and A = B, Theorem 5 includes Jiang
[6, Lemma 2.1]. Some particular forms and applications to fixed point
theorems are also given in [6].

2. Particular versions of Theorem 5 are due to Park [8, Theorem
1], [9, Theorem 6], where A should be A : X --+ 2Y and Xo E X.
As we noted in [8], Theorem 5 generalizes a number of results due
to Takahashi, Lassonde, Ben-El-Mechaiekh-Deguire-Granas, Simons,
Ko-Tan, and Browder.
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3. In Theorem 5, we may replace (a) and (b) by coB- l y C A- l y for
each y E Y.

From Theorem 5, we have the following "dual" form:

COROLLARY 6. Let Y be a topological space, X a convex space,
S, T : Y ---? 2x multifunctions, and f E C(X, Y). Suppose that there
exists a nonempty compact subset K of Y such. that

(a) Ty c Sy for each. y E Yj
(b) S(Jx) is convex for each. x E X j

(c) Ty =1= 0 for each. y E f(X) n Kj
(d) T- l X is compactly open for each x E X j and
(e) for each. :finite subset N of X, there exists a compact convex

subset LN of X containing N such that x E LN\f-1(K) im
plies T(Jx) C LN.

Then there exists an Xo E X such. thatxo E(Sf)xo.

Proof. Put D = X, A-I = S, and B-1 = T in Theorem 5 replacing
(e) by (iii)1 in the Remarks of Theorem 2.

REMARK. Corollary 6 extends Chang [3, Theorems 2.4 and 2.7).
Instead of (e), if there exists a c-compact subset L of X, then we may
assume

(e)' Y\T- l (L) C K
in Corollary 6 without affecting the conclusion.

Corollary 6 with (e)' instead of (e) is due to Park [8, Theorem 4]
and, as we noted there, includes a number of results due to Ben-El
Mechaiekh-Deguire-Granas, Ko-Tan, Browder, and Tarafdar-Husain.

5. Analytic alternatives

In our previous work [8J, a particular form of Theorem 5 with D = X
is shown to have various equivalent formulations and applications, that
is, alternative forms, geometric forms, fixed point theorems, coinci
dence theorems, minimax and variational inequalities, etc. This can
be done for Theorem 5 with D = X.

The following is an analytic alternative and a far-reaching general
ization of the Ky Fan minimax inequality.
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THEOREM 7. Let X be a convex space, Y a topological space, a ~

/3, I, 9 : X XY -t [-00, +00] functions, and s E C(X, Y). Suppose that

(i) for each x E X, {y E Y: g(x,y) > a} is compactly open;
(ii) for each y E Y, {x EX: I(x, y) > /3} ~ co{x EX: g(x, y) >

a}; and
(iii) there exist a nonempty compact subset K of Y and, for each

finite subset N of X, a compact convex subset L N of X con
taining N such that, for each x E LN\S-I(K), there exists an
Xl E LN such that g(Xllsx) > a.

Then either (1) there exists a Yo E K such that g( x, Yo) S; a for all
x E X, or (2) there exists an Xo E X such that f(xo, sXo) > /3.

Proof. For each x EX, let

Ax = {y E Y: f(x,y) > /3},
Bx = {y E Y : g(x, y) > a}.

Then Bx is compactly open by (i), A-Iy ~ co B-Iy for each y E Y
by (ii), and for each finite subset N of X and each x E LN\S-I(K),
we have sx E B(LN) by (iii). Suppose that (2) does not hold, that is,
sx f/. Ax for any x E X. Then by Theorem 5 (with Remark 3 there),
there is a Yo E s(X)nK such that B-IyO = 0, that is, g(x,yo) S; a for
all x EX. This completes our proof.

REMARK. Theorem 7 generalizes [8, Theorem 9]. As we noted there,
[8, Theorem 9] includes various extensions of Ky Fan's 1972 mini
max inequality due to Takahashi, Ben-EI-Mechaiekh et al., Lassonde,
Aubin, Allen, Lin, Tan, Yen, Shih and Tan, and others.

From Theorem 7, we obtain the following practical form:

COROLLARY 8. Let X be a convex space and f,g : X X X -t

[-00, +00] functions. Suppose that

(0) f(x,x) S; 0 for all x E X;
(i) for each x E X, {y EX: g(x, y) > O} is compactly open;

(ii) for each y E X, {x EX: f(x,y) > O} ~ co{x EX: g(x,y) >
O}; and
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(iii) there exist a nonempty compact subset K ofX and, for each fi
nite subset N ofX, a compact convex subset LN ofX contain
ing N such that, for each y E L N \K, there exists an x E L N

with g(x,y»O.

Then there exists a Yo E K such that g(x, YO) ~ 0 for all x E X.

Proof. Put X = Y, s = lx, and a = f3 = 0 in Theorem 7.

REMARKS. 1. Particular forms of Corollary 8 are due to Bae and
Kim [1, Theorem 1], Bae, Kim, and Tan [2, Theorem 1], and Ding
and Tan [4, Theorem 1]. These authors applied Corollary 8 to (quasi-)
variational inequalities, fixed point theorems, and other results. Such
results can be improved by adopting the more general coercivity con
dition (iii) as in Corollary 8 instead of their condition.

2. As the authors of [1], [2], [4] noted, Corollary 8 includes minimax
inequalities due to Shih and Tan, Fan, Tan, Allen, and others.

6. A geometric form
Theorems 5 and 7 can be expressed in a· geometric form. In fact,

the following is a far-reaching generalization of Ky Fan's 1961 Lemma.

THEOREM 9. Let X be a convex space, Y a topological space,
A,B C X X Y, and sE C(X,Y). Suppose that

(i) for each x EX, {y E Y: (x,y) E B} is compactly open;
(ii) for each yE Y, {x EX: (x, y) E A} ~co{x EX: (x, y) E B};

and
(iii) there exist a nonempty compact subset K ofY and, for each

finite subset N ofX, a compact convex subset LN of X con
taining N such that for each x E LN\S-l(K), LN n{z EX:
(z, sx) E B} i- 0.

Then either (1) there exists a Yo E K such that {x EX: (x,Yo) E
B} = 0, or (2) there exists an Xo E X such that (xo, sxo) E A.

Proof. Use Theorem 5 with D = X as in the proof of Theorem 7.

REMARKS. 1. A number of particular forms of Theorem 9 can be
found in [8].

2. For X - Y and S = lx, particular forms of Theorem 9 were due
to 8hih and Tan [10], and Bae, Kim, and Tan [2]. These authors applied
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Theorem 9 to obtain minimax inequalities of the von Neumann type,
results on systems of convex inequalities, and fixed point theorems.
Some of these results could be improved in view of Theorem 9.
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