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ON ALMOST EVERYWHERE WARPED PRODUCT

MANIFOLDS WITH HARMONIC CURVATURES

IN-BAE KIM, JONG TACK eRO AND KyO KUEN HWANG

I. Introduction

The notion of warped product manifolds is an important branch of
research on differential geometry (see [1] and [2]). The author intro­
duced the notion of almost everywhere warped product manifolds in
[4], which is a smooth extension of that of warped product, and studied
some fundamental properties of the manifolds.

Recently the research of Riemannian manifolds with harmonic cur­
vatures has becol11e' a topic on differential geometry (see [6] and [7]). It
is natural for this research to ask that the Hicci tensors of Riemannian
manifolds with harmonic curvatures are parallel or not. As an affir­
mative answer of this question, we shall deal with almost everywhere
warped products with harmonic curvatures.

The purpose of this paper is to study a perfect condition for almost
everywhere warped product manifolds to have harmonic curvatures or
parallel Ricci tensors. Some geometric properties of these manifolds
will be investigated, and the so-called Bourguignon's conjecture will
be solved negatively by virtue of this study. After recalling the prop­
erties of almost everywhere warped products in paragraph Il, we shall
investigate some conditions to have harmonic curvatures and parallel
Ricci tensors in paragraphs III and IV respectively. Paragraph V will
be devoted to discuss the Bourguignon's conjecture.

11. Almost everywhere warped products

Let M} and M 2 be Riemannian manifolds of dimensions m and n
respectively, and f a positive-valued differential function on M} only.
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The warped product M = M 1 X 1M2 is the product manifold M 1 x M2
endowed with the Riemannian metric

(2.1) (X,X) = (1I"1X,1I"1X) + f2(1I"1X)(1I"2X,1I"2X)

for any vector X E Tx(M), x E M, where 1I"a(a = 1,2) are the natural
projections 11"1 : M -+ Ml, 11"2 : M -+ M 2 , the differential map of
11"a is denoted by the same character, and ( , ) is the Riemannian
inner product. Every surface of revolution (not crossing the axis of
revolution) is the typical example of the warped product (see [2)).

Now we shall recall the notion of almost everywhere warped products
in [4J. Let M be an (m+n)-dimensional Riemannian manifolds, M 1 an
m-dimensional submanifold of M, f a differentiable function defined
on M t , N the zero-level hypersurface given by f = 0 and Mf a con­
nected component of M 1 - N. We assume that the gradient vector field
of f does not vanish on N. If M - N is diffeomorphic to the product
manifold Mf x M 2 of Mf with an n-dimensional Riemannian manifold
M 2 , and if the Riemannian metric of M is given by (2.1) on M - N,
then we say that M is an almost everywhere warped product (briefly
AEWP) of M 1 and M2, and denote it by M = M 1 X 1M2. We see that
AEWP M = M 1 X 1M2 is a warped product if the zero-level surface
N of f is empty. 2-dimensional Euclidean space R2 expressed by the
usual polar coordinate system is an AEWP R2 = R x f S of a real line
R and a circle S, where f is the distance function from the origin to any
point of R 2 • Another examples are given in [4]. Let (x A) = (x h , xP ) be
a local coordinate system of the AEWP M = M 1 X 1M2, called a sep­
arate coordinate, where (x h ) and (xP ) are those of M 1 and M 2 respec­
tively. Here and hereafter the indices A, B, C, D,··· j h, i,j, k,··· and
p,q,r,s,'" run over the ranges 1,2,'" ,m,m+1,···m+nj 1,2,···,m
and m + 1, m + 2, ... , m + n respectively, unless otherwise stated. If
the components of the metric tensors of M, M 1 and M 2 are denoted
by 9BA, 9ji and gqp respectively, then the metric form of the AEWP
is expressed by

(2.2) 9BAdx BdxA = 9jidx j dx i + [f(xh)]2gqpdxqdxp

with respect to the separate coordinate system. The components of
the metric tensor of M belong to (xP ) are equal to

f 2­
9qp = 9qp
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If we denote the Christoffel symbols of M, M 1 and M 2 by r~c,

{/d and {rP q} respectively, then it follows from (2.2) that

(2.3) { rh - {.h.} rh - 0 rh - jjh-gji - J I' jq - , rq - - rq'

r p - 0 r P - j-lj.J:p rp - {p}ji - , jq - JUq, rq - r q ,

where we have put

i h ih!J ::= 0 j / Ox and j ::= 9 Ii·

Let D, V' and \7 be the Riemannian connections of M, M 1 and M 2 with
respect to the metrics 9BA, 9ji and gqp respectively. The components

of curvature tensors of M, M1 and M 2 will be denoted by K~CB' Rtji

and R:rq respectively. Then, by use of (2.3), we have the relations

(2.4)

- Rh T.'h - K P - K h - 0- kji' .n..sji - krq - sri - ,

= -f(V'kfh)grq, K:ji ::= -f-l('\7jj;)8~,

= R:rq -lIGII2(8~grq - 8~gsq),

where 11 11 indicates the magnitude of a tensor and

G = grad f.

It follows from (2.4) that

IIKL5cBI1 2
= Il Ri j ill2 + 4nj-zlI'\7jG1I2

+ f- 4 11(Rsrq P -IIGII2(8~grq - 8~gsq»IIZ.

If the function f has non-empty zero-level surface N, then we make a
point of M 1 tend to a point on N and obtain the following

THEOREM 2.1([4]). Let M = M1 X 1M2 be an AEWP of two Rie­
mannian manifolds M 1 and M 2 of dimensions m and n (~ 2). If f
has non-empty zero-level surface N, then M 2 is a space of constant
curvature, that is,
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The components of Ricci tensors of M, M l and M 2 will be denoted
by KGB, Rji and R rq respectively, which are defined by

DA kh - -s-KGB = 9 KDGBA' Rji = 9 Rkjih and R rq = 9 p R srqp .

The scalar curvatures K of M, R of M l and R of M 2 are defined by

It follows from (2.4) that

(2.5)
= Rji - nI-lViIi, Kjq = 0,

= R rq - [(n -1)IIGII2+ ft:1/]9rq,

= VkRji - nj-lVkVi/i + n/-2jkVj!i,

= DkKjq = 0,

= - j-1 fJR sq + [fJl::1/ + (n -1)/-1I1GII2fJ - ~VjIlGII2

+ f t Rji]9rq,

= -2j-1/kRrq + [Jkl::1j + 2(n - 1)f-1I1GII 2jk

-(n - 1)Vk 11G1I 2
- /V k t:1j]9rq,

where 1::1/ is the Laplacian of /. By a simple computation, the covariant
derivative of the Ricci tensor of M is given by
(2.6)

DkKji

DsKji

Ill. The harmonic curvatures

For a Riemannian manifold M, if the divergence cK of its curvature
tensor K of M vanishes identically, it is said to be harmonic. In terms
of a local coordinate system (x A ), the divergence cK is expressed by

Let M = All X f M 2 be an AEWP of two Riemannian manifolds M l

and M 2 of dimensions m and n respectively, and assume that M has
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harmonic curvature. Then it follows from (2.6) that

'hRji - VjRki = -nf-l RijJh

-nf-2(JkVjfj - JiV"f;),

(3.1) fjRrq = [en - 1)IIG1I2h - ~(n - 2)fVj1lG112

- P fiRji - f2VjD.f]grq,

V sRrq = VrRsq .

Transvecting fj to the second relation of (3.1), we have
(3.2)

R rq = IIGII-2[(n-1)IIGII 4 -~(n-2)fGIIGII2 - f2 fj tRji-lGD.f]grq·

Since R rq and grq are quantities of M 2 and the remanining part of
(3.2) is that of M 1 , we see that the scalar curvature R of M 2 given by
(3.3)

R = nIlGII-2 [(n - 1)IIG1I 4
- ~(n - 2)fGIIGII 2 - f2 fj fiRji - f 2GD.f]

is a constant on whole M, and hence M 2 is Einstein.
From the Ricci identity

(3.4)

We have fiRji = -VjD.f + D.1i, where D.fh = gjiVjV;fh. Since it is
easily verified that D.IIGII 2 = 211V fll 2 + 2fiD.fi, we obtain

(3.5) fj tRji = -GD.f + ~D.IIGII2 -IIVfIl 2
,

where IIV fl1 2 = (V j fi)(Vjfi). Substituting (3.5) into (3.3), we have
(3.6)

R = nIlGII- 2 [(n -1)IIGI1 4
- ~(n-2)fGIIGII2 - ~f2D.IIGI12 + f 2I1VfIl 2].

If the function f has non-empty zero-level surface N, it follows from
(3.6) that

Summing up the above results, we can state
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THEOREM 3.1. Let M = M 1 X 1M2 be an AEWP of two Riemann­
ian manifolds ],,11 and M 2 of dimensions m and n respectively. Suppose
that M has harmonic curvature. Then M 2 is an Einstein manifold with
constant scalar curvature

if the zero-level surface N of f is empty, and with constant scalar
curvature

if the zero-level surface N of f is non-empty.

Now assume that M 1 is an m (2:: 2)-dimensional space of constant
curvature R, that is,

(3.7)

Then it follows from the first relation of (3.1) and (3.7) that

(3.8)

Applying fk to (3.8) and summing up with respect to k, we have

2 k 1 2 )
(3.9) IIGII 'Vifi - fd 'Vkh = m(m _ 1) Rf(IIGII gji - hh .

Transvecting gii to (3.8) again, we obtain

(3.10) 2 1'VillGII = 2(!:lf + -RJ)Ii·
m

Therefore, comparing (3.9) with (3.10), we have

(3.11) R -2 R) f
'Viii = m(m _ 1)f9j i + IIGII (!:If + m -1 f h i·
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In general a scalar field f satisfying

is said to be special concircular, where A is a scalar field (see [5]).
The equation (3.10) implies that

and the relations (3.5) and (3.7) give to

Substituting these two equations into (3.6), we have

29

- 2 n-l 2 2 2
(3.12) R = n[(n-l)IIGII -(n-2)f6.f---Rf -f G6.flIIGII1·

m

If the function f is a special concircular scalar field on M1 , then we
see from (3.11) that

R
6.f == ---f.

m-I

Substituting this equation into (3.12), we obtain

- 2 1 2
R=n(n-l)(IIGII + ( )Rf).m m-I

Thus we can state

THEOREM 3.2. Let M = M 1 X fM 2 be an AEWP of an m (~ 2)­
dimensional space M 1 of constant curvature R and an n-dimensional
Riemannian manifold M 2. Suppose that M has harmonic curvature.
Then the function f satisfies the equation
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where R is the constant curvature of M 2 • H / is a special concircular
scalar field, then it satisfies

In the case where M 1 is a I-dimensional, we shall denote the deriva­
tive with respect to the coordinate Xl of M1 by prime. Then it follows
from (3.6) that

(3.13) R = n[(n - 1)(1')2 - (n - 1)/l - /2(1')-ll"].

We can easily see from (3.1) and (3.13) that M has harmonic curvature
if and only if M 2 is an Einstein manifold with constant scalar curvature
R given by (3.13). Thus we can state

THEOREM 3.3. Let M = M1 X 1M2 be an AEWP ofa l-dimensional
manifold M 1 and an n-dimensional Riemannian manifold M 2. Then
M has haJ'monic curvature if and only if M 2 is an Einstein manifold
and the function / satisfies the ordinary differential equation

(3.14) n[(n - 1)(1,)3 - (n -1)//'/" - /2/"'] = RI',

where R is the constant scalar curvature of M 2.

REMARK 3.4. Under the assumptions of Theorem 3.3, it follows
from (2.6) that

(3.15) { D1 ]{u = _n/-2(1/'" - /'/"),

DrK1q = D1Krq = (1/'" - I'/")Yrq,

and otherwise vanished. Therefore we see from (3.15) that the Ricci
tensor of M is not parallel in general

IV. The parallel Ricci tensors

In this paragraph, we shall deal with an AEWP M = Ml X 1M2
of two Riemannian manifolds M 1 and M 2, and assume that the Ricci
tensor KBA of M is parallel, that is, DcKBA = O. Then it follows
from the first relation of (2.6) that

(4.1)
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Applying gJl ond gkz to (4.1), and summing up the repeated indices,
we have

(4.2)

and

(4.3 )

respectively. Comparing (4.2) with (4.3), we obtain

(4.4 )

Since the TIicci identity (3.4) implies

(4.5 )

the equation (4.4) reduces to

(4.6)

From the third r<>lation of (2.6) and the above (4.6), we obtain

(4.7)
- 1 2 1 2

fJR rq = ["2ffj6f + (n - l)IIGII fj -"if "9j6f

- %(n - l)f"9 jIIGI12 j"9rq,

which follows from the fourth of (2.6).
If the function f has non-empty zero-level surface, then we see from

(4.1) and (4.7) that

Conversely jf the relations (4.1) and (4.7) are satisfied on M, we
easily see from (2.G) that the Bicci tensor of M is parallel. Thus we
can state
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THEOREM 4.1. Let M = M I X fM 2 be an AEWP of two Riemann­
ian manifolds Afl and M 2 of dimensions m and n respectively. Then
the Ricci tensor of M is parallel if and only if (1) the covariant deriv­
ative of the Ricci tensor of M I satisfies

and (2) the Ricci tensor of M 2 does

provided I has empty zero-level surface.

In this case where I has non-empty zero-level sunace,

- 2-
"ViJi = 0 and Rrq = (n - l)IIGII grq

are satisfied on Al.
We assume that M I is an m (2: 2)-dimensional space of constant

curvature. Then we see from (3.7) and (4.2) that

(4.8)

(4.9)

It follows from (4.3), (4.5) and (4.7) that

"Vj11G1I 2 = 2(~1 + '::"RJ)!i,
m

where R is the constant scalar curvature of M I . Substituting (4.8) and
(4.9) into (4.7), we obtain

(4.10) -- 2 1 2Rrq = (n - 1)(IIGII - I~I - -RI )grq.
m

Therefore the following is immediate from Theorem 4.1

THEOREM 4.2. Let ~M = M I X fM 2 be an AEWP of an m (2
2)-dimensional space M I of constant curvature and an n-dimensional
Riemannian manifold M 2. Then the Ricci tensor of M is parallel if
and only if (1) the function I satisfies
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and (2) M 2 is an Einstein manifold with the constant scalar curvature

where R is the constant scalar curvature of M I .

If M I is a I-dimensional manifold, and if we denote the derivative
with respect to the coordinate xl of M I by prime, then it follows from
(4.1) that

(4.11) j j'" = f' j".

Taking account of (4.11), the relation (4.7) reduces to

R rq = (n - 1)(J,2 - jj")'9rq'

Thus the following is also immediate from Theorem 4.1.

THEOREM 4.3. Let M = M1 xfM2 beanAEWPofal-dimensional
space M I and an n-dimensional Riemanman manifold M 2. Then the
Ricci tensor of 111 is parallel if and only if M 2 is Einstein and the
ordinary differential equation

n(n - 1)(J,2 - jf") = R

is satisfied, where R is the constant scalar curvature of M 2.

v. The Bourguignol1's COl1jucture

In this paragraph, we shall give a negative answer for the so-called
Bourguignon's conjucture. The conjucture suggested as "the Ricci ten­
sor of a compact Riemannian manifold with harmonic curvature must
be parallel", and A. Derdzinski gave an example as for a negative an­
swer of it in [3J.

Let M = Ah X fM 2 be an AEWP of a I-dimensional manifold
M I and an n-dimensional Riemannian manifold M 2 , and denote the
coordinate x~ of M 1 by t. As stated in Theorem 3.3 and Remark 3.4 in
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paragraph Ill, lvJ has harmonic curvature if and only if M 2 is Einstein,
the function f( t) satisfies

(5.1) n[(n - 1)f,3 - (n - 2)fI'f" - f2 fIll] = RI'.

The non-vanishing derivative of components of the Hicci tensor of M
are given by

{ D1 [(1l :::: nf-2(1'f" - ff'''),

DrI<lq :::: D 1 K rq :::: (I fill - f' f")"9rq'

As in Theorem 4.3, the Ricci tensor of M is parallel if and only if
M2 is Einstein and the function I(t) satisfies

(5.2)

(5.3) n(n -1)(1,2 - 11") = R.

Differentiating (5.3) with respect to t, we have

I' f" :::: 11111
,

and hence the equation (5.3) is rewritten as

2 2 -(5.4) n(n-1)(I' -cl )=R,

where c is a constant on M.
We put a:::: [R/n(n -1)P/2 and c = -b2,0,b2 according to the sign

of c, where b is a positive constant. Then, by a suitable choice of the
first coordinate t of the separate coordinate system (t, x2 , ••• ,x..+1 ) of
M, the solution of the equation (5.4) is given by

at for c = 0,

expbt for c = b2
, R = 0,

(5.5) I(t) = (a/b)sinhbt for c = b2 , R> 0,

-(a/b) cosh bt for c = b2 , R < 0,

(a/b) cos bt for c = _b2 , R > 0.

It is easily seen from (5.2) that the Hicci tensor of M is parallel
if and only if the function f(t) satisfies (5.4), that is, it is equal to a
fun~tion in (5.5). Therefore if I(t) satisfies the equation (5.1) but does
not satisfy (5.4), or even if it is equal to a function of the same type
in (5.5) with some different coefficients to the constant a, then M has
harmonic curvature but the Ricci tensor of M is not parallel. Summing
up these results, we can state
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THEOREM 5.1. Let M = M1 xfM2 bean AEWPofa l-dimensional
manifold Ivh and an n-dimensional Riemannian manifold M 2 • Then
M has harmonic curvature and non-parallel Ricci tensor if and only if
(1) M 2 is Einstein, and (2) the function f is equal to a solution of the
ordinary differential equation

n[(n -1)/,3 - (n - 2)f/'f" - Pf"'] = R/"
which does not equal to a solution of the equation

2 2 -n(n - 1)(/' - cf ) = R,

c and R being a constant and constant scalar curvature of M 2 respec­
tively.

By virtue of Theorem 5.1, we may construct many compact AEWP
with harmonic curvature and non-parallel Ricci tensor. For example,
if we choose A12 as a compact Einstein manifold and the function f as
a solution described in Theorem 5.1, then the Riemannian manifolds
I x fM 2 and S x fM 2 are compact AEWP's and have the properties
mentioned above, where I and S indicate a closed interval and a circle
respectively.
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