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Applications of Floquet Theory

Hyun-Ho Chang

ABSTRACT. In this paper we obtain the asymptotic behavior 
of solutions of the perturbed system xf = (A(t) -F of 
x' = A(t)x by using the Floquet theorem.

Consider the system

(L) xf = A(f) ⑦

where A(t) is a matrix of continuous functions on R and A(t 十 T) = 

A(f) for all f G R and some constant T > 0. Floquet theory for 

(L) concerns the representation of a fundamental matrix with the 

same period T and a solution matrix for the system with constant 

coefficients, that is, if Z(') is a fundamental matrix for (L), then 

there are a nonsingular T-periodic matrix P and a constant matrix R 

such that Z(t) = P(t)eRt.

Murdock [5] studied the Floquet theory for quasiperiodic systems. 

That is, the problem of reducing (L), where A(t) is a quasiperiodic 

(A(t) = a』), …血) is continuous and periodic

with period 2冗 in each argument) n x n matrix, to a system with 

constant coefficient is studied by means of an associated linear partial 

differential equation.

EbOwaidy and Zaghrout [3] investigated the generalized Floquet 

theory.

Becker, Burton and Krisztin [1] presented a Floquet-type theory 

for a system of Volterra equations

:z:'(/) = A(t)：z：(t) + J (7(/, ds + /(/),
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where A and C are n x n matrices, y and f are vectors, A(t + T) = 

』4(t), and C(t + T, 昌 + T) = for some T > 0. They also 

assumed that A and f are continuous on R, while C is continuous for 

—oo < s < t < oo.

In this paper we obtain the asymptotic behavior of solutions of the 

perturbed system

(PL) ⑦' = (A(t) + 

of (L) by using the Floquet theorem.

First, we need the following two lemmas [2].

LEMMA 1. (Variation of constants formula). If ① is a fundamental 

matrix for (L), then the function 中 defined by

W) = ① G)

is the solution of (PL) satisfying (月(0) = :z:(0).

LEMMA 2. (Gronwall’s inequality) Let k be nonnegative constant 

and let f and g be continuous functions mapping on an interval [0, a] 

into [0, oo) with

/(f) <k+f y(«s)gf(«s)cLs for 0 < f < a, 

Jo

then

f(t) < fcexp I 9^) ds 

o
for 0 <t < a.

We consider the perturbed system

(PL) xr = (A(i) +

of (L), where B(t) is an n x n matrix of continuous functions on R.
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THEOREM 3. Let A(t + T) = A(t) and all solutions of (L) tend to 

zero as Z — oo. Then there exists an a > 0 such that \B(t)\ < a 

implies all solutions of (PL) tend to zero as t — oo.

PROOF: The fundamental matrix solution of y1 = A(t)y is P(t)eRt 

by the Floquet theory. Then the solution of (PL) is given by

:r(t) = P(t^eRtx(0) + / ds.

Jo

Thus

W)匕 |P(t)||eHU(0)|

+ [ 1乃(01 |eW-s)| \P~\^\ |B(s)| |x(s)| 成.

By the assumption, we can choose constants K > 0 and /3 > 0 such 

that |6*| < KeT白. And P(t) is periodic implies |P(t)| < M for some 

constant M > 0. Thus we have

|z(i)| < MKe—어|흐(0)| + Ke~^s}\B^\ |z(s)| 成

or

|z(t)|€어 < M2qz(0)| 十 / K\B(s)\ |z(s)|e的 ds.

Jo

Application of Gronwall’s inequality yields

\x(t)\e^ < MK\x(0)\exp I K|B(3)| ds 

Jo

or

|文(01 으 MK|t(0)| exp 서 (JC|B(5)| - /3)ds.

Jo

Then |B(<s)| < a implies

k(i)| 冬 MK\x(0)\ exp I (aK-/3)ds 

o
—> 0 as Z — oo.
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THEOREM 4. Let A(t + T) =』4(i) and all solutions of y1 = A(t)y 

tend to zero as t —> oo. If B(t) = Bi(t) + B2(t) in which 에° |Bi(i)| dt 

< oo, then there exists an a > 0 such that |B：2(')| 玄 a implies that 

all solutions of x1 = (A(i) + tend to zero as t — oo.

PROOF: The solution of (PL) is given by

z(t) = P(i)e어z(0) + 드 p(f)eK(t~5)P~1(s)(B1(s) + B2(s))x(s) ds.

Hence

|x(f)|<|P(f)||e^|k(0)|

+g im)i k하 i ip-v^kibi (이 + iB2(s)i)w)ids.

Choose K > 0 and /3 > 0 with \eRt\ < Ke?供 and the periodicity of 

P(i) implies |P(f)| < M. Thus

KOI < MJife-色|=(0)| + 드 &-=(|Bi(3)| + |B2(s)|)|:r(s)| ds 

|z(t)|e邵 < MK\x(0)\ +〔7((15!(s)| + |B2(s)|)|:z:(s)|e^ ds.

By Gronwall’s inequality

W)|e어 < M"(0)|exp어 互(|*)| + |B2(O 사.

But J^° |Bi(t)| dt < oq implies exp J： K|Bi(s)| ds < L. Now we get

Wl < M2a|:r(0)|exp J『WB2(s)| — 0) 成.

Again choose a > 0 with a < (3/K. Then

|B2(s)| < a implies |x(t)| < M7《'이：r(0)| exp — 0

as t — oo.

I (aK — 0)ds

o
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