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Some Properties of Regular Multiplication Rings

Dong-Soo Lee and Hyun-Bok Lee

Abstract. Let 7? be a commutative ring with identity. A 
ring is said to be a regular multiplication ring if A C B, where 
4 and B are 너e이s of R with B regular, implies that 아lere 
exists an ideal C of R such that A = BC. We characterize 
such rings and study 아｝eir properties.

1. Introduction

Throughout 나lis paper, all rings will be commutative with identities 
and R will always denote a ring. An element of R which is not a zero
divisor is called regular 히id an ideal of R is called a regular ideal if it 
contains a regular element. A ring R is called a regular multiplication 
'讦矽 if 4 으 ]3, where A and B are ideals of R with B regular implies 
that the호e exists an ideal C of R such that A = BC. A ring R is called 
@侦泗 ring if every finitely generated regular ideal of R is invertible.

The purpose of this pape호 is to give some characterizations of reg- 
ular multiplication ring involving their regular ideals. A regular mul
tiplication ring is a generalization of Dedekind domain, ZPI ring and 
multiplication.

A priifer ring is a generalization of a regular multiplication ring. It 
js well known that a ring 1? is a regular multiplication ring if and only 
if every regular ideal of 7? is a unique product of powers of finitely 
many maximal ideals of R [4, theorem 17].

We also note that every regular prime ideal of a regular multiplica- 
tion ring is maximal. In general, our terminology and notation from 
ring theory will follow that of Gilmer [3] and Larsen and McCarthy
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2. Main Results
Lemma 1. A ring R is a regular multiplication ring if and only if 

every regular ideal is invertible.

PROOF: Let B be a regular ideal of R. Then there is a regular 
element & G B and (&) 으 B. Since R is & regular multiplication ring, 
there is an ideal A oi R such that (&) = AB, So B is a factor of a 
regular principal ideal, hence B is invertible.

Conversely, assume that every regular ideal is invertible. Let A 
and B be ideals of R with B regular and with A 으 There is an 
ideal C such that BC = R by hypothesis. If D = ACthen D J R， 
and BD = BAC = ABC = AR = A. Therefore, R is a regular 
multiplication ring.

PROPOSITION 2. Let R be a regular multiplication ring. If P is a 
regular prime ideal ofR, then there are no ideals of R strictly between 
P and F2.

PROOF: Let P be a regular prime ideal of R such that P? 으 /4• 으 
Then there are ideals C, D of J? such that A = PC and P2 = AD = 
PCD. Since P is invertible, P = CD,soCQPotDJP・ If C 으 F, 
then A = PC 으 P2, hence P2 = A. If D 으 P, then P2 = AD 으 AP 
and P C A, hence P = A. Therefore P? q 4 으 尸 implies A = P2 or 
A = P.

A ring R is called a special primdry ring if R has a unique max- 
imal ideal M and if each proper ideal of K is a power of M • By 
Proposition 2, we obtain the following corollary.

Corollary 3. If R is a regular multiplication ring and P is a 
regular prime ideal, then for each positive integer n, R/Pn is a special 
primary ring.

Theorem 4. A ring R is a regular multiplication ring if and only 
if localization Rp of R at prime ideal P is a regular multiplication 
ring for every maximal ideal P of R.

PROOF: Let A! and B1 be ideals of Rp such that A! C B1 with 
Bf a regular ideal of Rp, S = R\P. Then A! = Cl JR), Bf = 
STB' n R), and so SfA n 21) C (甘 Cl R) implies 4’「) R 으 
Bf O R, Since B' is a regular ideal of Rpi Cl -R is a regular ideal
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of R. There is an ideal C of R such that (3‘ Cl R)C = Ar Q so 
"{(BCR)。} = = ST(ZSR)and A = B，C\
where Cf = S^C. Hence Rp is a regular multiplication ring for every 
maximal ideal P oi R.

Conversely, suppose Rp is a regular multiplication ring for every 
maximal ideal P of R. Let A, B be ideals of R with 4 으」B, B 
regular. Since B is a regular ideal of R, BRp is a regular ideal of 
Rp. Since ARp C BR» there is an ideal CRp of Rp such that ARp = 
BRpCRp = (BC)Rp for every maximal ideal P of R)and so A = BC 
Hence R is a regular multiplication ring.

LEMMA 5. Let R be a priifer ring and let T be an overring of R. 
If M is a maximal ideal of T, then Tm = Rn, where N = M R.

PROOF: Exercise X-15 [5, P. 249].

COROLLARY 6. Every overring of a regular multiplication ring is a 
regular multiplication ring.

PROOF: Let be a regular multiplication ring and T an overring 
of R such that R C T C where K is a total quotient ring of R. 
Let M be a maximal ideal of T. Since a regular multiplication ring 
is a priifer, j? is a priifer ring. By Lemma 5, Tm = Thus
Rmhr is not a field, and so M n dR / 0. Hence Af D J? is a maximal 
ideal of R. Since j? is a regular multiplication ring, Rmc\R is a regular 
multiplication ring.

PROPOSITION 7. If a ring R is a quasi-local regular multiplication 
ring, then the set of regular ideals of R is totally ordered by inclusion.

PROOF: Since every regular ideal is a power of only maximal ideal 
of R, the set of regular ideals of R is totally ordered by infusion.

THEOREM 8. Let {•& I z = 1,..., n} be a finite collection of rings 
with identities and let -R = ® ® be the direct sum of these
rings. Then R is a regular multiplication ring if and only if each Ri 
is a regular multiplication.

PROOF: Let & be a regular ideal of R讣 1 < i < n. Then Ri ® 
• •・ e Ri^i ® A： © Rf+i ® • • • ® is a regular ideal of R. Since R is a 
regular multiplication ring. ® • • • ® R^i & & £ Ri^i ® ® -Rn =

- • • A爲where Mi,..., Mm are maximal ideals of R)Mr can
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be written Mk = -Ri ® • • • ® Bjk ® ® 2?n for some maximal ideal
Bjk of Rj. Since © • • • ® 晶一i ® Aj ® Ri^i ® ® Rn Q Ml
for each 知 then i = jk" for each k. Therefore we may assume that 
Mjb = ® • • • ® Bj-i ® Bjt ®」&+i ® • • • ® i?n for each 1釦 where Bk
is a maximal ideal of Ri，Then

= J?1 © • • • © R7 ® B후 ® R+1 ㊉ ・ • ・ e Rn,

・・・M辭=Ri &・..㊉b?・・・」B辭® ••• ®-Rn.

Hence Ai = B^1 - - • where Bj is a maximal ideal of Ri for 1 < 
j <m. Therefore, Ri is a regular multiplication ring.

Conversely, suppose each R& is a regular multiplication ring. Let A 
be a regular ideal of R. Then A can be written uniquely in the form 
A = Ai ® • • -® An. where Ai is a unique product of powers of finitely 
many maximal ideals of -Rj for 1 < z < n i.e., Aj = M^1 --・ 宀 
where Mu,..., Mik are miximal ideals of Ri and Vik are posi
tive integers. Moreover Pij = 2?i ® • • • ® Ri-\ ®Mij ® ® • • • ®
is a maximal ideal of JZ for 1 < i < n, 1 < j < k. Hence A is a 
product of powers of finitely many maximal ideals of J?. Therefore, R 
is a regular multiplication ring.
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