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Discontinuous Derivations on the Banach Algebras 
of Differentiable Functions

Kil-Wong Jun and Dal-Won Park

ABSTRACT. This paper studies the structure and continuity 
of derivations of the Banach algebra Cn(I) of n times con­
tinuously differentiable functions on an interval I into Banach 
Cn (Z)-modules.

1. Introduction
Let Cn(I), I = [0,1], denote the algebra of all n times continuously 

differentiable complex valued functions on I. It is well known that 

Cn(I) is a Banach algebra under the norm

斗Q흐!

Ac=O

whose structure space is I. We denote the space of bounded linear 

maps from a Banach space M into M by B(M). A Banach Cn(I)- 

module is a Banach space M together with a continuous homomor­

phism p : Cn(J) ——> B(Af). A derivation, or a module derivation of 

(7n(Z) into M is a linear map D : Cn(Z) ——> M which satisfies the 

identity

I가Jg) = p(f)D(g) + p(g)D(f), f,g G Cn(I).

To measure the discontinuity of a derivation P, one introduces the 

separating space S(D). This is the subspace of M defined by

S(P)

= {m E M \ there exists {fn} C (7n(I),/n —느 0 and Z)(/n) m}
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It is easily checked that S(D) is a closed submodule of M and the 

derivation D is continuous if and only if *S(Z)) = (0). The continuity 

ideal for a derivation D : Cn(J) —> M is

分(D) = {/ G C"(I) | p(/)S(D) = (0)}.

Clearly 分(P) is a closed ideal in Cn(I). It is proved in [1, Theorem 

3.2], that

安(1?) = {f \ Df is continuous },

where for f € Cn(I), Df(『) = />(/)」□(•). We use the notation

Mn,k(<o) = {fe C"(I) I f(j)(to) = 0; j = 0,1,..., A},

0 < k < n, to E L

These are precisely the closed ideals of finite codimension contained 

in the maximal ideal Mn,o(fo) of functions vanishing at tQ.

In 1974 Bade and Curtis [1] proved that if P is a derivation from 

Cn(I) with singularity set F, then F is finite, say F = {서, A2, • • •, Am } 

and

A호 1Mn,n(Ai) C Q(D) C

If D : Cn(I) ——> M is a derivation, we have

刀(P(2)) = P(p'(2：))刀(2：),P e P,

where P is the dense subalgebra of polynomials in 2:. If D is contin­

uous, it is completely determined by this formula. Thus a continu­

ous derivation D is uniquely determined by the vector P(之) [2]. We 

need to define the notion of the ^-differential subspace of a Banach 

Cn(/)-module, a concept first introduced by Kantorovitz who named 

it usemisimplicity manifold” [3, 4].

DEFINITON 1.1. Let M be a Banach Cn(I)-modulet The k-differen- 

tial subspace is the set Wk (A = 0,1,, n) of all vectors m such that 

the map

p ——> p(p')m

is continuous for the (7n—버4 (I) norm on P.

We quote the following results.
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Lemma 1.2 ([6, Lemma 3.2]). Let M be a Cn(iymodule. A vec­

tor m lies in the k-differential subspace Wk if and only if the map

P ——' P(P)m

is continuous for the Cn^k(I) norm on P.

THEOREM 1.3 (cf. [2, Theorem 4.4]). Let M be a Cn(I) module 

with k-differential subspace Wk- For m G Wk (0 < A: < n), we define 

|||m|||k = sup{||p(p)m|| | ||끼I—k < 1}. Then

(1) IM < |||m|||o < |||m||h < < |||m|||k, m G M,

(2) Wk is a Banach space under the norm ||| • |||k,

(3) Wk is a Cn(I)-module and there exists a unique continuous 

homomorphism

7k : C…(I) — B(M)

such that 7jt(p)m = p(p)m, m G Wk, p € P,

(4) If S E B(Wk) and Sp(z) = p(z)S, then SWk C Wk and 

III이||k < ||이I, where |||이||k is norm of S in B(Wk)t

Recall that the ascent of an eigenvalue A for a linear operator 

T is the smallest integer k such that (T — Al)1서"1 m = 0 implies 

(T — XI)km = 0.

Theorem 1.4 ( cf. [2, Theorem 3.1]). Ifyk : C—%T) —> B(Wk) 

is a continuous homomorphism, every eigenvalue which lies in I for 

7人(之) has ascent at most n — A: + 1.

LEMMA 1.5 ([5, Lemma 5.4]). Let X E I and suppose f G (人) 
for some k = 1,2,n. Then

< Halloo

for every t £ I ~ {A}(m = 0,1,k).

Theorem 1.6 ([2, Theorem 3.2 ]). Let D : Cn(I) —> M be a 

discontinuous derivation. Then

n{Mn,n_!(；\) | A e hull(Q(D))j C 分(P).
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A nontrivial derivation D : Cn(I) ——► M is called singular if D 

vanishes on P (equivalently P(之) = 0). A singular derivation is nec­

essarily discontinuous. A derivation D is decomposable if D can be 

expressed in the form D = where E is continuous and F is sin­

gular. Such a splitting is unique. It was shown in [2] that a derivation 

D : Cn(I) —► M is decomposable if and only if 刀(之) G Wi.

2. Main Results
Let {Ai,)2,• • •, Am} be the hull of a discontinuous derivation D 

from Cn(I) into a Banach (7n(Z)-module M. Choose ek E Cn(Z), 

1 < < m, such that ejt(A) = 1 in the neighborhood Uk of 사,

이 = 0(i 구: fc) in the neighborhood Vk of 사: such that TQ” C Uk and 
XXi 이(우) / 0 f°r all A G I. Let e0 = 1 - XXi Then

e()G n꼬iMn,n(수) C 分(JD)

and
m

Z)Cf) = £Xet)D(/), fecn(i).

i=0

Let 2>t(-) = p(e,)P(-). Then Dq is continuous and 1刀 (i = 1,2,, m) 

is discontinuous. We have hull(예&)) = {AJ(z = 1,2,..., m) and

結

LEMMA 2.1. Let D : Cn(I) ——> M be a discontinuous deriva­

tion with hull (Q(D)) = {서, 人2, … , Am} and let 1 < k < n. Then 
D(z) G Wk and「1까조%,—!心 J C 安(刀) if and only if 2刀(之) G Wk 

and Mn,n_jt(Ai) C 結(刀i) for each i, 1 < i < m.

Proof： Suppose 1)(2：) e Wk and A꼬己必四—以사) C ^(P). By 

Theorem 1.3, ZM>) = p(el)D(2：) e Wk- If 5 e Mn,—k(Ai), then 

p(gr)Z>i(9 is continuous. Thus Afn,n_jt(Ai) C Q(Di).
Conversely, suppose Mn,n_fc(Aij C 結(Pi) and Di(z) e Wk. From 

예)) = Cl리；(리 it follows that

n포i%,—니人) C 으(D).

Since p(l — eo)(A) / 0 for all A G I, we have (1 — eo)—1 G Cn(Z). By 

Theorem 1.3, D(z) € Wk-
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THEOREM 2.2. Let D : Cn(J) ——> M be a discontinuous derivation 

and let {서, A2, • • •, Am} be the hull of 安(D), 1 < k < n. Then 

S(D) C Wk if and only if n끄x%,—化(人) C 結(P).

PROOF: Suppose S(JX) C Wk- Then by Theorem 3.2 of [2], for 

:r G S(Z>),

p((z _ 서)"(z _ A2)n •••(,_ Am)"> = 0.

Put y = p((z — 人2)애(之 一 A3)n … (z — Am)n)= By Theorem 1.3, we 
see y € Wk- Using Theorem 1.4, we have p{z — 서)—*서"1이 = 0. If we 

continue this process for A2,..., Am, then

p((，_ Ai)"-바1서 _ A2)—바1 •••(，_ Am)—바1)：r = 0.

So(z_A!)—너'1— … (가-Am)—바1 G 結(D). Since 結(P)

is a closed ideal,

C 分(!>)•

Conversely, suppose「1끝그必四—以人) C 3(P). By Lemma 2.1, 

Mn,n_k(Aj) C 分(A), for each 1 < i < m. Since S(D) C *S(」L>i) + 

*S(Z>2)+ • • • + S(Z)m), we may assume that D has the point zero 

for its singularity set. If a: 6 S(Z>), then />(zn-버4):z: = 0. For any 

polynomial p,

I|p(p) 께 = ||p(p(o)+p'(o> + • • • + p^~^lzn^k)x\\
(n — K)l

< (기|p||—k,C > 0.

Hence x G Wk-

COROLLARY 2.3. Let D : Cn(I) ——> M be a derivation. Then 

5(D) CWi.

PROOF: It is easily proved by Theorem 1.6.

THEOREM 2.4. Let D : Cn(I) ——> M be a derivation with 

hull (S(D)) = {Ai,A2,..,Am}. If n뽀Mn,n_,(스)C 分(Z>), k =
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1, 2, …, Tl,

then Z기a—fc+i(/)is continuous for the C2n“^+1(I) norm.

PROOF: We may assume that D has a singleton singularity set {0} 

and Mn,—jt(O) C 安(/>)• Let f e M—Gi,2—k+i(0) and define 

g = 之一〒너’k—iy Then g E Mn,n(0). By Lemma 1.5,

n i f
l"=삐 g 訓 之 ----  )(D(f)|

〜==◎>())

i=0 j=0 

n i

<sup££^ii/n"fc+1+iiioo

玄이 |/||2n_k+1, C>0.

Hence

IIW)II = Ik心)—'네刀⑴) + p(g)£心"-바1)II

<C'|b||n

玄 CC'||/||2—바고, C">0.

COROLLARY 2.5. Let D : Cn(I) ——> M be a derivation. Then 

끼c2n(7) 五 continuous for the C2n(」Q norm.

THEOREM 2.6. Let D : Cn(J) ——> M be a derivation and let 1 < 

k <n. Then D(z) G Wk, S(P) C Wk if and only if the image of D is 

contained in Wk-

Proof： Suppose P(0 e Wk and S(Z>) C Wk. For f e Cn(Z), 

there exists {p,} in P such that pi — f. Since 以 一 f — 0,

，뜨께〕（P€ - /） = 丹丄刀（시一 D（f） e Wk-

By Theorem 1.3, we have

'프刀(之) = 7i(/')刀0) 三 wk-



DISCONTINUOUS DERIVATIONS 97

So D(f) G M.

Conversely, suppose D(Cn(I)) C Wk- Since D(z) G Wi, D = E+F 

where E is continuous and F is singular. For f € Cn(丁),

P^z — 서)"化 一 A2)" •••(흐 一 Am)")F(/) = 0

where {Ai, A2, • • • Am} = hull(Q(D)). Since F(/) 6

P((2 — 서)"-버4(흐 一 a2)—바1 …⑵一 수九)"-“1)^/)= o.

Thus n꼬xMn,n_k(Ai) C S(D). If ⑦ € S(D), then there exists {/>} in 

Cn(J) such that /> 0 and Dft —> x. Thus F(ft) — x and

八허 _ 서)—어"七 _ A2)—서“1 •••(,_ Am)—fc+1> = 0.

So x e Wk-
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