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Isometries of a Subalgebra of C(x)[0,1]

Yang-Hi Lee

Abstract. By 1] we denote the Banach algebra of 

complex valued continuously differentiable functions on [0,1] 

with norm given by

ll/ll = sup (Lf(x)| + |/'Gi시) for/ecX1). 
:r€[0,l]

By A we denote the subalgebra of C(x)defined by

A = {/ € 서1): f(0) = f(l) and f'(0) = /'⑴}.

By an isometry of A we mean a norm-preserving linear map 

of A onto itself.

The purpose of this article is to describe the isometries of 

A. More precisely, we show tht any isometry of A is induced 

by a point map of the interval [0,1] onto itself.

The isometries of 匕⑴ are determined by M. Cambern [1]. 

V.D. Pathak [3] have also determined the isometries of (7(n), with 

norm given by

ll/ll = sup f 1%.

WM】 幻 지

In the proof we shall follow the techniques of [1] and [3].

DEFINITION 1: We define a function d from [0,1] x [0,1] into [—1/2, 

1/2) by d(x, y) = ⑦ 一 j/ — [:r — +1/2] and identify 0 with 1 then there 

exists a topology /c of [0,1] induced by a metric \d\. Denote [0,1]K for 

the topological space [0,1] with the topology /c. For x G [0,1]K define 

/'(=) by

f(^) = <

lim어（하, x）—心
f(y) - *) 

d(y,x)

d(f(y)  /(=)) 

d(y, ⑦)

if f : [0,1]k —스 C 

if/:[0,l]K —[0,1]k.
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By (引1)^, 1]K we denote the Banach algebra of complex valued con­

tinuously differentiable functions on [0,1]r into C with norm given 

by

llfll = sup (|/(a:)| + |f'(⑦)|) for f G 으⑴⑴, 1]『
*[0,1]k

By the identity function from [0,1] onto [0,1]K we can identity Banach 

algebra A with (그⑴⑴, 1]K. We prove the following propositions.

PROPOSITION 2. Given X € [0,1]K, o 6 [—7「, 찌, then there exists 

h G C[0,1]K such that

1^)1 + Ih'COI > |h(y)l + |h'G/)l

for y e [0, 이K, X e [0,1]«, y 羊 X, with |A(：r)| = h(x) > 0, |方'(：r)| = 
etOh(x) > 0.

PROOF: Let fQ be the real valued, nonnegative continuous function 

on [0,1]K defined as follows

/o(y) = <

丁d(y, 찌 + ： --- I < d(x, y) < —}

4 o 2 b

--- g < d(x, y) <0

•••0 < d(x,y) < |

1 1
g < 서(⑦,y) < 2’
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Define g(y) = J： fo(t)dt. It can be easily verified that g(y) is as 

follows;

느 (6 너» — l)(2d(y,x) + 1)

^(3d(y,x) + l)d(y,x)

9(y) = < t

—引兄⑴,：!：) —l)d(y,:z:)

—%(6d(l/, x) + l)(2d(y, x) — 1) 

v o 匕

--- } 으 서(的 ?/) <

--- -  < d(x,y) < 0

•••0 < d(x,y) < 너

1 카 、 1
• • g <d(x,y) <
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Therefore g 6 이0,1]K and g1 = f(). Thus

오 0) = 0, g'(x) = 서

\9(x)\ + IWOI = |

Now consider \g(y)\ + |$r'(y)| for y G [0,1]K and y / x.

I 引？/)I + 으'(y)l 7
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IX

--- | < d(x,y) <

--- | < d(x,y) < 0 

o

•••0 < d(x,y) < 너

1 TZ x 1
••• g < d(臥 y) < 2*

From this it follows that the function h € C[0,1]K defined by h(y) = 
1 + 砂3g(、y) has the desired properties.

If X is any compact Hausdorff space, we will denote by C(X) the 

Banach algebra of continuous complex functions defined on X with 

the norm || ||oo determined by ||우||oo = sup |우(⑦)| for g 6 C(X). Now 
xEX

let W denote the compact space [0,1] x [—%, 찌, given / € A, we define 
/eC(TT)by

7(:r,d) = /Cr) + elV(:r) (z,이) G W：

The following lemma is then obvious.

LEMMA 3. The mapping f — f establishes a linear and norm pre­

serving correspondence between A and the closed subspace S ofC(W), 

s = {f：feAy

Next given (x, 0) G W, we define a continuous linear functional 

L(애) on A by

刀(♦)(/) = 70,8), f e A.

In view of Proposition 2 the proof of the following lemma is analogous 

to the proof of Lemma 1.2 in [1].
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LEMMA 4. If an element /* of A* is an extreme point of the unit 

ball Z7* of A* then J* is of the form eiriL^x 船 for some 77 € [―冗, 찌, 
W. ’

We now suppose that T is an isometry of A. The adjoint T* is then 

an isometry of A*, and thus carries extreme points of U* onto itself.

LEMMA 5. The image by T of the constant function 1 of A is a 

constant function elX, X G [―冗，찌•

PROOF: For each extreme point etTtL^x^ of 17*,

|(政£(애))(1)| = 1.

Thus for each extreme point 7*(6印£(幻@))(1)| = 1. Therefore, 
|(£(W))CT(1))I = 1- Thus for a fixed z, |(T’(l))(z)+e北(T(l))'(:z:)| = 1 

for all 0 G [―7「, 찌. Choosing 0 so that

arg((T(l))(x)) = arg(會(T(l))'(z))

we get

|(T(1))(찌 | + |(T(l))'(z)| = l.

Again by choosing 이, so that

arg((꼬(1))(』)) = a + arg(洪(T(l))'(:r))

we get

I |(T(l))Cr)| —1(7(1))011 = 1.

Thus either

{|(T(1))WI = 1 유 |(T(1))'("시 = 0}.

or

(1) {|(T(l))(x)| = 0 and |(T(l))'(x)| = 1}.

Therefore, for any x e [0,1], |(T(1))(^)| = 1 or |(T(l))(x)| = 0. But 

since |(T(1))| is a continuous function on [0,1] we have

|(T(1))(^)| = 0 or |(T(1))'(:r)| =L.
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Now |(T(l))(a;)| = 0 implies that (T(l))(z) = (T(l))'(a:) 三 0 which 

contradicts (1).

Hence |(T(l))(:r)| = 1 from which it follows that (T(l))'(a?) = 0 

and hence

T(l) = etX for some fixed A G [―冗, 찌•

We denote T*(Z(X^)) by

e«W)£o,白),汝아)).

The above Lemma 4 shows that A(:r, 6) = X for all 0 G [—?r, 찌. For

T*(L(애))(1) = 6凶얘)£(,(애),^,,))(1),

so that L(:飮，유)(T(l)) = e1 시애) and thus £(x = 少시2여). Hence

A(a:, 0) = A.

LEMMA 6. If x E [0,1]K, then for all 0 G [—7r, 찌,

y(x,e)= y(x,o).

PROOF: For fixed x E [0, 1]k, we consider the map p : [—7r,찌 一> 

[0, 1]k given by

P(€)= V(x,ey

Consider the function h of the Proposition 2 constructed for (j/(x 으), 
砂(애)), then

3
5 … il

긔(洪 — e 어)|||T(h)||

싀 (e“ —e 어)(T(/z)'Cr))|

= |T(/z)(z) + eieT(h)\x) — T(/0(z) — e"T(A)'(:r)|

= |L(애)(T(A)) —」L(M1)(T(h))|
= |T*(L(% —L(,a))(A)| _

= Wy(애)) + €=☆(—)◎(?/")) — e=)—"))|

> I U") + 彈")—(=)| — I"(유)) + 彈")—"))| |

3 1 3
- HI씨 — 흐 + 하2Gowa)) + ,"(애)川"))11

I 2 3
= 5 서2(j/(x，沙?/Gr,m)+ 5MG/(W(z,m)l
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for sufficiently small \0 — 0i\. Therefore p is continuous. Hence the 

image of [—7r, 찌 in [0,1]K is connected subset of [0,1])It is in fact 

singleton. For otherwise we could find g in A such that g = gf = 0 on 

an open interval I G p([—可 찌) while for some y(x,中) 우 [0,1]K,

|5(y(x,0))| < 으'(!/(%))1으

For instance, one may take

0 y <yi 

y.<y<1 + 3yi

g(y) = <

(y-yi)2

VF)2
k (y — !)2

4

1 + 3yi , . 3 + yi
------v 허丁-------4 —니- 4

으&흐히

where yi is least upper bound of I and y(하) sufficiently near to t/i.

Thsu for an infinite number of 0 E [—tt, 찌 with y(x)e)仁 I,

L(x)e)(T(g)) = 끄*(£(#))(우)| = 61入刀("乃),砂(얘))0) = 0

while

刀(》)(끄(우)) = 시入刀(",O),V’(：i：,O))(30 羊 0-

Since p is continuous, p”1(I) is in [—7r, 찌 and therefore there exist an 

infinite number of 0’s such that

(2) 刀(얘)(끄(우)) = 0 while Z(》)(T(우)) / 0.

Therefore (T⑴))(z) + e北(T⑴))'(:r) = 0.

Varying 0 we can see that (T(gr))'(:c) = 0. Thus L(幻0)(T(gr)) = 0 

which contradict (2).

Hence y(x,e)= y(x,0)for all 0 e [-冗, 찌•
Finally we define a point map r of [0,1]K to [0,1]K by

= pre­

Consideration of (T^1)* shows that r is onto, and, applying Lemma 6, 

one-one.
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THEOREM 7. Let T be an isometry of A. Then, for f E A, 

cr(/))(：r)= 少 *(찌)

with etX = T(l). Moreover, r is one of the functions F, 1 — F where F 

is the mapping of [0,1]K onto [0,1]K defined by 2고(⑦) = x + c— [x + c\, 

⑦ 仁 [0? 1]k, 心 三 [o, 1]«*

PROOF: Given x G [0,1]^ and 0 G [—7「，찌, consider the function 

g of the Proposition 2 constructed for (:r, 유). Clearly, g does not 

depend on g(x) = 1; gf(x) is positive real and j(x) > \gf(y)\ for all 

히 三 [0, l]/c, = Therefore,

\\g\\ = g'(x)

= eteL(x,e)(g)

= e。-…})(7-九)).

Thus we have for all 0 E [—?r, 찌

(3) \\s\\ = ei(A-^(T-1(g))(r(x)) + 會…)CT—WWO).

Since

에 = 11꼬-1(9)11= sup |(T-1(g))(J/)|

KMk

by (3) we have

IMI = KT-VsOXt(꾀)| + |(T-1(g))'(r(:r))|.

Again since g is independent of 이,

(忍-九))":)),〒^))'":))

are independent of 0 but

刀⑵ = {甘…)(7-九))'(*))}
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depend on 0 for otherwise (3) cannot be true. In other words, A(0) 

is not constant. Now by (3) A(이) must be on a circle with center as 

{(T“1(^))(r(a:))} and radius equal to ||gj.

On the other hand A(유) must be on or within the circle with cen­

ter as origin and radius equal to p = |(T”1(^)),(r(a:))| = ||gr|| — 

|(T“’1(5))(T(a:))|. This implies that (T“1(^))(r(x)) = 0 for otherwise 

A(d) has to be a constant which is false.

Also by (3)

||g|| = W-어

Since the left hand side is independent of 0, we have

A — 유 十 개(x,e)= 人 +

Hence for all 6 € [—7r, 찌,

구(x,e)= 砂(x,o)+ 仏

Now f be any element of A such that /(鉛) = 0 then for all d G [—?r, 7r]

/'(x) = eieL(x,e)(f)

= 시(入 ⑯L(wm(x e))(T 1(/))

= e"-幻(꼬-乃川內)) + 彈…) (〒乃))(:r))]

= e外e-^T—C/DXr(:r)) + e^>o)(T-i(/)y(r(:r))]

so that (T”1(/))(r(a:)) = 0. For an arbitrary / 6 A, define g(y) = 

f(y) — f(해), y G [0,1] then g(x) = 0 and so

0 = (T—九))(內)) = (T—CnXrCr)) — /^)(T^(l))(T(a:)) 

^T—COXW))-e—A/(:r).

Thus, replacing f by T(J), it follows that for all x G [0,1]K and 

/eC(°[o,i]K,

= eiXf(r(x)).
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Now Fq is the mapping of [0,1]K onto itself given by 

' 2(2以 一 r(:r) + |)3 -(2y — t(x) + |)

』&)(y) = ‘

+끄^느 •••=$!

2(2y — r(x) — |)3 —(2y — r(x) - f)

、 十 2r(께 /<1.

Therefore

(T(F0))(：r) + (T(Fo))'(：r) = L(x,o)(T(Fo))

= T*L(x,o)(Fo)

= 甘入刀(T(a:)，砂(乳 o))(』&))

= eiX[FQ(r(x)) + 彈(이)(2구0)'(八0)]

= eiA[r(z) + e^(=0)].

therefore

(T(Fo))'(:日 = 盲(사=>0)), 

r(xy = e 배=0).

But since r^x)9 is real valued and r(x) is one to one we have r(x)f = 1 

or r(x)f = —1 and, therefore r(x) = x + c — [:r + c] or r(x) = —⑦ + 

c — [⑦ + c].
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