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Injective S-Systems and Regular Semigroups

Jupil Kim

ABSTRACT. In this paper, we want to find some properties of 
subsystems of injective S-systems. Also we find a relationship 
between the regular semigroup S and the S-system M over S.

1. Introduction

The relation between an injective module M over R and a ring R 

can be explained by Baer criterion. The corresponding idea also can 

be applied to S-system M over semigroup S by congruence relation 

on S. But there are many different properties between 2?-modules and 

S-systems. So we need a new definition named weakly injective S- 

system. Also we want to study weakly injective S-systems and related 

semigroups.

Using the torsion free congruence of S-system defined by C.V. Hin­

de, Jr [4], we discover an equivalence condition of p-injective S- 

systems. Feller and Gantos [3] showed that a semigroup S is an 

inverse semigroup with zero and the set E(S) of all idempotents of S 

is dually well-ordered if and only if every right and left S-system over 

S is injective. In this paper, we want to find a relationship between 

the regular semigroup S and the S-system M over S.

2. Notations and Preliminaries

DEFINITION 2.1: An element a in a semigroup S is called regular 

if there is an element :z: in 5 such that axa = a. If all elements of S 

are regular we call S a regular semigroup.

We note that if axa = a, then e = ax is an idempotent element of S 

such that ea = a. Similarly, f = xa is an idempotent such that af =
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a. The regularity for ring was introduced first by J. Von Neumann 

for ring [6]. It plays an important role in semigroup theory.

DEFINITION 2.2: A non-empty set M is a (right) S-system over a 

semigroup S if there is a map (x, s) i—+ xs from M x S into M with 

the properties (cs)t = rc(sf) for all a: G M, s, / € S. If S has identity 

element 1, it satisfies xl = x for x G M. By centered S-system M over 

a semigroup S, we mean an S-system containing an unique singleton 

element 之 such that za = z for all a E S, We call an such element z 

as zero and it is denoted by 0.

If M is centered and S has 0, then :rO is clearly a zero element of M. 

Since we can consider S-system M as unary algebra with operations as 

many as S', we can use the notation of universal algebra. For example, 

S-subsystem and homomorphism of S-systems are the same as those 

of universal algebra.

DEFINITION 2.3: A congruence K on an S-system M over S is an 

equivalence relation on M such that whenever (m,n) G K implies 

(ms, ns) G K for all s E S. The identity congruence of M will be 

denoted by 1必.

THEOREM 2.4. If f is a homomorphism from S-system A into S- 

system B, then the relation Ker f = | f(x) = /(?/)} is a

congruence on A. If we define a function g : A/ker f — B by g(正) = 
f(x) for all x E A/ ker f, then the following diagram commutes, where 

tv is a natural projection.

A/kerf

PROOF: See [7, Theorem 5.3].

DEFINITION 2.5: An S-subsystem TV of M is called large if for any 

homomorphism f from M into any S-system (7, f itself is injective 

whenever the restriction o£ f on N is injective. Also we call M an 

essential extension of N.
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THEOREM 2.6. M is an essential extension of N if and only if for 

any congruence K of M, K A (N x N} = 1內 implies K = Im-

PROOF: “If part”. Let / : M be an homomorphism such that 

the restriction of / on TV is injective. From the above Theorem 2.4, 

Ker / is a congruence on M. If (rr, y) 6 Ker f D (N x 7\『), then f(x) = 

f(y) for all x, y E N. Since f is injective, we have x = y. This means 

that Ker /「1 (N x N) = 1向 and so Ker / = Im- Thus f is injective.

“only if part”. Conversely, assume that K is not identity congruence 

of M. Then there are y in M such that (:r, y} E K、x 牛 y. The 

natural projection 7「: M — M/K by 7r(m) = {z € M | (m,z) G K} 

is not one to one. Thus from the definition of essential extension, 

the restriction of 7r on 2\『 is not one to one. Hence there are a, b in 

N such that 7r(a) = 7「(&), a / &• Since Ker 7r = we have that 

KQ(N xN) 手 1N.

DEFINITION 2.7: An S-system I is injective if for any one to one 

homomorphism / : A —> B and for any homorphism 九 : A — I, there 

is a homomorphism g : B — I such that gf = h for any S-systems A, 

B.

We can easily prove that an S-system I is injective if and only if 

I has no proper essential extension [1]. In ring and module theory, 

the following theorem is very useful for checking if given module M 

is injective or not.

THEOREM 2.8(Baer). An R-module M is injective if and only if 

for any right ideal K of a ring R and for every f 6 Hom«(A', Af), 

there exists an element m in M such that J(fc) = mk for all k E K.

PROOF: See [6, Lemma 1].

If we exchange a ring R into a semigroup S, then the module M 

becomes an S-system. Also the above Bare criterion was supposed 

to hold on S-system. But C.V. Hinkle, Jr [4] found that the above 

Theorem 2.8 does not hold for S-system except some special case. 

So he defined a weakly injective S-system. Since we want to find a 

relationship between S-system and regular semigroup S', we need the 

following definition.

DEFINITION 2.9: Let M be an S-system and a G M. Then the set 

aS = {ax | 鉛 € *S} is called a cyclic S-system of M. If there exists an 
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element min M such that M = m*5\ then we call M a cyclic S-system 

and such element m is called a generator of M. Also we define the 

set aS1 = {ax | ⑦ 6 S} U {a}. If S has an identity element 1, then 

aS1 = aS,

Definition 2.10: An S-system M is called c-injective if and only 

if for every principal right ideal K o£ S and for any homomorphism 

f : K — M, there is an element m in M such that f (s) = ms for all 

seK.

If we put S itself as an S-system Af, the cyclic S-subsystem aS 

becomes a principal right ideal of S.

For any 5-system Af, we denote the sets

P(V) = {昌 G S | us = w for all (tz, v) G V C M x M}, 

P(N) = {(u, v) E S x S \ yu = yv for all j/ G 7V C M}, 

Y(U) = {m 6 M I mu = mv for all (u, v) G C *S x *S}, 

y(T) = {(u,v) € M x M I tzi = vf for all i € T C S}.

DEFINITION 2.11([4]): For a centered S-system M over a semi­

group S with 0. An S-subsystem A of M is called meet-large if the 

intersection of A with any non-zero S-subsystem JV of M is always 

non-zero.

In ring theory, there is a one to one correspondence between the set 

of ideals and the set of congruences. But for an S-system M over a 

semigroup S with 0, the above property does not hold in general. It 

is clear that B is a meet-large S-system of A if and only if bSTl B 쿠: 0 

for all nonzero b of A.

THEOREM 2.12. Let M be a centered S-system over a semigroup 

S with 0. If M is an essential extension of N, then xS1 D JV / 0 for 

all nonzero x 6 M.

PROOF: Let K = (xS1 x xS1) U Im- Thenis a congruence re­

lation of M and K / Im, since (:r,0) G K. Hence from Theorem 2.6, 

we have K Pl (N x N) 羊 \오. So there is (a, 6) G K PI (N x N) satis­

fying a/b. Since K Cl (7V x 川) = [(xS1 x xS1) U 1M] 0 (N x N) = 

[(:rS1 x xS1) A (N x N)] U 1川 = [(W1 Pl N) x (xS1「) N)] U 1八『, we 

have I^S1 D > 2. Therefore xS1 Cl 7\『 尹 0.
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COROLLARY 2.13. Every large S-subsystem N of M is meet-large 

inM.

DEFINITION 2.14: For a centered S-system M over a semigroup S 

with 0, the set Z(M) = {(m, n) € M x Af | ms = ns for all s in some 

meet-large right ideal of S} is called a singular relation of M, M is 

called non-singular if Z(M) = 1必, M is called singular if Z(M) = 

M x M. Semigroup S is called right non-singular if S itself is non­

singular when we consider S as S-system.

THEOREM 2.15. For a centered S-system M over a semigroup S 

with 0, the set {(m, n) G M x M | P(m, n) is a meet-large right ideal 

of S} is a singular relation of M,

PROOF: If P(m,n) is a meet-large right ideal of S, then we can 

consider P(m,n) is a meet-large subsystem of S-system S itself. So 

mx = nx for all a: G P(m,n). Since P(m, n) is meet-large, we get 

(m,n) G Z(Af) by definition of Z(Af). Conversely, if (m,n) E 么(M), 

then (m,n) G K(K) for some meet-large right ideal K of S. So 

K C P(y(Jf)) C P(m,n). Since is a meet-large right ideal of S. 

By Theorem 2.12 and Corollary 2.13, we can easily prove that P(m, n) 

is also a meet-large subsystem of the S-system S.

THEOREM 2.16. Let M be a centered S-system over a semigroup 

S with 0, 1. Then M is non-singular if and only if for any relation T 

of M. P(T) is not proper meet-large in S.

PROOF: Let P(T) be a meet-large subsystem of N, N C S. For 

any n E N, define a map f : S —수 N }yy = nx for all x E S. Then 

J“1(P(T)) is also meet-large in *S, since the preimage of a meet-large 

set is also meet-large [4]. For any x E J“”1(P(T)), we have anx = bnx 

for all (a, b) G T, and hence /~1(P(T)) C P(an, bn) for all (a, b) E T. 

So P(an, bn) is a meet-large right ide시 of S. By Theorem 2.15, we 

get an = bn and so n G P(T). This means that N = P(T).

Conversely, if P(«, b) is a meet-large right ideal of S, then ax = bx 

for all x. Hence a = b and so M is non-singular.

3. Main Results

THEOREM 3.1. Every right ideal of a semigroup S is generated by 

idempotent element of S if and only if for any S-system M, any right 
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ideal I of S and for any homomorphism f : I — M, there is an 

element m in M such that f(s) = ms for all s E I.

PROOF: “if part”. Let I be any right ideal of S. If we define a 

function f as an identity function of I, then there exists m in I such 

that mx = x for all x E I- Therefore if we put ⑦ = m, then we have 

m = mm. Consequently we have that I = mS.

uonly if part”. For any 5-system M and for any right ideal I of 

S, I = eS for some idempotent e of S. Let J : I — Af be any 

homomorphism. If we put /(e) = m, then f(ex) = f(eex) = f(e)ex = 

mex for all x E S.

COROLLARY 3.2. If every right ideal of a semigroup S is generated 

by idempotent element, then any S-system M is c-injective.

THEOREM 3.3. A semigroup S is regular if and only if every S- 

system M over S is c-injective,

PROOF: Let a be any element of S. Then aS1 is a principal right 

ideal of S. For the identity map f : aS1 —> aS4, there is an element 

m in aS such that as = mas for all s E S1. Thus a = ma = (ax)a for 

some x E S1.

Conversely, for any 5-system M and for any principal right ideal 

aS1 of S', we have aS1 = eS for some idempotent e of since S is 

regular ([2], Lemma 1.13). For any homomorphism f : eS — M, if 

we put /(e) = m, then /(e«s) = f(ees) = mes for all s E S. Thus M 

is a c-injective S-system.

It is easy to show that if e is an idempotent element of S, then the 

principal right ideal eS is equal to P(T) for some subset T of *S x S. 

In fact eS = P(F(e)). But for any subset T of S' x S, P(T) is not of 

the form eS. But there are many semigroup having the property that 

for any relation T of S, P(T) is a principal right ideal generated by 

an idempotent element of S.

THEOREM 3.4. An S-system M is a c-injective if and only if Mx = 

Y(P(x)) for all x E S.

PROOF: uif part”. Let u E y(P(a:)). Define a map f : xS —> M 

by f(xs) = us for all s of S. Then the map f is well defined, since 

xa = xb implies (a,b) E P(a?). By the fact M is c-injective, there is 
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an element m in M such that f^xs) = m(xs) for all s E S. Thus 

u = ul = y(a:l) = mx € Mx. Converse inclusion Mx C Y(P(x)) can 

be proved easily. So we have Mx = K(P(:r)) for all x E S.

“only if part”. Let f : xS -a M be any homomorphism, x E S. 

Then for any (昌, t) G P(x), f(x)s = /(=s) = f(x)i. Thus f(x) G 

y(P(a:)) = Mx and so f(x) = mx for some m G M.

COROLLARY 3.5. A semigroup S is regular if and only if for any 

S-system M, Mx = 】K(P(:r)) for all x E S.

THEOREM 3.6. Let B be a subsystem of an S-system A. If K is 

a maximal element of the set {C | C is a congruence of A such that 

(7 Pl (B x B) = 1b}, then B/K is a large subsystem of A/K and 

isomorphic to B.

PROOF: See [1, Theorem 8].

THEOREM 3.7. If M is a subsystem of an injective S-system I, 

then the followings are pairwise equivalent:

1) M is injective.

2) There is a congruence relation K on I such that M 은 I/K 

and the 찌必 is an isomorphism, where 冗 : I — I/K is the natural 

projection,

3) For some S-system B, there is a homorphism h : I — B such 

that M is maximal in the set {A | 이刀 is one to one}.

PROOF: 1) implies 2). By Theorem 3.6, there is a congruence re­

lation K of I such that M 으 M/K and Af/K is a large subsystem 

of I/K. Let g = (찌m)"”1 : M/K — Af be an isomorphism. Since 

M is injective, there is a homomorphism f : I/K — M such that the 

restriction of f on set M/K is equal to g. Since M/K is a large sub­

system of f is one to one. For any x. E I/Jf, there is an element 

m in M/K such that /(하) = g(m) = /(m), since g = f on the set 

M/K. Thus I/K = M/K and the natural projection tt : I — I/K 

has the property that the restriction of 7r on set M is an isomorphism.

2) implies 3). Let i : M —> I/K be an isomorphism. If we define 

/ : M —> I by f(m) = (찌必广午何)), then it is obvious that f 

is an isomorphism and 冗 o f = i. Since I is injective, there is a 

homomorphism — I such that /'|m = /• Let h = 冗 o f. If 

/z(a) = h(b) for a, b E Af, we have i(a) = 7r o ff(a) = tt o f(b) = i(b).
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Since i is one to one, a = b. Thus 씨m is also one to one. If N is 

any subsystem of I containing M properly, then there is an element 

n in N such that n is not in M. Since A(n) G I/K^ there is m in M 

such that h(n) = i(m). Since i(m) = tv o /(m) = tt o /'(m) = A(m), 

씨 7V is not one to one. Thus M is a maximal element of the set 

{A | h\A is one to one}.

3) implies 1). Suppose that there is a homomorphism h : I — B 

such that M is maximal in the set {A | 씨a is one to one}. Let M' 

be the injective hull of M. Since I is injective, we have that M' C I. 

Let g = 씨at : M1 — B. Since M' is an essential extension of M, g 

is also one to one. From the maximality of M, we have M = Mf and 

so M is injective.

COROLLARY 3.8. Let a semigroup S be self injective. A right ideal 

I of S is injective if and only if I = eS for some idempotent e of S.

PROOF: For any element a of S, the map /a : S —> S by = 

ax is called a left translation of S corresponding a. Let e be an 

idempotent element of S. For any x, y E e*S, Je(^) = fe(y) implies 

x = y and so /e|eS is one to one. If f is one to one and eS C 

M C S, then for any m E M, /e(m) = em = eem = /e(匕m). Since 

em E eS C M, e = em. So we have that eS is maximal in the set 

{/Jm is one to one}. By Theorem 3.7, eS is injective.

Conversely, we know that S has a fixed element :r, since every in­

jective S-system has a fixed element ([9], Proposition 4.4). Since I 

is injective, there is a homomorphism h : S — I such that h\j is the 

identity map of I. If we put h(x) = e, then e is an idempotent element 

and so I = eS.
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