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In this paper, the question whether the curvature of the minimum energy path can affect the dynamic threshold 

was tested using the boundary trajectory method developed by Chesnavich and coworkers. For nonreactive system, 

the MO EXP model potential surface was used with modified equilibrium distance to control the curvature. The 

results showed that there is no relation between the curvature and the dynamic threshold. In order to study the 

reactive system, a generalization of the boundary trajectory method was achieved to apply on the nonsymmetric 

system. We have found no correspondence between the curvature and the dynamic threshold of the system. It was 

also shown that the fate of the trajectories strongly depends on the shape of potential surface around the turning 

points along the symmetric stretch line.

Introdution

A series of studies of collision-induced dissociation (CID) 

has shown that the dynamic threshold for atom-diatom colli­

sions on nonreactive potential surfaces is much larger than 

the energetic threshold, i.e., the dissociation energy, whereas, 

for collisions on reactive surfaces, the thresholds nearly coin­

cide1-4. An example of the former type is He+H2 collisions 

and the latter is illustrated by H + H2 collisions.

Bergeron et al) suggested that the larger dynamic thre­

shold is typical of nonreactive systems, and is an artifact 

of collinear model calculations. However, it has been shown 

that three dimensional systems can also show this behavior3. 

Hence, this behavior appears to be independent of the dime­

nsionality of the system.

Dove et al? have argued that the shape of the potential 

surface is the primary factor governing the behavior of the 

CID threshold. They noted that when a contour map of the 

potential energy for an A+BC type reaction is plotted aga- 

ninst the A—B and B—C distance, the minimum energy 

path from the reactant channel tends to curve upward at 

small A—B distance (toward longer B—C distance) for reac­

tions with an exchange channel (to AB + C), while it curves 

down (toward shorter B — C distance) for the reactions wi­

thout an exchange channel. This elongating or shortening 

of the B — C distance could enhance or reduce, respectively, 

the dissociation into B + C particles.

In this study, the effect of the shape of the potential sur­

face on the CID threshold for the reaction.

H+Hf + H+H (1)

is tested using model potentials which show both upward 

and downward curvature for reactive and non-reactive sys­

tems. A classical trajectory method for collinear model was 

used for this study. The effect of incoming particle's mass 

is also investigated by changing its mass from 1 to 4, The 

CID boudary method5-7 is used to determine the dissociative 

band in the reactant phase space.

In Section II, model potential surfaces used for reactive 

and nonreactive systems are shown. The method of calcula­

tion is explained in Section III, including a brief review of 

the CID boundary method. Results of this study are pre­

sented with discussions in Section IV. A conclusive summary 

is given in Section V.

Model Potential Surfaces
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Table 1. Parameters for Nonreactive Potential (in atomic units)

c
D
X

1.5

0.12012

0.37142

a 1.2376

1.402

Table 2. Parameters for Reactive Potential (in atomic units)

D 0.12012 s 0.1 (p=o )

用 1.402 0.2 (P=-l)

a 1.2376 0.066 (B=l )

In order to study the relationship between the dynamic 

threshold and the curvature of the minimum energy path 

on the potential energy surface, it is necessary to construct 

model potentials for which the curvature can be controlled 

easily. Both systems with and without an exchange reaction 

channel are considered.

There are many potential surfaces used for the reaction 

(l)8, including the Porter-Karplus No. 2 (PK2H3) surface9, 

which has been used widely for trajectory studies of this 

system5-8. However, due to the complexity of this surface, 

it is hard to control the shape of the surface with simple 

parametric equations. Also, it is useful if we have a similar 

functional form for both reactive and nonreactive systems. 

We chose a model potential, used by Bergeron et al\ consist­

ing of a Morse diatomic interacting with an incoming atom 

through an exponentially repulsive potential (MO EXP mo­

del) for the nonreactive system, and a London-Eyring-Polanyi- 

Sato (LEPS) potential1011 for the reactive system. Both use 

the Morse potential, which can be easily modified to produce 

the changes in curvature.

Nonreactive System. For nonreactive systems, the MO 

EXP model potential surface used by Bergeron et al) is used. 

This potential energy is the sum of two parts :

W?】，= (2)

where V\ is an exponentially repulsive potential,

V\ = C exp (—A R), (3a)

and V2 is a Morse potential,

卩2。기 exp [-가 2-D (3b)

Here Ri and R2 represent the A—B and B —C distances, 

respectively. In order to produce the necessary positive and 

negative curvature on the minimum energy path,用 is set 

to be a function of R\ :

建缶i)=用Jl + B exp (一R)] (4)

The same values for parameters, C, D, K a, and 用° are 

used as in ref. 7, and are given in Table 1. The coefficient 

8 controls the direction of curvature. Positive curvature can 

be obtained by a positive 8, and negative 0 gives a negative 

curvature. The unmodified surface can be obtained by setting 

8 = 0.

Figure 1 shows contour plots on the mass-weighted skew­

ed coordinate, (rt y) plane of the potential surface with 0 

equal to 0, — 1, and 1. The definitions of 板,y) coordinates 

are given in ref. 5 and other texts on scattering theories.

Figure 1. Contour plot for the potential energy surface used 

for nonreactive system in the (x, y) coordinate system. In this 

and all contour plots in this paper, energies are in units of eV. 

(a) No modification (p=0). (b) Negative curvature (p= — 1). (c) 

Positive curvature (0=+l).

The minimum energy path of the unmodified surface (Figure 

la) shows slightly downward curvature. This curvature is 

enhanced by a negative B value (Figure lb). Figure 1c shows 

the curvature shifting upward with |3 = L The simple para-
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Figure 2. Contour plot for the potential energy surface used 

for the reactive system in the (r, y) coordinate system, (a) No 

modification 8=0). (b) Negative curvature (p = — 1), (c) Positive 

curvature (0 = +1).

meterization of the equilibrium distance using Eq. (4) can 

give both negative and positive curvatures on the minimum 

energy path curve.

Reactive System. A LEPS potential1011 is used for the 

reactions with an exchange channel. Inorder to control the

curvature, the equilibrium distances in the expressions for 

both Morse and Manti-MorseM potentials are changed as a 

function of the other distances, using the same functional 

form as Eq. (4). Due to the symmetry of the H4-H2 system, 

the same constant 8 is used for both R\ and & Also, the 

same parameters D, a,處 and s are used for the potentials 

of all three pairs, and are given in Table 2. Note that, in 

order to keep the barrier heght, Eo—0.31 eV (value for p = 0 

case), for all three values of P，the value of the Sato parame­

ter s is changed accordingly. These parameters are also given 

in Table 2.

The contour plots of the potential energy surfaces in the 

(x, y) coordinate system are given in Figure 2, with 0 = 0,—1, 

and 1. Figure 2a is an unmodified LEPS surface. This shows 

slightly upward curvature, starting at 3.0 a.u., on the mi­

nimum energy path curve. As shown in Figure 2b, the sur­

face with — 1 gives negative curvature until 2.2 a.u. 

A positive p value (Figure 2c) gives earlier turning of the 

minimum energy path curve, starting at 4 a.u., toward 

higher values of y. Hence the same modification of the equi­

librium distance using Eq. (4) can produce negative and posi­

tive curvature for both reactive and nonreactive potential 

surfaces.

Method of Calculation

In this study, the CID boundary method5-8 is used to de­

termine the dissociative band in the reactant channel as a 

function of the total energy. Detailed discussions on this me­

thod appear elsewhere5,6. Hence, only a brief description for 

this method is given in Section 1. This method has been 

applied only to reactions with a symmetric reactive system肝, 

How to apply this method to various types of reactions, i.e., 

nonreactive (Section 2) and reactive (Section 3) systems is 

discussed. In Section 3, it is shown that the CID boundary 

method can also be applied to nonsymmetric systems using 

some simple strategies.

Method of Boundary Trajectories. In the atom-di­

atom reaction, at time t —*oo, the product atom and diatom 

are well separated. Hence, the system's Hamiltonian can be 

separated into Hd, the Hamiltonian of the product diatom, 

and Hb the Hamiltonian for free translational motion of the 

atom-diatom pair. The product diatom can be divided into 

two categories : the dissociative trajectories which have 

Hd>D, the dissociation energy, and the nondissociative 

bound trajectories, which have HyD. These two sets of tra­

jectories are divided by the trajectories with Hd=D. If the 

trajectories are run backwards from the final states with the 

boundary condition Hd—D and fnoo, the conditions in the 

reactant states, £ = 0, will give the boundaries of the dissocia­

tive bands. If the trajectories are initiated from the product, 

channel the boundary is between the reactive and the disso­

ciative bands. Otherwise, if the trajectories start from the 

reactant channel, they form the nonreactive-dissociative 

boundaries. Note that, these trajectories are run backwards 

in time.

In the mass-weighted skewed coordinate system,* the Ha­

miltonian can be written as

H=丄：妃一.+v« y)i (5)
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where V is the potential energy and 卩=用_4伽g+nrQ/M is 

the reduced mass of the system, and M is the total mass, 

折a + 眼 N아e that, Eq. (5) is the equation of m아ion

for a single particle with mass p moving in the (r, y) plane. 

The diatomic energy, Hdt at a given x and yt is defined 

by

，) (6)
叩

Eq. (5) is integrated to get the trajectories. With Hd set equal 

to D, the trajectories are initiated from the surface with large 

enough x (r—20 a.u. is chosen) and initial py as determin­

ed by Eq. (6). The initial value of px. is calculated by the 

total Hamiltonian, Eq. (5). The sign of pXt is set to be negative 

so that the trajectories mov은 inward. Both positive and nega­

tive values of px> are used, but it was found that no value 

of px. >0 leads to the bound states at final points. When the 

trajectories are collected in the reactant region, the transfor­

mation from (y, py) to the action-angle pair (n, 9) is done 

by the expressions in ref. 5.

Nonreactive System. For a system with no exchange 

channel, there are two possible outcomes: A+BCfA+BC 

or A+B + C. Since there is no * product' channel for this 

type of system, one surface at large x (say, x=20 a.u.) can 

serve as both the initiation and collection surface for initial 

and final conditions of the trajectories. For this surface, a 

line is drawn at x = 20 a.u. in Figure 2. The values for the 

initial y coordinates are then chosen on this line between 

the two solutions of 7(20, y)=D. A collection of final condi­

tions is made for the trajectories passing this line again with 

diatomic energies less than the dissociation threshold.

Reactive System

Symmetric System. In the case of a symmetric system, 

such as H + H2i the possible reaction chann시s are

H + H2 (Nonreactive)

H + H2-> H2 + H (Reactive) (7)

H + H + H (Dissociative)

Note that the reactive and nonreactive channels are identical. 

Also, the reactant and product channels can be divided by 

the symmetric stretch line. Hence, the trajectory point in the pro­

duct channel, ie., above the symmetric stretch line in the x-y 

plane, is identical to the trajectory point in the reactant cha­

nnel, when they are symmetric to each other with respect 

to the symmetric stretch line. The reactant channel is taken 

to be the channel for which motion along x as a—。。corres­

ponds to relative translational motion of the 죠tom-diatom 

pair, and motion along y corresponds to vibration of the dia­

tom.

The transformation between the reactant and product 

channel coordinates can be done using the following transfo­

rmation matrix P :

P=(cos J sinM (8) 

~ \ sin p -cos p /

where the skew angle 0 is defined in ref. 5. Note that the 

matrix P is independent of the angle of the symmetric stre­

tch line.

The integration of trajectories is done until they either 

recross the x=20 a.u. surface or cross the equivalent surface 

in the product channel. The nonreactive-dissociative (ND) 

boundaries are obtained from the trajectories that recross 

the initial surface in the reactant channel simply by changing 

the sign of py at the point at which they cross. The reactive- 

dissociative (RD) boundaries are obtained from the trajecto­

ries that crossed the product channel surface by taking the 

point at which they crossed and reflecting it through the 

symmetric stretch line to obtain the equivalent point on the 

reactant channel surface, and then changing the sign of the 

resulting value of py. Only the bound trajectories with diato­

mic energy less than the dissociation energy are collected 

for the boundaries.

Nonsymmetrlc System. When the mass of the in­

coming particle is changed from 1 to 4, the reaction (1) be­

comes nonsymmetric, in which the reactant and product cha­

nnels are no longer equivalent. In this case, the trajectories 

should be initiated from the appropriate channel : i.e., from 

the reactant channel for ND boundaries, and from the pro­

duct channel for RD boundaries. This is because the main 

idea of the boundary trajectory method is to run the trajecto­

ries from the final channel to the initial channel. Hence it 

is necessary to run the trajectories from the true final chan- 

n이s.

In general, the symmetric stretch line, defined in the sym­

metric case, no longer has a physical significance in the non- 

symmetric case. However, it is necessary to determine a 

line which separates the reactant and product channel. This 

can be done by determining the maximum point on the 

potential surface at constant x, for x values up to a maximum, 

say, x=20 a.u. In this study, however, only the mass of the 

incoming particle is changed from 1 to 4, and the potential 

surface is not changed, the same symmetric stretch line (with 

a different slope on the x-y surface) can be used.

The initial points for the ND boundary trajectories can 

be obtained by the same method as for the symmetric sys­

tem since the trajectories are initiated from the surface in 

the reactant channel. The collection of the ND boundaries, 

however, should be made from the trajectories coming out 

to the reactant channel surface. The trajectories which come 

out to the product channel are ignored, unless both forward 

and reverse reactions are studied simultaneously.

For the RD boundaries, an initial x value is determined 

by transforming the point (20, _y$),where ys is the maximum 

point of the potential energy at x = 20 a.u., to the reactant 

channel, using Eq. (8). The value of is then set equal 

to the transformed x coordinate of the point (20, ys). The 

values of 北 are chosen as usual. Then the point 氐，j矽 is 

tranformed back to the product channel point(和，为).The 

value of py. is calculated using the potential energy, V^cp, 

丸instead of V(20, j1,). Now, px. is calculated from the total 
energy. The momentum pair (px., py) is then transformed 

to the product channel momenta (pXp, py^. The trajectories 

are run from the phase space point «卜 yP, pXp, py^. Note 

that, for symmetric systems, these transformations do not 

affect the trajectory due to the symm아ry. The RD boundary 

points are collects from the trajectories coming out to the 

reactant channel. Again, the trajectories coming out to the 

product channel are discarded.

Results and Discussion

In this study, trajectories are run with fixed total energy,
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Figure 3. The action-angle plot of the dissociation band for the 

H + H2 nonreactive system with no modification(P = 0). (a) E= 

2.18 eV above threshold. The shaded area is the dissociative 

band and the unshaeded area is the nondissociative condition, 

(b) E=4.90 eV above threshold.

Figure 5. The action-angle plot of the dissociation band for the 

H + H2 nonreactive system with positive curvature (0 = +1). (a) 

E=2.18 eV above threshold, (b) E=4.90 eV above threshold.

0(rod/시

Figure 4. The action-angle plot of the dissociation band for the 

H + H2 nonreactive system w辻h negative curvature(B=—l). (a) 

£- 2.18 eV above threshold, (b) £ = 4.90 eV above thre아lokL

Most trajectory studies are done with fixed relateve transla­

tional and vibrational energies1^4. However, the result of this 

study can be used to obtain the results with fixed translatio­

nal and vibrational enegy\ For example, the example, the 

dissociation probabilities as a function of translational and 

vibrational energies can be obtained from the action-angle 

plot of a dissociative band as follows. First, the dissociation 

probability at a certain vibrational state n and total energy 

E can be calculated from the horizontal width of the disso­

ciative band at action equal to m + 1/2, divided by the length 

of 2n on the angle axis. The translational energy can be 

obtained from the fact that, for collinear systems, the total 

energy is the sum of diatomic vibrational and relative tran­

slational energies.

Using the CID boundary method, the dynamic threshold 

for the reactant vibratioanl state n can be obtained by detem- 

ining the total energy, below which the dissociative band 

does not reach the specific action, n +1/2, and above which 

the band reaches lower action than n 4-1/2. In this study, 

the dissociative bands were obtained at a fixed energy for 

all three curvatures. The lowest action of the dissociative 

band for each curvature is compared. If, for example, the 

lowest action for negative curvature is higher than that of 

positive curvature, it can be concluded that the positive cur­

vature enhances the dissociation process, as stated in ref.

3. Calculations were performed for both nonreactive and 

reactive potential surfaces with masses of 1-1-1 and 4-1-1.

Nonreactive System. In Figures 3-5, the calculated di­

ssociation bands for energies equal to 2.18 eV (a) and 4.90 

eV (b) above threshold are shown for the potential surface
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Figure 6. The action-angle plot of the dissociation band for the 

H+H2 nonreactive system with no modification(3=0) for 4-1- 

1 masses, (a) £=2.18 eV above threshold, (b) E=4.90 eV above 

threshold.

Figure 8. The action-angle plot of the dissociation band for the 

H + H2 nonreactive system with positive curvature (p= 4-1) for 

4-1-1 masses, (a) E=2.18 eV above threshold, (b) E=4.90 eV 

above threshold.

6[rod/w)

Figure 7. The action-angle plot of the dissociation band for the 

H+H2 nonreactive system with negative curvature (|3= —1) for 

4-1-1 masses, (a) E=2.18 eV above threshold, (b) E=4.90 eV 

above threshold.

with no modification (Figure 3), negative (Figure 4), and po­

sitive (Figure 5) curvatures. These energies are equal to A(d 

and 15么0)(1 专3=0.54486 eV), respectively, in 아le unit used 

in ref. 1. For every curvature, the higher, energy can produce 

dissociation at a lower vibrational state. Note that, for both 

energies, the dissociation bands with no modification (Figure 

3) extend to the lowest value of n. Also, the bands with 

negative curvature (Figure 4) reach lower n value than those 

with positive curvature (Figure 5). This means that the nega­

tive curvature produces lower dynamic threshold than the 

positive curvature. Since, at E=2.18 eV above dissociation 

threshold, none of the dissociation bands reaches the n = 1/2 

state, (See Figures 3a, 4a, and 5a) the dynamic threshold 

for all three curvatures is much higher than the energetic 

threshold.

Comparison of our results to the classical dissociation pro­

bability given in Figure la of ref. 1, was also made. The 

dissociation probability, for example, of the v=3 state at 

Etot = (=2.18 eV above threshold) was obtained from

the band width at m = 3+1/2 divided by the length of 2n 

in Figure 3a. Probabilities obtained from both Figures. 3a 

and 3b gave excellent agreement.

In order to investigate the effect of the mass of an incom­

ing particle, calculations were also carried out with masses 

of 4-1-1 using the same potential surface. The results are 

shown in Figs. 6-8, with the same total energies and curva­

tures. In this case, the curvature which produces dissociation 

with the lowest action is different for each energy. At E= 

2.18 eV above threshold, the surface with positive curvature
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Figure 9. The action-angle plot of the reactive (black), dissocia­

tive (dotted), and nonreactive (white) bands for the H+H2 with 

reactive LEPS potential. The total energy of the system is set 

equal to 0.1 eV above threshold, (a) No modification. The black 

area is the reactive band, the dotted area is the dissociative 

band, and the unshaded area is the nonreactive band, (b) Niga- 

tive curvature, (c) Positive curvature.

Figure 10. The action-angle plot of the reactive (black), disso­

ciative (dotted), and nonreactive (white) bands for H+H2 with 

reactive LEPS potential for 4-1-1 masses. The total energy of 

system is set equal to 0.1 eV above threshold, (a) No modifica­

tion. (b) Negative curvature, (c) Positive curvature.

(Figure 8a) yields dissociation at a little lower action than 

with no modification (Figure 6a), while at E=4.90 eV, the 

surface with no modification (Figure 6b) gives the lowest 

action. At both energies, the positive curvature (Figure 8) 

produced dissociation at lower action than the negative cur­

vature (Figure 7). Changing the mass of the incoming atom 

from 1 to 4 gives different behavior about the change of 

the dynamic threshold with different curvature. This mass 

of the incoming particle also shows the dynamic threshold 

is much higher than the energies threshold, for all curvatu­

res.

One interesting feature is that, negative curvature gives 

two dissociation bands at E 드 490 eV, for both the 1-1-1 (Fi­

gure 4b) and 44-1 (Figure 7b) masses. The narrow band 

of the 1-1-1 masses is much smaller than that of the 4-1- 

1 masses. As shown in Figure 7b, the narrow band extends 

to much lower action than the wide band. We are not sure 

what causes this pattern. Since, in this study, our main pur­

pose is to determine the dynamic threshold, we made no 

further investigation on this two-band structure.

Reactive System. A reactive potential surface was mo­

deled using the LEPS potential81011. Parameters were kept 

equal to those of the nonreactive system as much as possible, 

including the method of changing the curvature. The total 
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energy of the system was set equal to 0.1 eV above thre­

shold. The results for the 1-1-1 system are 아lown in Figure

9. The shape of Figure 9a looks very similar to the results 

of the H + H2 system using the PK2H3 potential surface9, 

in ref. 6. This is due to the fact that the shape of the unmo­

dified LEPS surface is similar to the PK2H3 surface.

In Figure 9, the reactive bands (black area) are surrounded 

by a dissociative band, which is not visible for the low-action 

band5-7. The lowest action of the dissociative band with the 

unmodified LEPS surface is m 2.5 as shown in Figure 9a. 

B아h negative (Figure 9b) and positive (Figure 9c) curvature 

intensified the low action region, and lowered the lowest 

action down to almost 0. This means that, the dynamic thre­

shold for the unmodified surface is higher than 0.1 eV above 

energetic threshold and that for both negative and positive 

curvatures it is lower than 0.1 eV above the energetic thre­

shold.

The surface with negative curvature produced a very com­

plex band structure, as shown in Figure 9b. This is due 

to the irregular shape of the surface around the turning 

point, i.e.r the point where the trajectory bounces from the 

potential energy surface, along the symmetric stretch line 

of the potential surface, shown in the lower left hand corners 

of Figure 2b. In the unmodified surface (Figure 2a), the 

shape of contour lines around this area have simple curva­

ture. Figure 2b shows a 'hump' around that point. As stated 

in ref. 6, the trajectories which follow the symm아ric stretch 

line near the turning point are extremely sensitive to the 

initial condition. Hence, the complexity of the plot for the 

negative curvature is due to the irregularity around the turn­

ing point on the symmetric stretch line of the potential sur­

face.

The results for the same potential surfaces with 4-1-1 ma­

sses are plotted in Figure 10. The shape of the bands are 

very different from that of the system with 1-1-1 masses. 

Note that the only difference between the two systems is 

the mass of the incoming atom. Other parameters are kept 

equal, including the total energy. For the systems with no 

modification, the main difference between the systems with 

the 1-1-1 and 4-1-1 masses is that the narrow low action 

band in the 1-1-1 system gets bi职er in the 4-1-1 system 

to surround the dissociation band in the high action region. 

This appears for all curvatures. As in the 1-1-1 system, the 

bands for both positive and negative curvatures reach down 

to lower action than those with no modification. Again, the 

band structure of the negative curvature is very complex 

due to the irregular shape of the model potential. Since the 

dissociative bond goes down to 0.5, the ground state for 

the unmodified surface (Figure 10a), and lower than 0.5 for 

both negative (Figure 10b) and positive (Figure 10c) curva­

tures, the dynamic threshold for these systems is close to 

D+0.1 eV. In the mass effect study of quantum mechanical 

CID by Kaye and Kuppermann12, they also stated that the 

dynamic threshold is close to the energetic threshold, for 

all the mass combinations studies.

Conclusions

Kihyung Song

Dove et al.3 speculated that the negative curvature of the 

minimum energy path reduces the diatomic distance as the 

incoming atom approaches, while the positive curvature ma­

kes it increase. The increase of diatomic distance could 

enhance the dissociation process and the compression could 

make dissociation difficult. However, this study reveals al­

most no corr이ation between the curvature of the minimum 

energy path and the dynamic threshold. In agreement with 

other re옹ults'T, the above results also show that the dyna­

mic threshold of a nonreactive system is much higher than 

that of a reactive system. From the results of this study, 

it is concluded that the curvature of the minimum energy 

path is not 하le major reason why the dynamic threshold 

is much higher than the energetic one for the nonreactive 

systems.

Instead of the diatomic interacion3, it would be appropriate 

to focus on the interaction between the diatom and 아le in­

coming atom. If there is an exchange channel, the force bet­

ween the incoming atom and one atom of the diatom is att­

ractive. Hence it would withdraw the atom from 하)e diatom. 

This could boost both the dissociation and reaction proces­

ses. In the case of a nonreactive system, the interaction is 

repulsive. This could cause the diatom to retract and hence 

makes dissociation difficult. Therefore, we suggest that 나出 

main cause of the difference of dynamic threshold between 

reactive and nonreactive systems is not the curvature of the 

minimum energy path on the potential surface, but the pre­

sence of the exchange channel.
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