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Vibration Analysis of a Beam-Column with Elastically Restrained
Ends and Various Intermediate Constraints
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Abstract

Vibration analysis methods of a beam-column with elastically restrained ends and various interme-
diate constraints such as rectilinear springs, rotational springs and concentrated masses are presented.
Firstly, an exact method of solutions based on Hamilton’s principle and Laplace transform method is
shown. This method of solutions is very complicate in cases of having intermediate constraints more
than two. Therefore, Rayleigh-Ritz method using the eigenfunctions of the base system, the system with-
out intermediate constraints, are also investigated. Extensive numerical examples carried out for com-

parisons with known published works show that the latter method has easy adaptability for wide varie-
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ties of boundary conditions and intermediate constraints, and gives good accuracy for various interme

diate constraints with reasonable number of terms in construction of a trial function.
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Fig. 1 Model of a beam-column with elastically
restrained ends intermediate constraints.
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Table 1 Comparisons of numerical results of the frequency parameters A obtained by various methods
Exact solution ; LTM " R—R?® System
order -
Liu et al.[3] Author Author

1 92.35 92.36 92.37

2 667.60 667.62 667.84

3 1,977.25 1,977.19 1,993.44

4 33,776.60 33,777.19 33,789.48

Kpr = Kpp = 100.0) k1= #2= p3=10
5 59,494.86 59,495.32 60,069.40
1) Laplace Transform Method 2) Rayleigh-Ritz Method using base system eigenfunctions
(a)
Exact solution R—R? System
order - 5
Liu et al.[9]" Author? Author Ky //g Kp "

1 2.38 2.38 2.39 EKM 757' 1

2 135.50 135.50 135.54 0.8 L

3 1,716.96 1,716.96 1,719.22 10 |

4 8,096.81 8,096.81 8,116.36 K =0, Kp = 0.1, p =10

5 25,583.73 25,583.73 25,704.75 K.=10 , Kg=l

1) Direct sol using matching conditions at constraint points.

3) Rayleigh-Ritz method using base system eigenfunctions.

2) Laplace transform method

(b)

Ky =Kw=0 Ky =K== System

P | Author’s Rayleigh-Ritz Author’s Rayleigh-Ritz
Exact sol. {Laural11]1"| Author® | Exact sol. |Laura[11]"| Author? ,_Eé' . _ N .
0| 1,111.90 1,133.67 1,111.96 2,674.05 2,754.15 2,675.06 -'Ewofj T -
-1 1,140.03 1,162.13 1,140.10 2,706.17 2,800.53 2,707.21 075
-5| 1,252.55 1,275.92 1,252.64 2,834.49 2,923.57 2,835.64 : B1= uz= 01
—101 1,393.17 1,417.52 1,393.64 2,994.52 3,078.03 2,995.81

1) Using Polynomials 2) Using base system eigenfunctions

(¢) Fundamental mode
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Fig. 2 Influence of magnitudes and locations of
interme diate constraints on the fundam-
ental frequency parameter : Simply
supported ends
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