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Internal Tides in an Axially Symmetric Basin
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A new internal tide model for solving flow fields and wave generations is presented here which
seems 10 be simple to apply. converges fast and yields accurate results. The new method employs
a representation of vertical structure using dynamic basis functions which depend on the stratifications.
The present method has been applied to the East Sea. For a constant Bruni-Vaisala case, weak
baroclinic currents are generated over the entire continental slop: however, results using a more realis-
tic stratification can be described using only the lowest modes and exhibit much more realistic beha-
vior. Baroclinic tide generation is confined to the upper slope. Model results for the East Sea show
the semi-diurnal baroclinic modes contain almost all the energy transferred from the barotropic mode.
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INTRODUCTION

In recent years, interest in the margins of the
continental shelves has increased as Oceanogra-
phers attempt to understand the interactions be-
tween the open sea and the shelf seas. The shelf
areas are known to be dynamically active with
enhanced current flows, large internal waves, inter-
nal tides, low frequency topographic waves, coast-
al upwelling and convective exchange. However,
there is still much to be learned about the interac-
tions between these phenomena and their impact
on exchanges. There is thus a need to develop
a more theoretical model and to observe indivi-

dual processes.

This paper demonstrates a new model of the
internal tide generation using normal mode. A num-
ber of different models have been presented for
the calculation of internal tides generated by the
interaction of the barotropic tide with large topo-

'grabhic features. The presence of internal tides

with diumnal of semi-diurnal period has long been
recognized, particularly near continental margins.
These internal tides are believed to be induced
by the interaction between the surface tide and
topographic features.

Normal mode models have been used to ex-
amine the generation of internal tides. Sandstrom
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(1976) constructed internal wave eigenfunctions for
two dimensional topography 1o look at generation
and coupling. Sandstrom compared his results
with the Baines (1973) model and found good cor-
espondance in baroclinic velocity components ge-
nerated by a symmetrical cosine ridge.

Chaung and Wang (1981) used both ray tracing
techniques and a two dimensional numerical mo-
del of internal tides over a continental slope. They
compared the results of the two methods for con-
stant and variable Brunt-Viisili. They found good
agreement between ray theory and numerical re-
sults.

Previous models using dynamic normal modes
have been limited to small amplitude bottom to-
pography due to use of common vertical structure
functions for all locations. The present modal over-
comes this difficulty by using local vertical struc-
ture functions and incorporating bottom coupling
terms in the internal tide model.

The aims of this paper are (a) to provide solu-
tions to the internal tide equation for a stratified
fluid using local modal decomposition and (b) to
apply the model to the East Sea for semi-diurnal
frequencies so as to estimate the local significance
of internal tides.

RESEARCH METHODS
1. Linearized Equations of Motion on an f-plane

The development of these equations is that of
Reid (1988), though 1 have used cylindrical coor-
dinates throughout in anticipation of applying the
method to an axially symmetric basin. The starting
equations are given in Gill (1982)
as
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where p is the potential density, u. the velocity,
Q. the Earth’s angular rotation vector, P, the pres-

sure, g, the local gravitational acceleration, v, the
kinematic viscosity. and @;, the tide potential. Eq.
(1) and (2) are simplified by assuming an inviscid
fluid, non-divergent flow. no advection of velocity,
no horizontal stratification and imposing the hy-
drostatic approximation. If the potential density
for the rest state is p, with maximum potential
density p,. and the hydrostatic pressure for the
rest state is P,z) then the following definitions
may be made
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where p is the kinematic pressure anomaly. b is
the buoyancy term. and N is the Brunt-Vaisala
frequency. Using cylindrical coordinates with the
above assumptions, (1) and (2) become
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The boundary condition for the top of the water
column is taken to be a material surface, for
which
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while the boundary at the sea bed is a solid sur-
face with free flow along it
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Boundary conditions at the center and outer edge
of the basin will be considered later. The geometry
of the basin and forcing is such that the equations
are periodic in 8 and t. Combining conservation
of mass, (3). with conservation of vertical momen-
tum, (6), yields
1 g9 op
W=——3—— 9
N gt 9z ®)
Substituting (9) into the equation of continuity yie-
1ds
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The boundary conditions (7) and (8) can similarly
be reduced to
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Dynamic normal modes are now introduced to
solve the governing equations developed above for
a stratified fluid. The vertical structure of pressure
and horizontal velocity can be represented as a
sum of modal pressures and velocities multiplied
by the local vertical structure function, F,(z). The
local vertical structure function can be defined by
solving the Sturm-Liouville(S-L) problem as Flierl
(1978) does
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subject to the boundary conditions
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2. Coupled Normal Mode Equations

Because the basis functions F, are a complete

ortionormal set. p and u can be represented as
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To determine predictive equations for p, and
u,. (4) through (5) and (10) are multiplied by F,
and integrated over z making use of (18) and (19)
to get
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Note that the tidal forcing is multiplied by 8,4,
indicating it acts only on the barotropic mode.
This fact arises because the tide forcing is taken
to be independent of depth and the baroclinic
F, have a zero vertical integral. Eq. (16) and (18)
are used to simplify the pressure gradient term
in (20) as below,

0 [
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and a non-dimensional topographic coupling ma-
trix S,. can be defined
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The matrix S,.. defined by the integral relation
(24), can be evaluated in closed form for known
A and Fuz h).
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Details may be found in Lim (1989).

3. Transform of Modal Equations to the Frequency
Domain

For sustained forcing at frequency w, the solu-
tions for complex u,, v, and p, will also be of
simple harmonic form proportional to exp(i(et+
19)). Therefore g/gt can be replaced by iw and
/99 by il so that (25) to (26) become
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Eq. (29) is a purely algebraic relation between u,,
v., and p, It can be solved for v, to yield
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wr R

It is also convenient to solve the equations in te-

rms of volume transport rather than velocity. The
modal volume transport Q, is defined by the rela-
tion

u,=1Q./th. (32)

Substituting (31) and (32) into (28) through (30)
gives the following governing equations for p, and

Q.
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and

Direct forcing by the tide potential occurs only
for the barotropic mode the baroclinic modes are
excited by coupling to the barotropic mode and
other baroclinic modes via the coupling matrix,
S, in the presence of bottom slope. dh/dr.

4. Inner and Outer Boundary Conditions

If an impermeable wall exists at the basin peri-
meter, =R, then the condition there is simply
Q,=Wor u,=0 if h#0) for all modes. Under this
condition total reflection occurs for every mode.
For an inviscid model such as this one, a simple
way of providing this sink is to radiate energy
at r=R into a hypothetical reservoir that allows
mass to flow in either direction but returns no
energy. Therefore, a possible generalized condition
1S

c, =y.pn at I=R (3%5)

where v, is a non-dimensional admittance for
mode n which must satisfy y,20. and C,=X,'"~
The energy flux into the hypothetical sink is pro-
portional (Rhy,/c,)I' which the energetics subsec-
tion will show is never negative. In terms of Q,.
condition (35) is equivalent to
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Fig. 1. Bathymetry of the East sea.

Q,=—il,p. at r=R (36) (34) require that p, and Q, vanish at r=0 if their
derivatives are to be finite.
where [,=Rh(R)v./c,. The case of an imperme- The governing equations (33) and (34) then re-
able wall for mode n is simply I,=0. quire the following single relation between these
A second boundary condition involving p, or derivatives at r=0:
Q, is required at or near r=0. For forcing by dp, #A. _ (o—f) dQ.

the tide potential with w’«f{* and 1’x0, (33) and ar  ROT h ar (37
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Table 1. Bathymetry fitting coefficients for all model

runs.

bo 29957

b, 0.03665/10*

b, 1.7392

m 0.02256/10°

X 50 km from shore
X> 135km from shore

A practical boundary condition for numerical cal-
culation can then be found from (37) to be

(—fl)
h

at r=r,, the innermost grid point, where A0'G<].

T
Pn— gAE(’S"(] - Qn (28)

RESULTS AND DISCUSSION

The size of the basin, bathymetry, latitude and
forcing are chosen to reflect conditions on the
East Sea shelf and slope. The radius of the basin
is 350 km, which gives it the same scale as the
East Sea, and the latitude is taken as 37° N. The
depth is specified as a piecewise continuous func-
tion of the distance from shore with three regions:
a narrow shallow sloping shelf, a steep escarpment
and a deep constant depth abyssal plain. Fig. ]
shows the bathymetry over the three regions of
the basin.

The actual form of the analytic functions specify-
ing depth was determined by a best fit for an
alongsore averaged section over the East Sea shelf
with the fitting formula given below:

exp(by+bix), for 0<x<x,,

exp(bo+bix+by sin(m(x—x,))),

for x;<x<x. and (39)
h(x;), for x,<x

where x=R—r. the distance from shore, and b
bi, bz, m, X,, and x.. are given in Table 1. These
coefficients with (39) give a minimum shelf depth
of 20m and a maximum abyssal depth of 3000 m.

The forcing for the M, tide in the East Sea
is primarily through the astronomical tide genera-
ting force (ATGF) rather than tidal currents th-
rough the Korean strait and Tsugaru strait. Accor-
dingly, the forcing period of the model is taken
to be that of the M- tide, 1242 hrs. The direction

/ \ U (max)=7.90 cm/sec

Uy/Uy (max)

~1.00
Jo (max)= —0.16 watts/m
=1.50 Frrr e T T
.20 100.00 200.00 300.00 400.00

(km}
Fig. 2. Barotropic energy flux and U-velocity for variable
stratification.

of phase propagation is taken as counterclockwise.
The amplitude of the tidal forcing is determined
by the ATGF strength with the Earth tides taken
into account.

The number of grid points was chosen as 500
in order to provide a minimum grid resolution
of approximately ten grid points per wavelength
for the most limiting case, which was dependent
on the Brunt-Viisila frequency on the shelf and
the maximum number of modes examined. This
number of grid points was retained for other mo-
del runs for the sake of uniformity.

The model output consists of real and imagi-
nary values of transport Q, and kinematic pressure
anomaly p,. From these values the real and ima-
ginary modal velocities in the r and 8 directions,
U, and V, are back calculated. The magnitudes
of U, and V, are plotted as a function of r. From
U,. V, and p.. modal energy fluxes and the trans-
fer of energy from barotropic to baroclinic modes
are plotted as a function of r.

In all model runs the barotropic model showed
similar behavior as shown in Fig2 and 3. The
radial velocity U, was almost zero near the open
ocean. It increased rapidly over the continental
slope and shelf and decreased to zero within 100
km of the shore boundary. The phase of U, re-
mained locked at 90°. At 100 km offshore both
for uniform stratification and for variable stratifi-
cation the model show U, to be around 2cm/s,
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Fig. 3. Barotropic energy flux and U-velocity for uniform
stratification.

and at 50 km offshore U, is about 7.9 cm/s. These
values are only approximate due to the depende-
nce of the exact magnitude of U, in the model
on the stratification chosen. The energy flux. Jo
is zero at the center of the basin and decreases
to a minimum at the slope. Most of the decrease
occurs over the slope region. The stratification is
one of the factors which determines the strength
of the bottom coupling. Strong bottom coupling
decrease the amplitude of U, more the cases of
weakly coupled or pure barotropic ones. However,
the shope of the velocity curves remains steady
and the reduction in amplitude is on the order
of 20% indicating most of the energy remains in
the barotropic mode.

Preliminary studies were made using a constant
Brunt-Vaisala frequency of 2.5cph. This value of
Brunt-Vaisala frequency was based on a typical
change in density from the surface to 3000 m in
the East Sea and thus represents an average over
the entire water column. The constant Brunt-Va
isala frequency case trivializes the solution of the
Sturm-Liouville problem for the vertical structure
functions. For this case, the F, become cosine fu-
nctions with a normalized bottom value of + /2.
This simplifies the calculations and shortens the
run time immensely. However, in addition to
being unrealistic, the choice of a constant N has
another big problem. This problem is is that many

Table 2. Comparison of 4 and 6 baroclinic modes for
uniform stratification.

modes 4 modes 6 modes
Umax) 791 cm/sec 790 cm/sec
Jomax) 0.03 watis/m 0.03 watts/m
U{max) 25.7 cm/sec 19.3 cm/sec
Ji(max) 0.02 watts/m 0.02 watts/m
Uxmax) 6.70 cm/sec 238 cm/sec
J{max) 0.02 watts/m (.02 watts/m
Us(max) 452 cm/sec 130 cm/sec
Ji(max) 0.02 watts/m 0.04 watts/m
Ug{max) 70.2 cm/sec 45.2 cm/sec
Jdmax) 0.02 watts/m 0.11 watts/m

higher modes are very energetic. meaning that the
representation of velocity and pressure with depth
can not be truncated to just a few modes. Because
of the stringent grid resolution requirements which
increased both run time and the dimensions of
stored arrays. the choice was made to use a maxi-
mum of only six baroclinic modes.

Comparisons of runs for four and six baroclinic
modes for uniform stratification are shown in Ta-
ble 2. Table 2 brings out the differences between
the four and six baroclinic modes. The observa-
tion that a large number of modes is needed to
represent the velocity and pressure fields is consis-
tent with previous studies such as that of Rattray.
Dworski, and Kavala (1969) who used 100 normal
modes to represent the internal waves field in their
study. For example, Chuang and Wang (1981)
used eleven normal modes to specify the boundary
conditions in their numerical scheme. The energe-
tic higher modes present in this model are consis-
tent with the previous studies, but this is specula-
tion in light of the few baroclinic modes investiga-
ted.

Fig 4. shows the velocities for the uniform strati-
fication using four baroclinic modes. Strong bot-
tom coupling from barotropic to baroclinic modes
occurs over the entire slope with less intense cou-
pling over the shelf. Shoreward modal energy flu-
xes show oscillations at their internal wavelengths.
These oscillations are strongest over the slope and
decay rapidly (with about five wavelength) over
the shelf. All baroclinic modes an energy flux into
the shoreward boundary as a consequence of the
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Fig. 4. U-velocities of 4 baroclinic modes for uniform stratification.

radiational boundary condition. For the case of
uniform stratification, internal tide generation is
weak and many baroclinic modes are highly ener-
getics as shown in Fig 4.

A second set of model runs was performed with
a variable stratification. This stratification was
chosen to resemble that found in the East Sea.
The East Sea does not have a deep wind mixed
layer and is strongly stratified near the surface
c‘uring summer and autumn. The stratification de-
creases from a high of about 12cph at 50m to
about 0.5 cph at 500 m. Below 500 m it varies slow-
ly between 0.5 and 0.2cph.

The uniform stratification over the shelf allowed
the bottom values of the vertical structure func-
tions to be specified as *+/2 over much of the
shelf. The actual form of the base state stratifica-

Table 3. Stratification parameters. Ng is chosen fo give
the actual density change over z, and other
parameters are chosen such that the density
change over the entire water column is equal
to that in the East Sea.

No 841 cph
r 17210 m™!
Z, 125m

tion is given below:
N(z)={N& for 0<z<z,, and
o—N,) exp (1(z—2z))+N,, for z;,<z (40)

with the numerical values for coefficients given
in Table 3.
By using this statification, I examined the effect
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Fig 5. U-velocities of 4 baroclinic modes for varable stratification.

Table 4. Comparison of 4 and 6 baroclinlc modes for
variable stratification.

modes 4 modes 6 modes
Ug(max) 790 cm/sec 790 cm/sec
Jo(max) 0.16 watts/m 0.02 watts/m
U\ (max) 127.1 cm/sec 80.5 cm/sec
J(max) 0.09 watts/m 0.02 watts/m
Uxmax) 309 cm/sec 7.10 cm/sec
J{max) 001 watts/m 0.004 watts/m
Ux(max) 156 cm/sec 770 cm/sec
J{max) 0.014 watts/m 0.003 watts/m
Us(max) 112  cm/sec 940 cm/sec
J{max) 001 watts/m 0.001 watts/m

of varying statification over the slope. where bot-
tom coupling is strong. In contrast to the case
of uniform Brunt-Vaisala frequency, results of mo-

del runs using four and six baroclinic modes are
nearly identical. Table 4 shows how close the ve-
locities and energy fluxes are. The lowest barocli-
nic modes are highly energetics. This indicates the
lowest baroclinic modes contain almost all the
energy transferred from the barotropic mode. The
fact that most of the energy is contained in the
lowest modes for the more realistic stratification
is consistent with previous results reported by Wu-
nsch (1975).

Fig. 5 shows the velocities for the adopted non-
uniform stratification using four baroclinic modes.
In contrast to the case of uniform stratification,
where U,-velocity is strong over the entire slope,
baroclinic velocities show that the strongest topo-
graphic coupling occurs only over the upper slope
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Fig. 6a. Transfer of energy from barotropic to baroclinic
modes for uniform stratification.

for the variable stratification. It is in this region
where both the bottom slope and stratification are
large.

This result is in agreement of modelling studies
of Baines (1982) and Chuang and Wang (1981)
who found that baroclinic energy was concentra-
ted at the upper slope for non -uniform stratifica-
tion. It is also in agreement with measurements
reported by Huthnance and Baines (1982) on the
shelf-slope break off the northwest coast of Africa.

Fig 6 illustrates that net energy transfer from
the barotropic to baroclinic modes was also much
weak for the case of uniform stratification. One
reason for this is that the bottom coupling is wea-
ker over most of the slope for uniform case. An-
other is that reconversion from baroclinic to baro-
tropic energy occurs over a region of the lower
slope between about 100 km and 135km from the
coast region. The stronger transfer of energy from
barotropic to baroclinic mades is also reflected
in the strength of the baroclinic currents of the
non-uniform case when compared to the uni-
form.

Baroclinic velocity maxima in Table 4 are com-
parable to and sometimes even stronger than the
barotropic velocity maximum. For the non-uni-
form case. the mode one velocities had a maxi-
mum of 127.1 cm/sec at the continental break. The

1.2C

|

% 2.4C
E 2
= N
g I // \/“
E 500§ \/‘ \
= 0
3]
&.—.
~0.40
Ton/Ton (max)= 18.96 milliwatts/m-
—0.80 T e e T
0.00 100.00 20000 300.00 400.00
(km)

Distance off shore

Fig. 6b. Transfer of energy from barotropic to baroclinic
modes for variable stratification.

relative phases of the baroclinic currents also rota-
ted over the course of one internal wavelength.
It is important to remember that the first mode
velocity must be multiplied by the local vertical
structure function is of order cne over the water
column. meaning that the mode one magnitude
does give a good indication of the depth depen-
dent velocity over the shelf.

CONCLUSIONS

I have presented a new algorithm for the nume-
rical solution of a class of coupled internal tide
problems. The model presented in this study is
shown to produce several results.

1. Previous models using normal modes have
several shortcoming for calculation of internal u-
des generated by the interaction of the barotropic
tide with large topographic features, and have been
limited to small amplitude bottom topography due
to use of common vertical structure functions for
all locations. The present model overcomes this
difficult by using coupling matrix. This modal
model should be seen as complementary to pre-
vious internal tide models. By using a time step-
ping scheme and uniform grid, the model can be
applied to arbitrary two dimensional topography.

2. The present model has been applied to the
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East Sea. For the case of uniform stratification,
internal tide generation is weak and many barocli-
nic modes are highly energetics. Topographic cou-
pling occurs over the entire continental slope.
With a more realistic variable stratification, the
first internal mode contains almost all of the ba-
roclinic energy. Topographic coupling is both
weaker and confined to the upper continental
shelf. Model results for the East Sea show the
semi-diurnal baroclinic tide to be primarily mode
one and strong relative to the barotropic.

Future extensions of this and any other internal
tide generation model should attempt to incorpo-
rate nonlinear terms and viscosity. The generation
and dissipation of internal tides is thought to be
a highly nonlinear process.
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