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A Multivariate Model Development For Stream Flow Generation

-
Jeong, Sang Man*

Abstract [ | Various modeling approaches to study a long term behavior of streamflow or groundwater storage have been
conducted. In this study, a Multivariate AR (1) Model has been applied to generate monthly flows of the one key station
which has historical flows using monthly flows of the three subordinate stations. The Model performance was examined
using statistical comparisons between the historical and generated monthly series such as mean, variance, skewness. Also,
the correlation coefficients (lag—zero, and lag—one) between the two monthly flows were compared. The results showed that
the modeled generated flows were statistically similar to the historical flows.
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1. Introduction

Since the early 1960’s, extensive research efforts
have been concentrated on developing methods to
analyze the stochastic characteristics of hydrologic
series and to devise generating schemes for univariate
hydrologic series. Periodic multivariate models are
necessary to generate multiple periodic series at
several sites. For instance, a water resource system of
several reservoirs may require the generation of
monthly streamflows at several sites in order to simu-
late the operation of such a system. If monthly
streamflow data are available at the site of interest, a
periodic multivariate model can be used to model and
generate monthly streamflows at those sites (1).

The primary objective of this study was to develop a
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Multivariate monthly flow model for Camas Creek,
Idaho, U.S.A, based on stream flows in neighboring
basins, and to test whether such a model is sensitive
enough to detect, at some statistical level of sighifi-

cance.

2. Multivariate Models and Model Selection
The multivariate modeling of surface streamflow, us-
ing subordinate station data to predict or extend the
streamflow record at key station, is well documented
and has been extensively applied. In 1964, Fiering (2)
proposed multivariate analysis for the simultaneous
generation of synthetic flow sequences at a key station
X and a subordinate station Y to preserve the lag—one

serial and lag—zero cross correlation coefficient of the
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two stations. However, subsequent examination of this
model by others (3,4) showed that these correlation
coefficients were not preserved unless some constraint
conditions were met. Lawrance (4) presented a mod-
ification of the Fiering model that preserves the
lag—one serial and lag—zero cross correlation coeffi-
cients with much less stringent constraints. In 1973,
Yevjevich (5) presented an improved multisite model
which can reduce time dependence, skew coefficient,
and variance of the model residuals, while preserving
all of the individual station statistics.

The general model structure of and AR(1) Model

with monthly parameters is given by:
Zooe =A1 7 oqF B € o (1)

where Air is an n x n monthly coefficient matrix
associated with the time interval 7,7, 1 isannx 1
vector of standardized monthly values, B: is ann x n

monthly matrix for time interval 7, and € .- isann

x 1 vector of time independent, normally distributed
random variables. The sequences, Z. - and € . : have
expected values equal to zero, and variances equal to
one.

This model has the property to preserve the histor-
ical means, standard deviations, the lag—zero and the
lag—one cross correlation and the lag—one autocorrela-
tion. A recent study (6) has shown that the Yevjevich
model was clearly superior to the other earlier models
in properly modeling the flows on several ldaho
streams. For this reason, the multisite AR(1) model
was applied to this study.

For the record period of 1925 to the cut—off date of
1952, the multivariate AR(1) model can be developed
to relate the Camas Creek monthly flows to the flows
on the other three streams. When the monthly flows at
stations of Big Wood Slough, Big Lost River, Goose
Creek, and Camas Creek were used, the above four
sites numbered as 1,2,3, and 4, respectively.

Using the representation of equation 1, the generat-
ing AR(1) model for one key station and three sub-

ordinate stations can be written as:
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where:
7.. " = standardized monthly flows for station (i =
1,2,3.4)

a’s and b's = the elements of the estimated matrix

parameters Al and B

€. .." = independent and identically
distributed normal (0,1)
deviate for i = 1, 2, 3, 4

Y=1,2 .. N
(N is the number of years of records)
=12 . W

(W is the number of time periods within

the year)

Because it is assumed that is a lower triangular
matrix, equation 2 can be changed as follows to gener-
ate monthly flows of the one key station (Camas
Creek), using monthly flows of the three subordinate
stations(Big Wood Slough, Big Lost River, Goose
Creek).
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To generate standardized monthly values of the key
station (7. *) using the standardized monthly values
of the three subordinate stations, the following two
steps are necessary: the first step requires the cal-
culation of four standardized normal random numbers,
€,.M €,.® €, .%and €. . using equation 3;
and the second step is to generate a Z:*** value, using
the above calculated standardized normal random num-

bers and equation.

3. Preliminary Analysis

The main purposes of this analysis were to check
the normality of the original monthly time series, and
to make appropriate transformations to normal, if
necessary. The normality of the raw monthly series
and lognormal transformed monthly series for the four
stations was checked by determining if the coefficient
of skewness of each series did not differ from zero.
Based on each normalized series (four stations) from
the previous step, the monthly mean, monthly standard
deviation, and the monthly correlation coefficients (lag-

—zero, and log—one) for each series were computed.

4, Estimation of Parameters
The standardized variate Z. 7 is:

where X, " is the monthly stream flows, and X. "

and S..:" are the estimated values of the mean and
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standard deviation of the series.

With the AR(1) model for four stations, the monthly
matrix parameter estimates for the model of equation
1.1 can be obtained from (7):

Arr = Mue Moo coormemmmemmemamneeieei, 6)
and
B:B:T= Mo — Mir Moo My cooomeeeeeres (7)

where Mo.-, Mo.--1, and My -, are the monthly matrix
correlations given by:
e o e e st s
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for k = 0,1 and = 1, ..., 12. The monthly correlation
coefficients r« - are obtained by correlating Z. ¢
with Z. -«". The elements of the matrix B- can be

obtained by use of lower triangular matrix.

5. Data Generation

The multivariate AR(1) model for the synthetic gen-
eration of the monthly series for the key station
(Camas Creek) can be obtained by substituting the
estimated parameters into their corresponding model

equations. Thus, the generation of the monthly series

for the kev station X » .- can be made by:

X, . = XL.‘_ A G 7 e (9)

for raw monthly series and

XO, . = exp [?<4>>_r 4 ST, ) e (10)

for log transformed monthly series

where i,,:(“ and S. - are the estimates of the monthly
mean and monthly standard deviation for the raw
monthly series, and Y. .. and S..c are the estimate of
the monthly mean and monthly standard deviation for
the log-transformed monthly series. Z. ™ is the stan-
dardized, normalized monthly flow generated by equa-

tion 1.4. The following relationships (8) were used to
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relate the characteristics of the untransformed variate

-Xu‘r and the transformed variate Y. -

Y:1/210g[-@§—yr—]—] ................. (11)
S.:2 = log (C% - o ) RESEETTEETTIRIPRRREIRLRLRLE 12)

where C. : is the coefficient of the variation of the
raw data (C. - = S.r / ix«,r).

For the period of natural flow (1925—1952) on the
four streams, the historical data from the subordinate
stations were used to generate monthly flows for
Camas Creek. The historical monthly flows and the
generated monthly flows for Camas Creek for the
period of natural flow (1925—1952) were plotted. In
addition, the historical annual flows and the generated
annual flows (monthly sums) at Camas Creek were

poltted. Although the model appeared to simulate over-
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Fig. 1 Camas Creek May Streamflows
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Fig. 2 Camas Creek Annual Streamflows

all historical time series reasonably well, its perform-
ance varied by month and season. The poorest agree-
ment between modeled and observed flows occurs in
the peak spring runoff months and is probably attribut-
able to variations in snowpack among the four basins
used in the model development. As typical results of
monthly flows and the results of annual flows included
here as Fig.l and Fig.2.

6. Analyses and Conclusion

Statistical comparisons (mean, variance, skew) were
performed between the historical and generated month-
ly series. Hypothesis tests were used to compare the
statistics of the two series. Hypothesis tests were used
to compare the statistics of the two series (historical
vs. generated) for each month and annual flows (9,10).
A paired mean difference t—statistic (Table 1) was
considered in oredr to compare the statistics of the
two series. The variability of the two series were con-
sidered to understand the results by the paired mean
difference testing. Therefore, equality of the variances
between two series was first tested by using an
F—statistic (Table 2). Then the means of the two
series were tested using the paired difference t—sta-

tistic. The results of these tests are presented in
Table 3

From Table 2, it was seen that at the 5% level of
significance, the null hypotheses of equality of variance
between the two monthly series were not rejected, ex-
cept for September flows. Unequality of variance for
the september flows is caused by an extremely large
value was generated by the model. Likewise,from
Table 3 no significant differences between the means
for the two monthly series for all months were found.
Coefficients of skew for the historical monthly
streamflows and the generated monthly flows were
compared on a monthly basis. The comparison showed
that the skew coefficients of all but two months
(February, September)were similar to each other. It
was concluded that the differences of the skew coeffi-
cients of the two months were caused by the relaxed
normality assumption for those months of Goose Creek

station. Also, the correlation coefficients between his-
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Table 1 Hypothesis Tests using F-and Paired Difference t-statistics

F-statistic
Null Hypothesis ; ¢ h® og
Alternative Hypothesis : o h? > og

Test Statistics : F = (larger of s? and s.%) / (smaller of s?,

Degrees of Freedom : n-1
(n = sample size of s® and s,°)
t-statistics
Null Hypothesis : #, ~ #, = #4 = Dy
Alternative Hypothesis : Dy )
Test Statistic :

d-d

n

t =

Sq

Degrees of Freedom : n-1

n differences.

where the subscripts h and g represent the two series of each length, n. The Greek letters represent the population statistics

while the lowercase letters represent the sample estmates of these statistics. d and sy are sample mean and standard deviation of the

5¢)

Table 2 Hypothesis Test for Equality of Variances between Two Monthly Series (for 1925-1952 water Years)

Std(h) Std(g) Sample 5%

Month Years (Cfs-days) (Cfs-days) F F Unequal / Equal
Oct. 28 119 97 1.48 1.96 equal
Nov. 28 267 224 1.42 1.96 equal
Dec 28 438 375 1.36 1.96 equal
Jan. 28 218 253 1.34 1.96 equal
Feb. 28 1048 809 1.68 1.96 equal
Mar. 28 3950 3485 1.28 1.96 equal
Apr. 28 28690 22098 1.69 1.96 equal
May. 28 10069 11235 1.24 1.96 equal
Jun. 28 2891 3564 1.52 1.9 equal
Jul. 28 696 779 1.25 1.96 equal
Aug. 28 113 97 1.36 1.96 equal
Sep. 28 69 202 8.57 1.96 unequal
Ann. 28 39693 31124 1.63 1.96 equal

* “Std(h)” = Standard Deviation of the Historic Monthly Streamflows

* “Std(g)” = Standard Deviation of the Generated Monthly Streamflows

torical monthly flows and generated monthly flows
were compared. Generally, the correlation coefficient
between historical monthly flows and generated month-

ly flows for each month preserved the correlation

coefficient between the key station and the three other
subordinate stations. From these results, it was con-
cluded that the modeled generated flows were statisti-

cally similar to the historical flows.
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Table 3 Hypothesis Test of Paired Mean Difference between Two Monthly Series (for 1925-1952) Water Years, Streamflow in cfs-days)

Mean Std Error Sample 5% (

Month Years (Cts-days) (Cts-days) t t Unequal ~ Equal
Oct. 28 2 13 -0.19 -2.05 equal

Nov. 28 10 31 0.33 2.05 equal

Dec. 28 11 83 -0.14 -2.05 equal

Jan. 28 15 30 0.53 205 equal

Feb. 28 ~197 214 -0.93 -2.05 equal

Mar. 28 ~419 417 -1.00 -2.05 equal

Apr. 28 1070 3829 0.28 205 equal
May. 28 -285 952 -0.30 -2.05 equa]

Jun. 28 638 361 ~1.77 -2.05 equal

Jul. 28 -19 09 -0.18 -2.05 equal

Aug. 28 2 16 0.16 2.05 equal

Sep. 28 -33 32 ~1.02 -2.05 equal

Ann. 28 -508 l 3190 -0.16 -2.05 equal
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