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ABSTRACT

The mobility and ditfusivity in an edge dislocation in an FCC crystal formed hy the removal of one half
of a (100) plane werc evaluated in an applied field by analvzing a vacancy tight binding model using Stark’s
matrix technique. A model of an edge dislocation in an FCC crystal was construcled for a [100] Burgers
vector where vacancy transport along the edge of the extrac hall plane of ions was considered. The model
considered a tight binding approximation of the vacancy to the compressed region of the core and carried
the calculation to the hmit of an infinite length of dislocation. The diffusivity and the ratio of mobility to
diffusivity were found to increase withoul hounds i the Lmit where the correlalion factor becomes zero.
In contrasi, as the correlation factor became unity, the diffusivily became zero and Lhe ratio of mohility Lo
diffusivity became unity associated with the uncorrelated limit of 1/kT This implied thal the phenomenon
was not unigue lo the crystal structure but was unigue lo edge dislocations with vacancy light mnding.
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matrix. However, it has been found that this motion
may not indeed be totally random. Therelore, a corre-
lation factor hecame necessary 1o describe actual diffu-
sion. The correlation effect allowed for an atom to

1. Introduction

Solid state diffusion of atoms has been studied ex-
tensively through evaluation of several different crystal

deflect mechamsms. Generally, diffusion of species wi-
thin a system was characterized by the diffusion co-
efficient. The technique used to analytically delermine
the diffusion coefficient was to mathematicaly follow
the random motion of a tracer atom through the crystal

jump randemly. However, because of the mfluence of
defects or impurites, sequenbal jumps were more li-
kely to be in opposite directions thus having a smaller
overall net displacemenl. The correlation factor, as de-
fined by Bardeen and Herring”, was the ratio of the
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Fig. 1. Atomic model of edge dislocabion on FCC stru-
cture,

dilfusion coefficient for mass transport of a species
1o the self dilfusion coefficient calculated on the basis
ol {otally random motion.

An analvlical method of evaluation the diffusivity and
correlation faclor was developed by Bardeen and Her-
ring" hased on a thermodynamic and kinetic approach
to the Kirkendall effecl. This method was expanded
by Howard” using matrices of prababihtes hased on
several different possible jump vectors or “tvpes” of
jumps. Stark” further expanded the random walk mat-
rix method developed by Howard® and applied it io
the case of a dilute solute tracer in an FCC laltice
which diffuses by a vacancy mechanism. Calculation
of the average jump frequency was combined with the
correlation [actor calculation to directly determine the
diffusivity.

Robinson and Peterson® developed an analytical so-
lution for the correlation factor in the case of FCC
laliice dislocation pipe diffusion with a vacancy mecha-
msm. This analysis was achieved by defining the crys-
tallographic model and using Howard's general malrix
method. Stark® made a more rigorious evaluation 1o
eliminate these limitalions hy redefining the site clas-
ses and expanding the matrices. Stark”, therefore, app-
lied this technique to dislocation pipe diffusion in a
simple cubic siructure by a vacancy mechanism. Two
exireme approximations were approached. Firsl, tight
binding of the vacancy to the dislocation pipe core.
Second, loose binding of the vacancy to the dislocation
pipe core. The loose binding analysis was analogous
to the case studied by Robinson and Peterson®® and
Stark® for FCC dislocation pipe self diffusion.
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Fig. 2. Simplified 1-dimensicnal diffusicn model,

Slark™ also evaluated the diffusivity and mability for
dislocation pipe diffusion in a simple cubic lattice stru-
cture using the method described in Ref® for diffusi-
vity and the lechmque developed by Stark and Man-
nng” for the mobilily. The results indicated that as
the tight binding limit was approached for an inhinitely
leng dislocation pipe, the correlahion factor approached
zero. However, the diffusivity and the ratio of mobulity
to diffusivity bolh became very large. The mobhility to
diffusivity ratic was found to be proportional to the
reciprocal of the correlation factor for all jump freque-
ncy respoenses causing the unusual behavior. This imp-
lied thal the vacancy wind became infinile in this lumit.
Thus, for a specific malerial al cerlain conditions in
an applied [ield that exhibited vacancy tight binding
to dislocation cores, 1 would he expected to observe
very rapid diffusion. As the cotrelation factor became
unity, the diffusivity became zerc because there were
no available vacancies. However, the ratio of mobility
to dilfusivity became unity associated with the uncor-
related limit of 1/kT since for everv vacancy that did
mdeed move the tracer. It will do so with only onc
tracer jump. It is the intention of this study to extend
the calculation of the correlation factor in an FCC arys-
tal to yield an expression for the diffusivity and the
mohility in an applied feld.

2, Model
The correlation factor was analyzed using some mo-

difications on Lhe model outlined by Robinson and Pe-
terson'®. The edge dislocation was defined by a Bur-
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Table 1. Defmition of the Jump Frequencies

Inital location Final location Frequency
in the dislocaticn pipe inthe diglocation pipe wy
in the dislocation pipe out of the dislocation pipe 9
out of the dislocation pipe in the dislocation pipe [N

gers veclor of b=al100]. Spealically, the dislocation
was formed by the removal of one half of a (100) plane.
Considering the stress gradient around the dislocation
pipe caused by its existence, it was expected that vaca-
nces will he attracted 1o the compressed area in and
surrounding the pipe. Alsa, Robinson and Peterson sta-
ted that the vacancy-dislocation binding energy decrea-
sed by an order of magnitude within two nearest nei-
ghhor distances from the dislocation core. Therefore,
the model encompasses the dislocation pipe, and all
nearest neighbor sties to these, as shown mn Fig. L

In the tight binding analysis, where ithe vacancy was
essentially trapped in the lattice sites of the bottom
edge of the exira half plane of atoms. the model was
simphfied. There are two possibe configurations of tra-
cer-vacancy dislocation pipe that can lead to a vacancy
tracer exchange. These are two possible configurations
of tracer-vacancy dislocation pipe that can lead to a
vacancy tracer exchange. These are shown m Fig 2.
In configuration 1, the tracer occuples a lattice site
with 10 nearest neighbors and vacancy one with 12
nearest neighbors. Configuration 2 is the opposite. All
sites shown are on ithe bottom edge of the extra half
plane directly above the dislocation pipe, The diffusion
direchion shawn by the positive x axis is along the
{100 direction of the lattice. It is assumed that only
nearest neighhor exchanges hetween vacancy and atom
are possible.

The vacancy positions and the associated jump fre-
quencies are listed in Table 1. In this way, @; describes
the jump frequency along the dislocation pipe, w; the
vacancy escape frequency, and m, the vacancy arrival
frequecny.

The probability of a type 1 jump, where the vacancy
goes from a 12 nearest neighbor site to a 10 nearest
neighbor site is,

2

_ o wm 1
¥ et 100 w
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and the opposite jump from 10 nearest neighbors to
12 nearesi neighbors s,

(0]

y=— 2
) 2m2+8m3 ( )

It is necessary to consider the influence of the field
upon the matrices A, B and their manipulations to cal-
culate the mohility and diffusivity. To that effect, consi-
der the effect of the held strength (parallel to the dis-
location core) upon the jump probability for a single
vacancy jump, Thus,

¥

2t = o @)
wrt + e+ 2ogt 2w, + 4o
yr= or @

f.l.‘!']‘+ - g —+ 3(1]']4 + 3(03_ -+ 4(1]‘;0

where the superscripts + or — indicate the direc-
tion of the atom mation in relation to the force and
o indicates motion normal to the force and subscript
T indicates tracer-vacancy exchange.

3. Caleculations

In this approzimation to the molion of the vacancy
around a tracer ion at the origin, there is no possibility
of a sequence of two tracer jumps in the same direc-
tion, the so-called parallel jump. The eftective distance
(S) that a tracer can migrate in an applied field divided
by the lattice parameter from a single vacancy and
the vacancy arrival rate (v) that the vacancy arrives
at the tracer by migration from a source having never
been there belore contam nonlinear terms resulting
from the product ot probability terms. In the expansion
of the field effect it is therefore important to delete
afl nonlinear terms in the force. If one expands the
terms to exclude nonlinear field effects, then to the
first order in the applied field one finds dv and dS
are proportional 1o the force to the first power. The
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mohhily of tracer was expressed using the expression
of the tracer velocity®,

b
I R vdS+ Sdv]

)

3.1, Correlation factor

In the case of any type of cubic crystal, the correla-
tion factor is 1sotropic so that it is only necessary to
calculate 1t with respect to any one of the principle
axes. Howard’s formulation® for correlation factor was
modified using the tight binding model and Starld’s
matrix®. The correlation faclor is a dot product of the
partial correlation factors and the ratio of the nurnber
of jumps of each tvpe to the total qumber of jumps.
The partial correlation factors, [; and £, are calculated
by,

p= |H —(1-P)(+ P)'I ®)

where P is an NXN matrix with elements P, equal
to the universal probability of a jump of iype i bemg
followed by a jump of Lype j. | is a unit column matrix.
And the ratio of the number of jumps of each type
to the the total number of jumps was given by Stark®.
Therefore, the general expression of f is,

' v P(1+P) ! ]

a1 @

where the vacancy arrival rate, v, is expressed by,
w=Hs (1-B)™'T; and w=H; (1—-4)"'T, (&)

where I, is a row vector of occupalion probabililies
far sites in configuration j and T, is a column vector
of the number of defect per unit time jumping from
a set of other defects siles into a particular defect site
and | is a NXN unil matrix. The matrices A; and B,
have elements A, and Bs, which are the transition
jump probabilities from the set of sites j into a particu-
lar site 1. All tracer jumps are excluded. For this case,

H=[100000 - |and He=[100000 - |

o
T1= 10V[§).1 1 and T,g: ].OV(ﬂq b
b 1
1 b
A28 H A 11 Z(1991)

- ]

Ay=|0z000+« « «| and By=|0z000+ +

ooyOD- - - Q0z00 - - -

0z0y0Q -« « - QyOyQ - - -

00vyOy- - - 00z0z- - -
{11)

Equation (8) was solved using Slark's method® for de-
termining the inverse of an infinite matrix. The resulis
are.
10V 22 g v = 10Ve, 2 (12)
vi=10Viwy ———— and v;~ 10Vey ———
: ! 1— ]Pg ’ ' 17P1P2
In order to evaluate P, it is necessary to determine
the matrices A and B. These were found by mspection
and were in terms of atomic jump [requencies. These

are,
A=02z000- - and B=i0z0O0D- - -
yOy0OOD - - - z0z00 - - -
DzO0vy0Q - - - DyOy0 -
DOyOy - - - 00z0z- - -
(13}

The total jump sequence probabilities. Py and Ps, were
evaluated. And Stark's method” for taking the inverse
of an infinite matrix was employed to describe the
correlation factor. Therefore, the correlation factor was
expressed as,

vi Py (1= Po)+ w1 —Fy)

f= (14)
WP{1+Py) +vsPs(1+ Py

3.2. Diffusivity

Tao caleulate diffusivity, Stark’s matrix notation me-
thod® was used for this tighl binding approximation.
And this expression was combined with the correlation

factor. The result is,

D

_ biI'f — E[ viP1(1— Pa)+waPa(1—F1) ] (15)

2 2 Q—-PPy)

3.3. Mobility

It is necessary to consider the influence of the field
upon the matrices, A and B, and its manipulations to
calculate the mobility and diffusivity. To that effect,
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cansider the effect of the field strength upon the jump
probahbility for a single vacancy jump. Thus,

z"=z+dz and y'=y-+dy (16)

In order to evaluate P*, it 18 necessary to consider
the influence of the field upon the matrices A and
B. These are,

A=|0 27 Q¢ 0 0
y- 0 vy 00

0 270 vy O
00 v @y

and B=0 z- 0 0 O
zt 0 20 0

0 v"0 v O

00 zt0 z-

(a7

The tetal jump sequence probabilities are evaluated

as,
Pr=z*(1—-A)" and Pt=y"(1-Bi"t (8)

By using Stark’s matrix technique® for taking the inve-
rse of an infinite matrix, the total jump probabilites

are,

Pir=ztat and Pyt =y a7 19

at-—= (ymat—yt 2+ 0/ y'e —y 2z —1fP—dy Tz
2yz”

where ¥ and

T iz -y e+ Dy et —y 2 =14y 2
2y*z”

The vacancy arrival rate was found from the same ma-
trix techniques as used in correlation factor. Therefore,
the vacancy arrival rate was expressed by,

1+bk
1 - P1 - P2+
(20

b+P.

T_‘ﬁj and Vg::lOV(m

Vi— 10V(D4

The vacancy only approaches the tracer from one side
so the results must be modified later to account for
this deviation by introducing factors of 2 at appropriate
places. The effective distance that a tracer can migrate
in an applied field divided by the lattice parameter
from a single vacancy is calculated depending on the
tracer position, following the nomenclature of Stark
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and Manning® The elective distances were found

from,

_ PPy

P.t(1—-F7)
S = d Syt=—"""—
R

S

Expansion of Equations (14), (15), (20), and (21) was
used Lo show the elfect of the field as follows:

+

S an
(o™ o, + 204+ 208 + 4o
= ﬁ)ﬂ_ =ztez (22)
1 [!)2_
Y o+ + 30yt B o)
= % =y+tey (22}
o 1-y1-4yz 1-+/1—dyz [ﬂ 73]
2vz 2yz y Z
=aphde (24)
Similarly,
at"=gq,—de {(25)
Pt =(ztezda+da}=P+eP, (26)
Pt ={y+eviint+da)=P;+eP: {27)
vit=wvytdv (28)
Vo =g+ dvs {29)
S =55+ d5y {30}
Sot =5u+dS (31}
Fb
e= E{? {32)

where F is the force acting on the solvent atoms. F
is equal to qE where q is the ionic charge m electromi-
gration. The velocity of the tracer can be expressed

as,

h
VLZE[(Rate of defect arrives at tracer as pertubed

by field)X (probable distance the tracer maoves)+(rate
of defect arrives at tracer with no field)> (field influe-
nce on probable distance the tracer moves)]

By
= E[ Siathvr + Sagdvs -F vand Sp + vapd Sz (33)
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Table 2, Computer Calculation of Mability and Diffu-

swvily
£ P P: f D kTu
10Vao,b® Dg

0.0 1.0 10 0.0 w0 o
00001 0970 0.970 0015 2999  66.67
0.01 0.744 0737 0.149 2.950 6.711
0.05 0527 0.5046 0.317 1268 3.146
0.07 0473 0448 0.368 1.051 2714
0.00 0431 0.405 0.409 0.909 2441
0.1 0.414 0.386 0.428 0.855 2.337
0.3 0239 0.210 0.633 0422 1579
05 0.171 0.146 0.726 0.290 1377
09 0.110 0.092 0.182 0.181 1224
1.0 0.101 0084 0.831 0.166 1204
L3 0.081 0.067 0.862 0.133 1.160
L7 0.064 053 0.239 0.105 1124
4.0 0.029 024 (948 0.047 1.055
16 0.008 0.006 0,986 0.012 1.014
64 0.002 0.002 0.996 0.003 1.004
o) 0.0 0o 10 0.0 10

The catculation of the mobility required the use of
Equations (32) and (33). The result is,

be[v1P1(1 - Pg) + Vng(l + Pl)]
1-FP,

Vr:

bng [V|P1(1+Pg}+V2Pa(1+P1}]
= - =uE (34
kT (1—-P:Ps) ' G

where p is the moblity and E is the applied field.
Therefore, with comparison with Equatiens (14) and
(15),

kTu g

— =2 35

) ¢ (35)

This represented the mobility was proportional to the
reciprocal of the correlalion factor. This equation s
a well known Einstein equation.

Results and Discussion
In order to evaluate the effect of the vacancy being
bound to the dislocalion core, it is resonable to simplify

the model to reflect vacancy-core binding by introdu-
cing the single factor g” to represent the ease of the

A 2849 & 11 5(1991)

vacancy to escape from the cere.
g=exp(—WkT) {36)

where Q is the vacancy-core binding energy.

The above g was subshituted for tue ratio of w., lhe
vacancy escape [regquency, to any other jump freque-
ncy. The above expressions of £, D, and p were expres-
sed in terms of g only and were summarized in Ref.
11. In Table 2, it is interesting that the limits ol the
moblity and ditfusivity are so much m conlrasl to the
cotrelation factor. The calculation of the tight hinding
model of a vacancy lo an edge dislocation in an FCC
crystal demonstrated some unexpected resulls™®,

The limiting case of the vacancy tightly bound to
the dislocation core 1z shown as g approaches zero.
In this case, t also approaches zero since the tracer
can o nowhere in one dimension with a vacancy
mechanism. And diffusivity and the ratio of the mo-
bility lo the diftusivity become infinite in that limit.
As Strak™ stated, that the diffustvity hecomes infinite
in that limit is due to the abundance of vacancies in
the core avalable ta transport the tracer along the
dislocation pipe. Clearly the same reason can not exp-
lain the ratic of the mability to the diffusivity since
they both have the same number ol vacancies partici-
pating. The ratio of the mobilily to the diffusivity inc-
rease wilthout bounds because the length of the dislo-
catlon becomes infinite and a vacancy that moves the
tracer parallel to the applied field may also move an
inifinite number of other solvent ions along the core
in the process of armving al the tracer. Thus, Lhe so-
called vacancy wind becomes infinite in the tight bin-
ding Hmit

At the contrast limit of vacancy repulsion from the
core, no correlated motion, g becomes large, implying
loose bimdmg of the vacancy to the core and the limi-
ting value of 1.0 far f is chserved, Far the diffusivity,
it becomes zero. And kT times the ratio of the mohility
to the diffusivity becomes one. In this limit, the cacula-
tion is approximate due to the definition of the confi-
gurations. However, the vacancy path away from the
tracer does exist and this suggests that the hmit is
correct. Therefore, the correlation factor becomes one
is perfeclly understandable since only a single iracer-
vacancy exchange will occur per vacancy. The diffusi-
vity becomes zero because there are no available vaca-
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ncies in that case, and kT times the ratic of {the mobi-
lity te the diffustvity becomes unily since for every
vacancy that does indeed move the tracer, it will do
so with only one tracer jump.

Stark™ appled this theorv to explamn the electro-mi-
gration-induced failure of metal interconnections nn la-
rge-scale mtegrated circuits. Therein field-induced va-
cancy transports along dislecations and grain bounda-
ries proceeds to a2 phase boundary. Then sincee the
lattice diffusion coeflicient is small because of the low
homalogous temperature, the vacancy flux forms voids
which grow and decrease the conducting cross section.
Joule heating results in an increased-void growth rate
and ultimate failure is unavaidable. The mobility and
diffusivity limits suggest that the phenomencn discus-
sed by Stark® about vacancy tight binding to an edge
dislocation simple cuhic structure is not unique to the
crystal structure but to the edge dislocation.

Conclusions

1. The mobhility in a field applied in +x direction
was found to be kTu/D=g/f

2. The correlation factor becomes zero as the ratio
of the vacancy escape frequency to any other jump
frequency, g, approaches zero, which violates the Eins-
tein equation. However, the correlation factor becomes
unity as expected with g approaching infinity.

3. As the correlation factor approaches zero, the dif-
fusivity becomes infinity because the tracer jump fre-
quency, I, increases to infinity faster than the correla-
tion factor does to zero.
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