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Numerical Analysis for the Unsteady Laminar Flow and
Heat Transfer Around a Circular Cylinder

S.H. Cho, C.D. Nam and ].S. Boo

Abstract

The unsteady, two-dimensional laminar flow and heat transfer of an incompressible, constant
-property fluid flowing around a circular cylinder are numerically analyzed. The Navier-Stokes
equation and the energy equation are solved by the finite difference method. The range of the
Reynolds number is 10 to 100 and the Prandtl number considered is 0.7.

The contours of the flow pattern, equi-vorticity line and isotherm pattern around a circular
cylinder are shown. Also, numerical solutions of the surface vorticity, pressure coefficient, drag
coefficient, local Nusselt number and mean Nusselt number are obtained. The numerical results
for the final time of calculation are compared with the other available experimental and
theoretical results for the steady state and are found to be in good agreement with them.

E0SEERAR h,An, A6  BUETFES & THR
h, | RFT#{%:2(58 (local heat transfer
Co WAL 4 coefficient)
Cor | MR PR (,3) CAEFRE ALE
Doe LS AR 1 - s
Ce L YALET 4 Nup, ‘A E gr(mean Nusselt
CPP . B number)
D, ;R Nuy, "B R+ A E #(local Nusselt
D» - BIIHH number)

* 2| 47sA e
*x A4, Qe
*44 BAdddn Fabde

(160)



Wi FES JEER RRAED S Mg oA BT 65

Pr . 2258 (Prandt] number)

P, - BEE RES T

(r, 8) | YRy TS R

R -1z O Svicd

Re - #lo] =28 (Reynolds number)
t DR e EeRT RERE

T CRE BT AT BE

Tw | EE R

Te DR FFReE

U, v | TR

U B ot 2 4

At i

¢ DIRE e EERT BE

sw CEERTT KB

(%, 6) CBUEY) T BER

A D BMEER

v | EEEIERE

P HE

¥ DB v SERT BT
@ DRI AL R

@ - InEA%EK (overrelaxation factor)

I

E S

e Avhe RS s JhEmEo)u
MAEBRC] fiEge wo THMNY M REE
slod 2elEl BRG] #fo] Hol s, E3),
BERbol Al g R ) ERE EEY %
Bt =5 SEEER] B3 WRE wERU
e it FEHRS BWEElo) o% Ee
sk, i alolZelol, MM, FE %9 pe &
EEEYC e RIS BTHIS W %
of PMEENES] Wgeel =% EEsioh weba,
ool that oo KBk o BufEm WIeo Bivslo]
%o, 53, elolE2#rl e BRSSO
#1%  Navier-Stockes 527t o= HEzt el
BUERRL of-S- (SRS MRS Hatdios =
ol d==A e,

it FES =% BRnere sEwes = 7
= 1933% Thom"9] S:ERHQ1 BFE7} fhfmo)nd,

Kawaguti®o} Allen %99 #geol] o]oj4] e
Be BIRMRCT7) sl sl B
o tHaf+l= 1958% Payne®e] WZPE u]Esjcd
Biel Rumsey”s] Hi%eol o127 744 Buiiny
Fe7} TERES] ATEO] ghobe e, i g
Eel 2d%E Rl BT BEr Hoes BHE =
< #Helth, #, Dennis %29 Bk 5%l
B HRE v I9 KR #Mgsn 9=
Wifol=13-19, B3], Jesed gzl uia B
ol EiiET MMEERRS MHEMAA ST
s o KR WiFolc)

w2, & RelAde EE FEY EEE §
TRUCERFE T MBS Ao AERIBNES B9
3b7] #isted FDMoll ol#i Beflfge) moest 247
HAoh #RE dolE2# 10<Re<1008] #E
o ZIEW Pr=0, 7l tisiAl dojzlom, Ik
Wi EEEHY B WIYLANEE S rRo)
A EESel Bl wel TR, =,
B(<0)= Wifer) wisle] dn, mE Eme
IEE A L R Beatel, BERE € 00l4 U
e 2] S2lod MRS W FjolA —sEat &
B (Ua)oll 2hEstn, B XES 247 s
of —EY B\ (Tw)2 #Fsls Aoe s
=¥, A Aol 4] oo w FTCSg#
SOR#Ee| S %o,

2. DERRRRAR

2-1, XEEHER

HE R B FES) ki, R pmel
IER HENS 2 RS WS BT hER
& WA (r, 6)2 Jepid ohon) P, =, i
BRg RS

96 188 Vot _
at UG o= Vi € D)
.2 13,1 5
= v—ar'rar'rzaﬂ
olx, WEMES] PoissonFiEwe
§=-v2 ¢ (2)

(161)



66  EmEMAMMEES, $ 15% 2K 1991

olwf, WSS B MRl —EIh, NEMR + o0 sing--25 cost)
ol s, oA FREA e ) o o
ol , ;T Vol _v . ~Retont T g )
ot " Uartras Py T (3) 2o 3
§=Ae’2”<37%+—8—6?-) (12)
s _oC
c}, =258 (Prandt] number) Pr—Lilﬂ°] ,gnaT } (a(p oT g aT]
D]_' ot on 068 096 On
X ()5 R Q)] BERHT WAT VO W e Ghsing-EL cost)
%y éa 2 2
=221, o7, (13)
10w _ aw Re Pr-o7* 36
U= 56" V=3, @

2-2, FBAMEA R HESMEM

Fig. 12 K FE> i FEel BER
2 HRE vekd Feld EHEEYH @, § T

£ RAsE, K1), R(@), Q)=

r/R—r, 8/R—8, &/(U.R)—¢
‘I’/(U,,R)—"I,, (T_Tm)/(TW-Tw)_’T

tU./R—t, U.(2R)/v=Re (5)
o EOTERE mIOULEE, WKT RERE T
frEte / ‘ \
|
B¢ 1 ¥ 9§ B¥ of, 2 ’
5t "7 or 26 o6 o) " Re VS [{ r=e"
(6) } P
o} =1 FEpES KT PoissonFER2 00 7{71/ =T
e=-V2 ¥ (N D A O B
o] Btk FATE oA RS (@) physical plane
¥y " or 908 o8 or
____ 2 2
= Repr "~ T ® joat 40, £=0.T128:0
o|th, HAEIE (r, 6)5 ot O i
r=¢" & p=lnr, 6=6 9) k=-sind =0
r=p, P=0
< FENA (5, OFERZ SMRsln, BT T-= T=0
FExY v
V=7 sinf+o¢ (10) A O L
o), ot MIOT MALVRE ik R
2 vekde, R(6), RO, RE®)2 453 2 =1 =0, p=0,9T/28:0 =31 %
c}, (b) numerical plane
) o0 o 3o o Fig. 1 Schematic diagram for the physical plane and
_éz”_a%"'[ az ag - a.;g a%] the numerical plane.

(162)



Wi FEe JEEd RRAR D gl i Brisar 67

7h o3 Aeha BEshlol Feadl & 448 (r=
€ =23, 14)°l SHBRRE BEstn, =0 BE
% 6==9l Bl #sted LT #ho=z Ats
of, EfEe] Rl TelAwt BUEEHES 2T
22

GULUIESEES

<0 Jul p=E6=T=0
olmi, t>0 Unk WM oFeo 2o},
(a) BEE FHR (r=1) : ¥=Z=0, T=1

(14)

2, p=0014 <p:%§=—sina, T=1 (15)
(b) BHBER (4=02] BTG 0= BE)

aT _

@p=£=0, _80__0 (16)

(c) SR (r=¢€") ; ¥—r sing, T=0

%, 7=mlA p=¢=T=0 a7

3. HiEFR

3-1. EHHER

BdEr) Fmel AE 4Lj)v BT (2=3G-1)
h, 6=(G-Dh)e (IEE Jehie Aol R
(12)5 sisEsfbslel SORES #msH

pH=01-we ¥ +%{(¢ iite it
@ (tljfp +‘Pi,;('l+)1+ w2 p&%) (B), 12 RiEEEr)
(18)

o] sz, (1) # K (13)% FTCSHo = 2t
I
& (t+At) :Q‘.f(t)‘f‘a{(Cpiﬂ.j'tppl.j)
(Ci,j+1 “Gis1) - (¢i,j+ 17 @i j—1 )
(CH—I,J'_ Cimr5) b+ b4 (§eer-
Gis-1)
sind- (i1~ &ie1,;) cOSH}

+c (Gt Cic1st Guso1-4
&.s) (19)
T,,(t+A8) =T, ; (t) +af (@iv1.5™ @ic1.s)
(T‘i.j+l— Ti,j-l) - (<Pf,j+1‘ ¢i,j—1)
(Ti+1.j_ Ti—l,j) }+ b{ (Ti.j+1_
T:;-1)sing (Tisr - T: 1)
cosb}+d (T + Tior i+

-4T.))

iJ-1

(20)
Th a=At ezr/(4h?), b=At €”/(2h), c=2
At €?7/(Re h?) d=2 At €%7/(Re Pr h?)

22lm, W REIAY EEEE o= chos
#2& Nakabayashi®e| #< f#F&c},

Cui= -{2 (¢w+1.j+3in6) /h*+2

sin/h+sind)} (21)

3-2. §tEBE

BiE FlA HEFERe Ap=Ab=h=zn/
302 —EZsHAl etk olgA Ao ymy F
Hl e B XE tolol e wrmEme =
A, KEelA HolA4E o e A oz
A"k wlebd, @, ¢ To 2 #ML: mEi%
H ZPhololld dojulmz oleidl HTFEEL B
Ustete Azbsiel, zejm, RS allo)z=
Bt Re=109 =) At=0,01, Re=20% = At=
0.02, Re>50% w At=0,052 BiEsl: Smol
HskiEo] Foket,

ATEETRS A t=02 wle] ke Fees)
&, N(18)= FHach olwl, hnEiEsr (overrel-
axation factor) & w=1,8162% 3loi, Frlg]
B RAH GHEeld 25 R 15T @0 3

o]

(22)
T WEE w7k S REST. zeln o4
RQDE HED % o il gl R
(19)2+ K (20)-% FtEsk, o4 #(18) % &s}
< MEFE R{E)

9P plh | <10

(163)



68  WEMARBIRMAEE, # 15% 2% 1991

3-3, fih ¥ THEH HE
B R BAKRE Cr
_ 2y —_ 4 (%08
Co=P,/ (pU*/2) =% So[aﬂ]n=od0
+ const, (23)
02 FoRE, BH HFHRE Core
Cor=Di/ (pU.? 2R/2) ==
l—a—g .
So[aﬂ]ﬂ=osm0 dé (24)
olt}, =3, PEEEE FIMEE Core
Cnt:Df/ (P U2 2R/2)
== | 16 sin6 b (25)
olth, wletd, 2 HIFREK Cot
CD= CDp+ Cm (26)
o}, z2l3, B ER Nu~

Nuy = h’fR =-2£%J»=o 27)

o2 Frs|R, FHEFAER Num

Notw=-2 " Nuy df (28)
olth, R (27) E#E Fol "hEStE, X (23),
R (24), R(25), R (28)= Bzl I8 {47
s 4 ek

4, BEMAT R % ER

4-1, FKEHIRR
Fig.2, Fig. 3, Fig. 49} Fig 5t £&< o]
2ol B FtEERC  Sloirle] MR

(stream line) &} B E# (equi-vorticity line)
o] HEE Jebd Ao}, dolEZErt el
ulz} @=09l %R (separation vortex)o] 7o
= AR Ax T, iBEEe s AR EREL )

(b) equi-vorticity line

Fig. 2 Flow pattern and equi-vorticity line at Re=

10, t=16.
20
/ms

005 05
=ox-001 =0

(a) flow pattern

05 02
3 3O 4=0

(b) equi-vorticity line

Fig. 3 Flow pattern and equi-vorticity line at Re=
20, t=16.

(b) equi-vorticity line

Fig. 4 Flow pattern and equi-vorticity line at Re=
50, t=28.

(164)



WA FE JEEH RRRET BN T B 69

1.0 ‘
3 '
00 frmmmmmmmm e

I

1.0 N X

—20 WY =10 (t= 16) ]

o FANS

e 20“ i /
(a) flow pattern ~40 /‘

1

ol Re 50t 28)/ | —— i Present Result
\ V== Martinez {4 )
-:Braza(1)

!
\ 1
~80 \Re= 1oo zza):
— -9.0 I
N 1
-10.0 F |
i L] s - S NS I Y U NS T S S S AR S
(b) equi-vorticity line 11.0 h 35 pos ™ . v T80
Fig. 5 Flow pattern and equi-vorticity line at Re= a
100, t=28. Fig. 6 Surface vorticity of final time.
S8 2 4 gn, .

Fig. 62 dlols2#ol o2 B EEBE o
(surface vorticity) 5455 vehd Zolc}, #jo] &
Z8 Re=207 Re=1009) & 3580l Yol Fi 20
AT t=162 t=2801419] & E@el JeEH
BUERSR Martinez99 Braza S'09] sEiikie
o guEmet Ao —BEE Rolm o}, welA,
Re=107 Re=509 % #8ol= B FHEEsL
t=167} t=28°] BIF S EFHMKI Fhgst7)o] T
o3t BfeR Azec, zely, REREE H
HORTES] SR (=037 1%ES] (EamEt (4=
180714 09 g 7}, =3}, dlolzzgy

Re = IO (t KD)

\»RG_ZD( =16

)
[l
i
I
|
1
1
I
3
'
b

Re=10% #&el 6=150", Re=203] 3ol 6= BT R R TR T
138", Re=503 #@e| §=125", Re=1002] #% Fie 7 p . o8
%o” =115 MEEoIA 08 S AAxlel, of frE ig. ressure coefficient of final time.

+ Fig. 79| KEBNSMIA & 4 s ule} 2
°] HMERS (separation point)oll Bt wet  Fig 614 HEIg vlelzo) aﬂ I =28e] el
Ao dlelie e el e RE@ET Eieel Wb AR BFeR MEpSR 92 o 4 9l
R (6=0"~90")ol A H|hn(Ael gro2)stn gl Fig 8& &&2| alols- 2ol o] meffel] w2
orl, B REe e #isn e-e o HUUT BIHhe MbE Jebd Zolol, wes
PR B (E<B) o410 15 L el sag) Ahes

Fig. 7¢] slo]Ez8el we KEBhamolAs U 28T 8L deliel, 2 D el
B BuNEEE Re=109w] 6=108"14 e} Al SMEalld sEmikigel sl 9log o 4«
Agk, dllelzzgel Ml web AA ez At =, dolszgpr) S4E Hhe wn,
MaErslol Re=1002] Hilolt 4=84" Mol Aol ek Bhfife] abxets Ao 24 5
AR S-S delw Qlrk, mdl, s & % Ut

(165)




70 BB A RNEE

# 15% %29, 1991

o30 — 7

— Present Result
& ——— Nakabyashi (5 )

4 ; Experiment [Relf(16))

2.0
FaRW.
ok T
0o . . o ]
10 10°

Fig. 9 Drag coefficient of final time as function of
Reynolds number.

Fig, 9t slolsZ8el =8 His FERsRelA
of Hifrel #MLE Jehd Zelvh, JEER BERT
#o| A #H Nakabayashi %99 EHikigel
Aol griksRL ok BT ot Relf99 EH
kAol 2 o) FERAsRSF Ther A Bk glet

4-2, BEEHR

Fig. 10, Fig. 11, Fig. 129} Fig. 132 &&<
dlo] s=gol A B el lolAel FHEM
o] Je2 JeRd Zlolth, Re=10, 209 &t

)
CO*’/’CD

T

! //Iw;

Fig. 10 Isotherm pattern at Re=10, t=16.

B
——

0T

P T

Fig. 11 Isotherm pattern at Re=20, t=16.

Fig. 12 Isotherm pattern at Re=50, t=28.

Fig. 13

Isotherm pattern at Re=100, t=28.

Re=50, 10031 3580l HEFE #iiERAS] FE
g afmiEme] oEA vehda 9l & 4 9l
o}, o)A o)m] A gl wie Fol dHojE=
$( Re> 4004 Zahififsl gashe ol o
Rz A=

Fig, 4= #lolsZ#ol =2 EE Kol e
BirAegams Hebd Zelch EEE B
fEmEs (9=0") KoM WAsls Emetel &
o) MiRE olslel BEES pEIE BAE
o] 79} gi7] wiFol B FAEgE N 23,
67} Aol whe} EE o BESRES wER T
A BFTAESE Az EPshAl "oh 23t
of, HEERE MHE = REERL wFE hA &N B
FrieA e gs Jeb T, Llig ohAl BT e
wae Belx ek, a2z, dolE2grt 4
£ olal e v Felsizle

HE H£EoZSE FfaE HEss 2aEEE
o mEH EEA AX FHTAERe MRS

(166)



WiE AEe EEH FRME B2l T BEMRT

Re=100 (t=28)

|

1

oo | |
| Re=30 |t =28) \
t

H

1

'

]

]

6.0

Re=20 (t=16)

180
8

Fig. 14 Local Nusselt number of final time.

150

120

£ 100
3
z

8.0

6.0 \\kche 100

4.0

F Re=20
\M

20 k-

OO 1 1 L ! I 1 1 1 " i L 1 1

00 40 80 120 160 200 24.0 280

t
Fig. 15 Mean Nusselt number as function of time,

ot =2bA, Fig, 1501 & o] E2Boll A B
of =E FHTAEge] #EE el Fig,
89 BBt bbb 2 AR (1< 5) o) 4=
T BWMEE Rollnl, 2 Lol iotBa
63 HeliiA ERee #Esla glon, |
lEZMUt F45 FRAENE 34 P o
T Urh,

Fig. 162 sllo]l5=2ffo] W& Bis 3HERSI A
o FErrAEge % Jebd Aoloh & #
B Fand'®o| WEgksRob: oht #me »
ol gleh, o]zl Fhkol Bdold HsiA m

71

10.0
so | —— i Present ‘Result
: -——; Eckert (13}
Experiment
60 - + 5 Fang (18) ++"
@ ; McAdams(19) + 3
+ g
x ; Kramers {20} +
40 |- +
+ ;
20 @
0.0 b
10 10
Re

Fig. 16 Mean Nusselt number of final time as
function of Reynolds number.

o BpBuct TAEHUL ¥ vlol FEe] = A
& A7, 2y, McAdams'9] Zsggaol
A YT KRR W T —%eia,
Eckert %99 gfiEksRel Kramers?97} gt
ol #3t HhREEZ Y E) 4273 LB (Nu, =
0.39+0.51 JRe) 2= o & —gata gk,

5 ¥

#

W AEel JkEd Bt sdEge] o
BUESYT RRZTE ohedt e RS Ao
(1) FEEH  WAERET FIHIERHE (t<5) ol A) =

Wid) W BBERR MM} 2Eele, o Lus
Az} dgEo] EEARER Hpahe of % 93,

B RS K FHEsas ""‘“Hkﬁgfﬂw
o BdE % BB SRS A —ma

(2) EEE AU 14T 168 Lisbold %
BEZE 00] == ALBE HMEREs —Bsta, a0
2B el whel gak Aulow spmpsie,
of HIMERL HEE 3 HMERLS) F 155004 s
HES B/NE e,

(3) slol szl Mmoo} BEHyfo] 3]
she A 27 Hud Hine By, Ty
TAERE skl e,

(167)



72 WEMABBRBEE, B 15% B2, 191

SEK

1) A. Thom, “The Flow Past Circular Cylinder at
Low Speeds”, Proc. R. Soc., Ser. A, No. 141,
1933, pp. 651-666.

2) M. Kawaguti, “Numerical Solution of the
Navier - Stokes Equations for the Flow
Around a Circular Cylinder at Reynolds
Number 40”, J. Phys. Soc. Japan, Vol. 8, 1953,
pp. 747-757.

3) DN. de G. Allen and R.V. Southwell,
“Relaxation Methods Applied to Determine
the Motion, in Two Dimensions, of a Viscous
Fluid Past a Fixed Cylinder”, Quartely J. of
Mechanics and Applied Mathematics, Vol. 8,
1955, pp. 129-145.

4) G. Martinez, These Docteur-Ingenier, I. N. P.
Toulouse, 1979.

5) K. Nakabayashi, Y. Miyake and T. Aoi
“Numerical Analysis of Low Reynolds
Number Flow Around a Body Immersed in a
Uniform Stream”, Trans. JSME, Vol. 51, No.
467, 1985, pp. 2351-2357.

6) K. Nakabayashi, N. Yoshida and T. Aoj,
“Numerical Analysis of Viscous Shear Flow
Around a Circular Cylinder”, Trans. JSME,
VolL. 53, No. 493, 1987, pp. 2756-2761.

7)-K. Nakabayshi, T. Aoi and N. Yoshida,
“Analysis for Shear Flows Past a Circular
Cylinder at Low Reynolds Number”, Trans.
JSME, Vol. 54, No. 507, 1988, pp. 446-452.

8) R.B. Payne, “Calculation of Unsteady Viscous
Flow Past a Circular Cylinder”, J. Fluid
Mech., Vol. 4, 1958, p. 81.

9) CL. Rumsey, “Details of the
Flowfield Over a Circular Cylinder at
Reynolds Number 1200”, Trans. ASME, J. of
Fluid Engineering, Vol. 110, 1988, pp. 446-452.

Computed

10) D.C. Thoman and A.A. Szewczyk, “Time
Dependent Viscous Flow Over a Circular
Cylinder”, Phys. Fluid, Supp. 2, Vol. 12, pp. 76
-87.

11) M. Braza, P. Chassaing and H.H. Minh,
“Numerical Study and Physical Analysis of
the Pressure and Velocity Fields in the Near
Wake of a Circular Cylinder”, J. Fluid Mech,,
Vol. 165, 1986, pp. 79-130.

12) S.C. R. Dennis, J. D. Hudson and N. Smith,
“Steady Laminar Forced Convection From a
Circular Cylinder at Low Reynolds Number”,
Phys. Fluid, Vol. 11, 1968, pp. 933-940.

13) E.R. Eckert and R.M. Drake, “Analysis of
Heat and Mass Transfer’, McGraw-Hill,
New York, 1972.

14) P.C. Jain and B.S. Goel, “A Numerical Study
of Unsteady Laminar Forced Convetion From
a Circular Cylinder”, Trans. ASME, J. of Heat
Transfer, Vol, 98, 1976, pp. 303-307.

15} G.E. Karniadakis, “Numerical Simulation of
Forced Convection Heat Transfer From a
Cylinder in Crossflow”, Int. J. Heat Mass
Transfer, Vol. 31, No. 1, 1988, pp. 107-118.

16) E.F. Relf. AR. C. Tech. Rep., R. and M., No.
102, 1914.

17) S. Taneda,
Dimensional

“The Stability of Two -

Laminar Wakes at Low
Reynolds Numbers”, J. Phys. Soc. Japan, Vol.
18, No. 2, 1963, pp. 288-296.

18) R.M. Fand, “Heat Transfer form a Cylinder to
Water in Crossflow”, Int. J. Heat Mass
Transfer, Vol. 8, 1965, pp. 995~1005.

19) W.H. McAdams, “Heat Transmission”,
McGraw-Hill, New York, 1954.

20) H.A. Kramers, “Heat Transfer form Spheres
to Flowing Media”, Physics, Vol. 12, 1946, pp.
61-80.

(168)



