Bull. Korean Math. Soc. 28(1991), No. 2, pp. 201-205

SOME REMARK ON GENERALIZATION
OF DELIGNE ESTIMATE

JAa Kyung Koo

1. Introduction

Let H be a complex upper half plane and k be a positive integer.
Suppose that f(z) = Yoo, a(n)e?™* (z € H) is a cusp form of weight
k for SLy(Z) which is a normalized eigen form of all the Hecke operators
T(m). As is well known ({5}, [7], [10]), its Mellin transform

n

2. a(n
b=y L
n=1
has an Euler product (as a Dirichlet series)

(1) ¢f(s) = H(l — a(p)p_" +pk—1-23)—1.
P

Moreover the converse is true as well ([5], [12]).

The connection of a cusp form with an Euler product was first men-
tioned by Ramanujan ([9]). He considered the Fourier coefficient T(n)
of the function

(2r)72A(2) = Y r(n)e’™™ (z € H)

n=1
where A(z) is the modular discriminant, and made the conjecture
|7(p)| < 9p  for all prime p.
" Received September 1, 1990.
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In [8], Petersson generalized it as follows: Let P(X)=1-a(p)X +
P*71X? be the polynomial defined in (1) by setting p~* = X. We can
then write

P(X)z(l"a’pX)(l’*ﬂpX)
with

ap + B, = a(p) and apfp = pk_l,

He conjectured that ap and f, are complex conjugates. We can also
express it by |a,| = |8,/ = p*~ or

(2) la(p)| < 2p%%,

which has been shown by Deligne ([1], [2]). For & > 2 his method
extends to the case when I is a congruence subgroup of SL,(Z) ; for
k = 1, see Deligne and Serre ([3]). It mat be noted that this conjecture
was proved earlier, in the particular case when k = 2, by Eichler (4D
and Igusa ([6]).

Since a(p) are all real numbers by Deligne estimate ([2]), we obtain
the following theorem by quite elementary but beautiful method.

THEOREM. |a(n)| < ag(n)n%_% for all n > 1, where oo(n) is the
number of positive divisors of n.

2. Proof of the Theorem

Let p be a prime. It then follows from the properties of Hecke oper-
ators ([5], [7], [10], [11]) that

(3) a(p®) ~ a(p)a(p*™") + p* a(p°~?) = 0.

By (2), we let
1 _(5__1)
(4) cosd, = 3P "2/ q(p)
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and fore > 0
(5) Xe =p~ G Deqa(pe).
Multiplying (3) by p_(%‘%)e, we get that

0=p (37 D(p*) - p~G=Dea(pla(p=™) + p* I p T Dea(pe?)

E_ k_

=p~ 3 Deq(pt) — 2. %P_(%—%)G(P) pm (T Dg(pe )4

k

p4 DD e
By (4) and (5),
(6) Xe—2cosby,- X1 + X2 =0.

We claim that

(7) X, = w_
sin 8,
The proof goes by induction on e. If ¢ = 0, then

sin 8,

Xo=a(l)=1=

sin 6,

because f is a normalized cusp form.

Let e > 1 and suppose that it is true for all positive integers < e.
From (6),

sin ef sin(e — 1)8
Xe=2cosh, sinﬁp B (sin¢9 2
P P

_ 2 cos 8, sin e, — sin ef, cos B, + cos e, sin b,

sin 6,
__sin(e+1)8,

sin 8,
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Thus it follow from (5) and (7) that

_(t_1)csin(e +1)8
8 ey =p~(§ %)e.s_‘_n_(e_z’_
(8) a(p®) = p sin 6,

By the fact that the coefficients a(n) are multiplicative ([5], [7], [10],
[11]) and (8), for n = pj' ---pr and e; > 1

k

r r .

j 7T )€; i + 1 6 .

a(n) = H a(p;‘-’) — Hpg.: 1)e; sin(ej + 1),
Jj=1 7=1

sin Hp,-

w

=n

s_1 f[ sin(e.j +1)6,; .
i sin 0,

On the other hand, we can readily show by induction on e; that for

7=12,...,r

sin(e; + 1)8,,

< (e; +1).
sinﬂpj <(e+1)

Therefore \
la(n)] < ni‘%ao(n) g.ed.

REMARK. The theorem asserts that a(n) = 0(71%—%4'5) for every
¢ > 0, from which we conclude that the Dirichlet series ¢¢(s) converges

absolutely for Re(s) > £ + 1.
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