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1. Introduction

The study of non-self-adjoint operator algebras on Hilbert space 
was begun by W. B. Arveson [1] in 1974. Recently, such algebras 
have been found to be of use in physics, in electrical engineering, and 
in general systems theory. Of particular interest to mathematicians 
are reflexive algebras with commutative lattices of invariant subspaces. 
One of the most important classes of such algebras is the sequence of 
^tridiagonal55 algebras, discovered by Gilfeather and Larson [8]. These 
algebras possess many surprising properties related to isomorphisms 
and cohomology, and are not yet well understood.

Let be a complex Hilbert space with an orthonormal basis 
(/i, 见 … ,/2n}< Then a member of the tridiagonal algebra on H has 
the form

* *\
*
* * *

*
* -

• *
\ */

with respect to the basis (/15 ,『2n})where all non-starred entries
axe zero. If we write the given basis in the order
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{龙 J3 J，… ,/2n-i //，••• , f2n}, then the above matrix looks like 
this

/ * * *\
* * *

*
♦

♦ * *
*

*/
where all non-starred entries are zero. Let be a complex Hilbert 
space with an orthonomal basis {e“ 62, ••- , 以詩. Let 人가 be a subal
gebra of B("), the class of.all bounded operators acting on 0 such 
that an operator A is in 思끔 if and only if all but the (摂)一)+ 

砂一，(知 Ti + & — 1)—, and (1,2n)—component are zero 
(i — 1,2,•• - ,n; = 2,3,••- ,n; n > 2).

In this paper, we shall show necessary and sufficient condition in 
which isomorphisms of are spatially implemented.

First we will introduce the terminologies which are used in this pa
per. Let W be a complex Hilbert space and let ^4 be a subset of B(H)% 
the class of all bounded operators acting on H.

If ^4 is a vector space over C and if A is closed under the composition 
of maps, then A is called an algebra. A is called a self-adjoint algebra 
provided A* is in A for every A in A, Otherwise, A is called a non- 
self-adjoint algebra.
If £ is a lattice of orthogonal projections acting on Alg£ denotes 
the algebra of all operators acting on that leave invariant every 
orthogo교ai projection in £. A subspace lattice £ is a strongly closed 
lattice of orthogonal projections acting on containing 0 and Z.
Dually, if .4 is a subalgebra of B(及)，then LatA is the lattice of all 
orthogonal projections which leave invariant each operator in A.
An algebra A is reflexive if X = AlgLatA and a lattice £ is reflexive if 
£ = LatAlgC. A lattice £ is a commutative subspace lattice, or CSL, if 
each pair of projections in C commutes; AlgC is called a CSL-algebra.
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If 2：i,a：25 * • • 5 are vectors in some Hilbert space, then 両，£2,…)^n\ 
means the closed subspace generated by the vectors xi,x2,° • - , xn.

2. Isomorphisms of 是？

Let £i and 財 be commutative subspace lattices. By an isomor
phism : Alg£조 Alg£a we mean a strictly algebraic isomorphism, 
that is, a bijective, linear, multiplicative map. An isomorphism <p : 
AlgCi t Alg£2 is said to be spatially implemented if there is a 
bounded invertible operator T such that w(A) = TAT-1 for all A 
in Alg£,

Let 7Y be a 2n-dimensional Hilbert space with a fixed basis
[ei? ^2, • • - , e2n] and let £ be the subspace lattice of orthogonal p호。jec- 
tions generated by {何认 佰亦•••，[en], [ex,e2,en4-i]5 足2,臾，珏+办

[^n—1)e而 ^2n—i]? [ei, ^2n]}■- Then *4.2n =
We will introduce a theorem in order that automorphisms of 思:) 

need 교ot be spatially implemented.

THEOREM 1. ([9]J Let £1 and d be commutative subspace lattices 
on Hilbert spaces and 7Y2? respectively and let £1 be completely 
distributive. Let p : AlgC^ t AlgC^ be an algebraic isomorphism. 
The followings are equivalent :

i) p is quasi-spatial, implemented by a closed, injective linear
transformation 꼬 : —> H2 whose range and domain are
dense.

ii) p preserves the rank of every finite-rank operator ; that is, 
ranlc(p(J?)) = rank/? for all Hnite-rank R.

Let ip : t 乂g) be defined by

\il ; 

i/ 

G3o
a9o
 O

G1 

o

o

o

 

o
 
^
0
0
 

o
 o
 
o
 o
 o
 

o
 
^
*
0
0
0
0
 

^
-
0
0
0
0
0
 

/
 

I



82 Ha, Dae Yeon and Kim, Jong Geoun

7

090
 0

012 

O

«6
a8o

allo
 

02
050

0100
 0
 

o
 o
 
o
 o
 o
 

o
 
^
-
0
0
0
0
 

^
*
0
0
0
0
0

It is easy to check that 9? is an isomorphism. However, the rank of the 
matrix

/O 0 0 1 0 -1\
0 0 0 1 1 0
0 0 0 0 1 1
0 0 0 0 0 0
0 0 0 0 0 0

\0 0 0 0 0 0 /

is 2, whereas the rank of(p(A) is 3. Hence ip is not spatially imple
mented by Theorem 1.

Let i and j be positive integers. Then E司 is the matrix whose 
(i, J)-component is 1 and all other components are 0.

THEOREM 2. Let 甲:旎?—> be an isomorphism such that
夕(E牝) = Eu for all i = 1,2, -' • , 2n. 꼬hen there exist nonzero complex 
numbers at3 such that勺 for all E” in 旎?.

Proof. Since= Ei% and <p is an isomorphism, we have 
机E湿=for all z = 1,2, ••- , 2n. Since

E、】=E* Ejj and Eij - Ett Etj (j = 1,2, • • - ,2n),

9(瓦盘=(p(E板)(p(Ejj)

(*) = E* 9(%) E” and

甲(EQ = E让 sp(瓦j)

Comparing the components of the first equation of (*) with that of the 
second equation of (*), we have(p(E勺)=for all 电 in •爲?. 

Since E司 + 0,ai.丰 0.
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Theorem 3. Let 9?:・4黙-> 是? be an isomorphism such that 
(P(Eh) = Eg* for all t = 1,2, • • ■ , 2n and let(p(Ev) = al3 尹 0, 
for all Eij in /4纹・ Then 饥4) = TAT^1 for all A in 竭? and for some 
(2n, 2n)~diagonal invertible operator T if and only if

al,2n <^n,2n-l O£n-l,2n-2 # * * 值3,“+2 tt2,n+l

=Ofn,2n ^n-l,2n-l * * , »2,n+2 ^l,n+l

Proof. (=>) Let A = (au) be in 弟?. Then ^(A) = (au av). 
Let T =(站)be a (2n, 2n)-diagonal matrix such that £药尹 0 for 
all i = 1,2, • • • , 2n. If 饥4) = TAT"1 for all A in銘 then 
꼬47*-' = (tit So the following linear system for unknown
variables ttl (i = 1,2, • • ■ , 2n);

t此］
a2,n-j-l = &・ ^n+l,n4-i?

Q3,n+2 = *33 ^n+2,n+2?

al,2n = hk ^2n,2n 

a2,n-b2 = *22 理+2,서-2 

a3,n4-3 = *33 ^n+3,n+3 5

이:,孔廿 = '아; '3•加n+k

an,2n-l = inn ^2n-l,2n-l?

has solutions, Put tn = 1. Then from the above relations t^n^n = 
。禮n 히紀 also,

妇+1涂+1 = al,n-F15 ^2n,2n = al,2n5

奴 = 시，2g" al,nH-15 *n+2,서・2 = a2,n-|-2 a2,n+l %_,*+"

*33 = gn+2 a2,n+2 %g+l %烏卩

<n+3,n+3 = a3,n+3 a3,n+2。以,：+2 a2,n4-l。气,\+고，

히注 = afc,n+fc-l afc-l,n4-fc-l ' * * al)n4-l?

'tn+kin+k =。知:+&加味 = Q知:+左 akin-^-k~l ' ' , @2,*+조 a2,n+l °气,：+1，
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= On,2n-1 an-l,2n-l an-l,2n * ' * %,서或 °2서・초 al,n4-l?

^2n,2n — 2n—1 ^n—l)2n —1 * ' * @2,n+l %,서・고，

i.e.,

fc-2 fc-2
^kk = (][ 아-m+*—if ) x(H 서Jlj) a工id

i=0 j-l

k-2 k-1
左=(Jj[ 1 —i) X (]]

i=0 j=±

Thus t2nt2n = an)2n an,2n-l ^n-l^n-l * * * a2,n-f-l = al,2n5

<^l,2n ^n,2n-l , , ° g“+2 «2,n4-l = 々n 2n ^n-l52n-l - ° , @2,서-2 %,料+1・

(V=) Let A = (atJ) be in 為? and let T = (t^k) be a (2n,2n)~ 
diagonal matrix such that t^k 丰 0 for all A: — 1,2, ••- , 2n. If

®n,2n-l - - - «3,n4-2 - - - «2,n+l = <^n,2n ^n-l,2n-l - - - «2,n+2 鱼， 
then since y>(A) = (av atJ), % #0 (1 < < 2n),

an,2n。%2리。卩丄L,2n-1 ' * ' a2,n+l %：+l = al,2n*

Pl* tn+fc,n4-A: = afc,n+fc a^>n+fc-l " * * a2,n4-2 %,서T al,n+l

*妹 = 저"서-印세 =。绿;技서，-1。值_1『+*_丄 * ° * %,세

Then 7A꼬一〔 = (tn atJ 弓；) = (av av) for all A = (av) in 思；?. Hence 
there exists a (2n, 2n)—diagonal invertible operator T such that 9(4) = 
TAT"1.

Theorem 4 (Gilfeather and Moore [이). Let £i and £2 be 
commutative subspace lattices on Hilbert spaces and ”幻 respec
tively? and suppose that 甲:Alg£上 t AlgCz is an algebraic isomor
phism. Let M be a maximal abelian self-adjoint subalgebra ( masa ) 
contained in Alg£ 侦 Then there exist a bounded invertible operator 
Y : H\ —> 火2 and an automorphism p : Alg£i t AlgC\ such that

(i) p(M) = M for all M in M
(ii) 9?(A) = yp(A)y~1 for all A in Alg£lt
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THEOREM 5. Let <p : ■思?—> 人£? be an isomorphism and let in 
Theorem 4, p(E勺) =

al,2n ^n,2n-l «n-l,2n-2 , * ' «3,n+2 <^2,n4-l
—(*n,2n l,2n—1 , ' ' ”2,話+2。1京서」・

Then there exists an invertible operator T such that y>(A) = TAT-1 
for all A in , i.e. <p is spatially implemented.

Proof. Since(龙김) d (旎김 )* is a masa of •爲? and E让 is in (思?)「1 
(*^2ri)* all t = 1,2, - • • ,2n, by Theorem 4 there exist an invertible 
operator Y in B(处) and an isomorphism p : 為감 t 弟임 such that 
p(ER) = and <p(A) = Yp(A)Kfor all A in 爲김 and for all t = 
1,2, ••- , 2n. By Theorem 3 p(A) = SAS''1 fo호 some invertible diagonal 
operator S and for all A in 黙.Hence y>(A) =(yS)A(S,_1y~*1). Let 
T = YS. Then(p(A) = 꼬for all A in *?・
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