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REPRESENTATION ON A HILBERT B-MODULE

An-hyun Kim

1. Introduction
Each cyclic ^-representation gives rise to a state on a C*-algebra. 

And it turns out that each state generates a cyclic *-representation that 
reproduces it ([2, p261],[3]). But, if we replace a state by a completely 
positive map, what happe교s? This paper is an investigation of a *- 
representation (on a Hilbert B- module) generated by a completely 
positive map.

In §2, we introduce some definitions and their properties which will 
be needed in next section.

In §3, we show that a completely positive map gives rise to a pre­
Hilbert B-module in much the same way that a state gives rise to a 
pre-Hilbert space. The properties of pre-Hilbert B-module generated 
by a completely positive map are described and this section contains 
main theorems([Theorem 3.4], [Theorem 3.5]).

2. Properties of B-valued inner product

Definition 2.1. Let B be a C*-algebra.
A pre-Hilbert B-module is a right B-module X equipped with a conju­
gate bilinear map [, ] : X x X t B satisfying:

(a) [x^x\ > 0 \/x G X\
(b) [x, 씨 =。 only if g = 0;
(c) [x,y] = [y.x]^ for x,y e X;
(d) [x • = [x^y]b for x, j/ e X, b £ B.

The map [, ] will be called a B-valued inner product on X*
The following simple facts are obvious:

1° • &] = &*[x,y] x.y 6 X, 6 e B.
2° if B has 1, X is unital (i.e., x • 1 = x, x € X).
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3° defining || - ||x on X by ||끼|x = || - ||x becomes a
norm on X.

4° IlkwHI W II께서k/llx, g이Ix^ll께x||에 x,yex,beB.
DEFINITION 2.2. A pre-Hilbert B-module X which is complete with 

respect to |]・ ||x will be called a Hilbert B-module.
For a pre-Hilbert B-module X)we let 4(X) denote the set of oper­

ators 꼬 E B(X) for which there is an operator T* € -B(X) such that 
[Tx,y] = [a:,T*y] for x,y € X. And for e X、define x®y : X t X 
by x ® y(w) = x •阮 g].

The following simple facts are obvious:
5° 4(X) is a *-algebra with involution T —> T*.
6。if T€ 4(X), then 꼬(工 ・ b) = (Tx) • fe for x G X, " B (i.e. T 

is a module map).
Lemma 2.3.
(1) x e 4(X) with (z ® y)* = g ® x.
(2) 끄(g ® i/) = Ta: ® j/, T E 4(X).
(3) (x® y G X} spans a two-sided ideal for 4(X).

Proof. (1) For all wi,€ X,
切1,(："如/)U시 = 阮, [u，2, 讪] = 阮,讪* 阮，씨

= h/,u시 挣1, 이 = [y - [wi,x],w2]
=[(t/® X)W1,W2]

For all w G X, b € B,
(x ® y)(w • b) = x - [w • 6, y] = x • [w, y]b = (x ® g(也))• b.

(2) T(x ® y)힌d = 꼬(z - [w, y]) = (Tx) • [w, y] (since 꼬 is a module map)
=(Tx ® y)w.

(3) By (1),(2), it is clear.
We write Xf for the set of B-module maps from X to B which are 

bounded with respect to || - ||x，We make X，into a right B-module by 
defining

(Ar)z = Ar(x) and (r • 6)(x) = &*r(x),
for A G C, r 6 X\ MX, be B,
Each x El X gives rise to a map x E X1 defined /(g) = [y, x] for y E X.

We will call X self-dual if X = X1.
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THEOREM 2.4. Let X be a pre-Hilbert B-module.
(1) The B-valued inner product extends to X’ x Xf in such a way 

as to make Xf into a Hilbert B-modnle.
(2) Each T € A(X) extends to a unique T G A(X). Moreover, the 

map T T is a *・isomo匸phism of <4(X) into 4(X)

Proof. [7]

Let B be a von-Neumann algebra of operators on a Hilbert space 
H, and let X ® H be the algebraic tensor product of X with H・ 
Define <, >: X ® H x X ® H —>Cby<x®^, I/®?? >= ([x, g]& 而. 
Let Z {w E X ® H : < w, w >= 0}, so Z is a subspace oi X ® H 
and Ko = X ® H/Z is a pre-Hilbert space with inner product(wi + 
Z, w2 + Z) =< Wi, W2 >.
Let K be the Hilbert space completion of Ko. For T G A(X), define a 
linear map 仇)(꼬) : X®H—^X®Hby 0o(T)(x ® g) = 꼬 z ® &
It is shown in 5.3 of [9] that 0O(T) induces a bounded linear map 
0(T) : K t K satisfying 0(T)(x ® f + Z) = Tx ® f + Z・

LEMMA 2.5. If A is a self-adjoint operator on H and (A/i, /&) = () 
for all h, then A = 0.

Proof. (이

THEOREM 2.6. The map 9 is a faithful ^-representation of 4(X) on 
K.

Proof. By the above statements, it is clear that 0 is a homomor­
phism. Also, for each x,g £ X, &77 € H,

(^(T*)(x(烫 + Z),g ® 77 + Z) = (T*x + Z,y®ri + Z)
=V ® & g(X)77 >= ([T*X, y]^ ")
=(切,W&n) =<x®(,Ty®ri >
=S ® f + z二r； + z)
=(z ® t + Z, 6(T)(y ® 〃 + Z))
=(o(ry(x(X)£ + z)r ® 77 + z).

Let T E Ker0. Then 0 =< Tx ® >= ([꼬%7以]&幻. Since
(꼬跖 丁司 is self-adjoint, by Lemma 2.5, 꼬 = 0.
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3. Representation on a Hilbert B-moduIe

DEFINITION 3.1. Let B be a C*-algebra) A a *-algebra and <f> : 
A —> B a Enear map. We call § positive if ^(a*a) > 0, a E 4

For n = 1,2, • • •, induces a map <f)n from algebra A of nxn matrices 
with entries in A (made into a *-algebra by setting = [a^] for 
matrices 如J € &끼) into the corresponding C*-algebra B defined by

= [©(^订)];we asy that <f> is completely positive if each of the 
induced map </>n is positive.

According to [10, pl 94], a linear map : A —> B is completely 
positive iff £岛 b：’(a：aj)b > 0 for ai,-- - ,anG A, 如…B. 
Let ‘ be completely positive and suppose in addition that ^(a*)= 
q6(a)* for a € A. The map </> gives rise to a pre-Hilbert B-module as 
follows : Consider the algebric tensor product A ® B, which becomes 
a right B-module when we set (a® 6) • ^ = a® bg for C B)a & A.

Define>:(A ® B) x (A ® B) B

(
n m \
£0 ®外,"奨J •、〜£隽戒时勺'血 

3=고 /

f이: 击, …，。就, Ofl) • , - , cxm G A, ••-，&n, ^1, ° , Pm e B.
《)》is clearly well-defined and conjugate-bilinear. Since </> is com­

pletely positive, for all x G A ® B, <C x, x》2 0. Since ’ is *-map, 
<C x^y》=《y、x》and《x • b’g》=《勺g》b ior x^y e A® B 
and b G B.

Put JV = (a: G A ® B : <C x^x》=0). Then N is a submodule of 
A® B and Xo = A ® B/N is a pre-Hilbert B-module with B-valued 
inner product [x + Nyy + N]=《for € A 0 B.

THEOREM 3.2. Let A be a U*-algebra with 1, B a (7*- algebra with 
19 and © : A -스 B a completely positive map. Then

(1) there is a Hilbert B-moduJe X> a * -representation it of A on
X, and an element e £ X such that ^(a) =(7r(a)e, e] for a E A.

(2) the set (?r(a)(e -6) : a € A, b G B} spans a dense subset of X.

Proof. [7],[10].
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In particular, note that 7r(a)(x + N) = a • w + N Vx € A ® B and 
?r(a) € A(X)(i.e., 7r(a) is a B-modnle map), X a completion of 
also e = 1 ® 1 + N.
Let A be a l尸七algebra with 1, and B a Ty*-algebra. If X, tt and e 
are as in Theorem 3.2, we may define a『representation ?r of A on the 
self-dual Hilbert B-module X，by n-(a)=冗(a广 G 4(X，)for a E A (see 
2.4).
Suppose p : A t B is another completely positive map. We write 

if is compeletely positive and let [0,网 denote the set of 
compeletely positive maps from 4 into B which are < 奴
For T W 4(X) define 枷 : 4 -누 B by 如(a) = [T?r(a)e,e]. Notice 
that 如=$ and that the map T s 如 is a linear map of 4(X‘)into 
the space of linear transformations of A into B.

THEOREM 3.3. Under the above circumstance,
(1) for each T E %(A)/ with 0 < T < the formula {如(q)= 

[꼬乔(q)M e] defines a completely positive map such that 枷 < 衣

(2) the correspondence Tig described in (1) is a bijection of
{T e %(A)Z : 0<X <IX»} onto M.

(3) the correspondence preserves convex combinations,
where 齐(4)' denotes the coimnutant of 元。4) in A(Xf).

Proof. [2],[7].

Let A be a I/"*-algebra with 1)and B a W*-algebra with 1. We 
denote the set of completely positive maps <f)： A B such that 
。⑴=1 by
Note that 1) is a convex subset of the space of linear maps
from A into B.

THEOREM 3.4. Under the above circumstance, tha following con­
ditions on B, 1) are equivalent:

(1) is an extremal point of B, 1);
(2) the map T s [Te, e] of A(Xf) into B is injective on 无(A)';
(3) If 寸 is any completely positive map on A such that 虹으 如 

then p =叫 with 0 < a < 1.

Proof. (1)너=>(3) Thds follows immediately from (68.24) in [2].
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(2)=>(1) Suppose that the map is injective and let <f> = t枷 + 
(1 一 £)板 1) (0 < f < 1). then 炳 <i.e,,
也(a) 6 [0,^].
By 3.3, there axe 꼬 G Tr(A)1, 0 < T < Ixi such that i 枷(a) = [7齐(a) 
e, e] V a G A.
Setting a = 1, i^i(l) = [Te, e]. By tha way, since i^i(l) = t .
1, = [Te, e] = t. Therefore [(T —tl)e, e] = 0. By the hypothesis,
T — tl. Also,

t^i(a) = [tZ7r(a)e, e] = i[?r(a)e,e] = t = t 如(a) = /^(a).
Thus, and 枷=枷=奴

(1)=》(2) Suppose that © G £(&」饥 1) is an extremal point.
Take T € 규(4)' such that //(T) = [Te,e] = 0. i.e.,

卩 : 7r(A)f C 4(X，) 一나B
T ' s ^T) = [Te, e].

Choose s^t > 0 such that \lx* < -sT + tlxf < fl%/ and set F = 
sT = tlx9- Then, since “(£【須) < 卩，(F) < /z(it follows that 
4 f I'
Define《M(a) — [F7r(a)e,e], 02(a) = [(/ — F)K(a)e, e]. Since 0 < F < 
I*、By 3,3, <f>2 are completely positive. Also 缶(1) = i-1,但(1)=
(1 —i)l, (S. + 板)(a) = ©【(a) = ©(a). Since (1 —belong 
to 52(A, 1), from extremality of 饱 厂％i = (1 — =奴

In particular, [F%(a)e, e] = S(a) = f[7r(a)e, e], V a € A. Thus F = 
tl%/, and so sT = 0.
Therefore 꼬 = 0 and fi is injective on %(A)Z.

THEOREM 3.5. If IT is a ^-representation of A on a Hilbert B-module
Y and ^(a) = [?r(a)e, e] and if is constructed as in 3.2, then

(1) there exists an isometric mapping U from X into Y.
(2) Un^a) and ir(a)U agree on X.

Proof. (1) By theorem 3.2, ?r^(A)(e^ - B) and 7r(A)(e - B) are dense 
subspaces of X)F, respectively. Now define {707r^(a) (e© . b)=冗(a)
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(애〉- i) fees.

|兩(以眾• 6)II2 = II爾(a)(% • 6),财(a)(e© •期 ||

= ||"a*a)(%"), e© • 이II
= ||[(7r©(a*a)e©) - b, e© • 이

(since ?p(a*a) is module map)
= ||b*g©(a*a)3, eR에 (by 1°)
= ||b*g(a*a)e,e]에 (by the hypothesis)
= ll"(a*a)(e • b), e • 히|

=||k(a)(e - &), 7r(a)(e-&)]||
니1戒a)(e. 期|2.

Thus Uo is well-defined and isometric on Xo(= ?r©(4)(e© • B)). There- 
fore Uo extends to an isometric mapping U of X into Y.

(2) By definition and continuity of L70, it is clear.
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