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FUZZY S-CONTINUOUS MAPPINGS

Park, Jin Han and Lee, Bu Young

1. Introduction
The concept of fuzzy continuous mapping on fuzzy topological 
spaces was first introduced by Chang [2]. Yalvac [12] defined the 

fuzzy irresolute mapping between fuzzy topological spaces and inves­
tigated some results using the concepts of fuzzy semi-open and fuzzy 
semi-closed set in fuzzy topological space(henceforth fts for short) de­
fined by Azad [1]. Also similar forms of fuzzy continuous and fuzzy 
open mappings on fts5s have been considered and further studied by 
many authors [1, 3, 5, 8 and 12].

In this paper we define fuzzy S-continuous and fuzzy S-open and 
study some properties of 나lese mappings on fts's.

2. Preliminaries
Fuzzy set윦 of a non-empty set X will be denoted by the capital letter 

V. The value of a fuzzy set A at the element g of X will be 
denoted by A(x), and a fuzzy point will be denoted by p and q. And 
P £ 4 either means that fuzzy point p takes its non-zero value in (0,1) 
at 나support xp and p(xp) < A(x^) (see in [1 이) 6r fuzzy point p 
takes its non-zero value in (0,1] and p(电) < A{xp) (see in [이). If we 
write p A then the definition of fuzzy point-fuzzy eleme끄thood will 
be the same as Srivastava et al. used in [10].

For definitions and results not explained in this paper, the reader 
were referred to the papers [1, 3, 5 and 10] assuming them to be well 
known. 마he words 'fuzzy' and 'neighborhood' will be abbreviated as 

and 4nbd\ respectively.

DEFINITION 2,1. Let A and B be f.sets of X and let p be f.point 
in X・ p is 은aid to be quasi-coincident with A, denoted by pqA, if 
P(xp) + 4(:外)> 1. A is said to be quasi-coincident with B, denoted 
by AqB, if 나ise exists x E X su사i that A(x) + B(花) > 1 ([6]).
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Lemma 2.1 ([6]). Let A and B be f.^ets of X. A C B iff A and B 
are not quasi-coincident denoted by AqB1.

LEMMA 2.2 ([11]). Let A be a, f.set and for x E A(x) = t 尹 

0 (0 < t < 1). If for any A which satisfies the inequality 0 < A < t9 we 
choose the f.point p such that p(x) = 1 — A, then pqA.

THEOREM 2.1 ([2, 11]). Let f : X ——> Y be a mapping, A and B 
f.sets of X and 匕 respectively. The following statements are true :

(a) /(Ay C f(A'), /T(a)=
(b) a C f(fT(B)) c B.
(c) If f is one-to-one then y-1(/(A)) = A.
(d) If f is onto then /(/-1(B)) = B.
(e) If f is one-to-one and onto then /(A/ = /(Az).

Let f : A ——> B be a mapping. Clearly, for every p C X, /(p) 
is a f.point in 匕 and if supp^p) = then supp(f(p)) = 
/(p)(/(xp)) = p(xp). If p G V then /-1(p) needs not be a f.point 
in X. If f is one-to-one and p e f(X) then /-1(p) is a f.point in 
X. In this case, if supp(p) = yp<i then 3upp(/-1(p)) = f~l(yP) and 
•厂'3)(广1(陽))=p(陽).

LEMMA 2,3 ([11]). Let f : X ——> Y be a mapping and p E X.
(a) If for B CY /(p)qB then
(b) If for A C X pqA then /(p)q/(A),

Definition 2.2. Let A be a f.set of fts X.
(a) A is called a f.semi-open set of X if there exists a f.open set U 

of X such that U C A CU ([1]).
(b) A is called a f.semi-closed 욚et of X if there exists a f.closed set 

V of X such that V° C A C.V ([1]).
(c) A is called a f.semi-nbd of a f.point p if there exists a f.semi- 

open set V such that p EV C A (|디).

A f.set A is f.semi-open iff A! is f.semi-closed ([1]).

Definition 2.3. Let A c X be a f.set. Then

A = Cl( B\A C B, B is f.semi-closed )
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and
Ao = U{ B\B C A, B is f.semi- open }

are said to be f.semi-closure and f.semi-interior of A, respectively ([2]).

Obviously, A C Ac~A and A0 C Ao C A ([12]).

3・ Fuzzy S-continuous mapping
Let / be a mapping from a fts X to another fts Y.

Definition 3.1.
(a) f is called a {.continuous mapping if J—1(B) is a f.open set of 

X for each f.open set B of F ([2]).
(b) f is called a f.irresolute mapping if is a f.semi-open set 

of X for each f.semi-open set of Y ([12]).

f.continuous mapping and f.irresolute mapping are independent con­
cepts.

DEFINITION 3.2. f is said to be f.S-continuous mapping if 
is a f.open set of X for each f.semi-open set B of Y.

Clearly, f.S-continuous implies f.co교tinuous, and f.S-continuous im- 
pEes f.irresolute. But that the converse need not be true is shown the 
following Example 3.1.

EXAMPLE 3.1. Let and be f.sets of the unit closed
interval I in R defined as follows :

0,

0.3,

0<x<-
一 一 3

i < x < 1
3 —

厶2(@)= <

0,

0.3,

0.2,

0 <x < ---3
1 2
-< a： < -
3 - 3
—< a: <4

, ，、 1 2
0, 0 < a: < —

~ 一 3 0, 0 < a: < -
一 -3

5i(x)= < 0.3, 1 2
7 < x < -3 - 3

B2(x)=， 0.4,
1 , 2
<x< -o o

0.6, < I < 1 0.2, -< X < 1.
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(a) We consider f.topologies Ti = {/, 0广禹} and r2 = {Z, 0, Bi).
Let f : (I, 丁i) —> (Z, 丁2)be the mapping defined by

f(^)= <

0 < ® < I 

2
® - 3， g < a： < I-

Then /.is f.continuous but not f.S-continuous.
Let B be the f,set of I defined by

0.1,

B(x) = < 0.9,

0.8,

Og?

3 - 3
2
-< x < 1.
3 一

Since Bi C B C Bi, B is a f.semi-open set. But is not 
a f.open set. Clearly, f is f.continuous.

(b) We consider f.topologies ti = (1,0, Aj} and = (Z,0?^2)-
If 1/ : (I,Ti) —> (Z, ?2)is identity mapping, then lj is 

f.irresolute. If B is the f.set of Z a-s in (a), 1尸(3) = B is a 
f.semi-open but not f.open set. Thus, lj is not f.S-continuous.

THEOREM 3.1. Let f : X —► Y. The following are equivalent:
(a) f is a f.S-continuous.
(b) For every f.semi-closed set B in Yy is a £ closed set in

X. _
(c) For every f.set A in X, f(A) C /(A).
(d) fbr every f.set B in Y, jT(B) C 厂'(旦).

(e) For every p £ X and each f.semi-open set B in Y containing 
/(p), there exists a f,open set A in X such that p E A G 
尸(B).

(f) For every p E X and each f.semi-open set B in Y satisfying 
f(p)qB9 there exists a f.open set A in X such that pqA and 
A c 厂고 3).
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Proof. (a)=>(b) can be easily seen.
(b) =^(c): Let A be a f.set in X. Then /(A) is a f.semi-closed set

in Y. Since is a f.closed set, /'"1(/(A)) = /~1(f(A)). By
Theorem 2.1, /(A) C /(A).

(c) =>(d): Let B be a £set in Y. By hypothesis and Theorem 2.1, 
戸® c厂1(珀.

(d) =》(a): Let B be a f.semi-open set in Y. By hypothesis and 
Theorem 2.1,

戸面c广(玫)=广")

Since/-I (B») C 厂】(可)and C 广®),戸面=广(8). 
Hence is a f.open set, that is, / is a f.S-continuous.

(a)=^(e): Let p € X and B be any f.semi-open set in Y such that 
f(p) G B. Since f is f.S-continuous, is a f.open set. Therefore,
P“t(B) = 4u/t(3). _

(e) =>(a): Let B C K be a f.semi-open set and p g be any
f.point. F¥om hypothesis, there exists a f.open set A in X such that 
p & A C 广Hence 厂조(B、) is a f.open set.

(a)=》(f): Let p £ X and B be any f.semi-open set such that /(p)qB. 
Clearly, is a f.open set. By Lemma 2.3, pq/~"i(B) = A C
尸(B).

(f) =>(a): Let B C y be any f.semi-open set and p Gi Then
/(p) €i B. By Lemina 2,2, choose the Lpoint p! as p'(wp) = 1 — p(xp). 
For this we have 了(]/)q3. From hypothesis, there exists a f.open 
set A such that p'qA C Since p^qA,

P (*p) + = 1 — 2(%p) +> L

Thus A(xp) > p(xp). That is, p 6i A. Hence p 6i A C 厂'(B) and so 
is a f.open set.

THEOREM 32 f : X t Y is a £S~continuous iff for every f set B 
场匕厂(广*3))气

Proof. Let B CY. Bo is a f.semi-open set in Y. Clearly, /*"X(BO) 
is a f.open set and

rx{B0} c(r\B0)y c (广그(b))°.
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Conversely, let B be any f.semi-open set in Y. Then B。= B and so 

厂'(B) = f~KB0) C (厂i(B))。.

Hence /~X(B) = (/"X(B))°. This shows that f"x(B) is a f.open set.

THEOREM 3.3. Let f : X ——> Y be bijection, f is a f.S-continuous 
iff for every f.set Ain (/(A))o C

Proof. Let A C X be a f.set. /-1((/(A))0) is a f.open set in X. By­
Theorem 3.2 and f is onto,

/T((六4))。)= (•厂1((六4))。))。C (fT(f(4)))。=

Since f is onto,

(•"))，，=八广((凡4))。))C /(A°).

Conversely, let B C V be any f.semi-open set. Immediately, B = Bo. 
FYom hypothesis,

/((/_1(B))0) D = B° = B.

【This implies that /-1(/((/~1(5))0)) D Since f is one-to-one,
f-^B) C (J7(B))。. Hence f~\B) = (厂】(B))이 that is, 厂'(B) is 
a f.open set.

THEOREM 3.4. Let X and Y be fts's such that X is product related 
to Y and let f : X —> Y be a, mapping. 꼬hen if the graph g : X —> 
X xY of f is f.S-continuous, then f is also f.S-continuous.

Proof. Let B be a f.semi-open set of Y. Then we have y-1(B)= 
1 D fT(B) = gT(l x B). Since g is a f.S-continuous and 1 x B is a 
f.semi-open set of X x 匕 /~X(B) is a f.open set of X. Hence / is a 
f.S-continuous.

THEOREM 3.5. Let f : X ——> Y be one-to-one and f.S-continuous. 
IfYis then X is f「(/ = 0,1,2).

Proof. We give a proof for i — 1 only; the other cases being similar, 
are omitted. Let p and q be two distinct f.points in X.



Fuzzy S-continuous mappings 51

When xp / xqj we have f(xp)尹 /(xg), and by the f.semi-Ti prop­
erty of y, /(p) and f(q) have f.semi-open semi-nbds U and V such 
that /(p)qV and /(g)ql7, respectively. By hypHihesis and Lemma 2.3, 
f-1(J7) and /-1(V) are f.open nbds of p and q such that pq厂'(U) 
and qq厂'respectively.

When xp = xq and p(xp) < q(xg)(say), then f(xp) = /(xg). Y 
being f.semi-Ti, there is a f.semi-open semi-q-nbd V of f(q) such that 
Z(p)qV. By hypothesis and Lemma 2.3)/-1(V) is a f.q-nbd of q in X 
such that pq/-1(V). Hence X is f.Ti.

DEFINITION_3.3. Let / : X ——> K be a mapping between two ftsJs. 
f is said to be a f.S-open mapping if /(A) is a fopen set in F, for each 
f.semi-open set A in X.

Obviously, f.S-open implies f.open, and f.S-open implies f.presemi- 
open.

THEOREM 3,6. Let f : X ——> Y be bijection. If f is a f.S-open 
mapping, then f-'(B) C for each f.set B ofY.

Proof. Let B CY. Clearly, (/~1(B))/ is f.semi-open set in X. Since 
f is f.S-open and bijection,

•f((jT(B))') = (f(厂")))，

is f.open set in Y. This implies^that is a f.closed set in Y.
Thus,

B = 了(戸(B)) C子(户(B))=六厂伸)).

Since f is one-to-one,
广(百)C厂"(匚他))=广(砂

THEOREM 3.7. Let X, Y and Z be fts's and f : X ——> Y, g :Y ——> 
Z. If f and g are f.S-continuous (or f.S-open) mappings, then g o f is 
too.

Proof. Since
0。/)(A)=心(4))

and
(5o/)-1(B) = r1«1(B))

for A C. X and B C Zy it is clear.
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