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FUZZY S-CONTINUOUS MAPPINGS

PARK, JiN HAN AND LEE, Bu YOUNG

1. Introduction

The concept of fuzzy continuous mapping on fuzzy topological

spaces was first introduced by Chang {2]. Yalvac [12] defined the
fuzzy irresolute mapping between fuzzy topological spaces and inves-
tigated some results using the concepts of fuzzy semi-open and fuzzy
semi-closed set in fuzzy topological space(henceforth fts for short) de-
fined by Azad {1}. Also similar forms of fuzzy continuous and fuzzy
open mappings on fts’s have been considered and further studied by
many authors [1, 3, 5, 8 and 12].

In this paper we define fuzzy S-continuous and fuzzy S-open and
study some properties of these mappings on fts’s.

2. Preliminaries

Fuzzy sets of a non-empty set X will be denoted by the capital letter
A,B,U,V. The value of a fuzzy set A at the element z of X will be
denoted by A(z), and a fuzzy point will be denoted by p and ¢. And
p € A either means that fuzzy point p takes its non-zero value in (0, 1)
at the support z, and p(z,) < A(z,) (see in [10}) or fuzzy point p
takes its non-zero value in (0,1] and p(z,) < A(z,) (see in [6]). If we
write p €; A then the definition of fuzzy point-fuzzy elementhood will
be the same as Srivastava et al. used in {10].

For definitions and results not explained in this paper, the reader
were referred to the papers [1, 3, 5 and 10] assuming them to be well

known. The words ‘fuzzy’ and ‘neighborhood’ will be abbreviated as
‘f.” and ‘nbd’, respectively.

DEFINITION 2.1. Let A and B be f.sets of X and let p be f.point
m X. pis said to be quasi-coincident with A, denoted by pgd, if
P(zp) + A(zp) > 1. A is said to be quasi-coincident with B, denoted
by AqB, if there exists z € X such that A(z)+ B(z) > 1 ([6]).
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LEMMA 2.1 ([6]). Let A and B be f.sets of X. AC B iff A and B
are not quasi-coincident denoted by AqB'.

LEMMA 2.2 ([11]). Let A be a fset and for ¢ € X, A(z) =t #
0 (0 <t <1). If for any A\ which satisfies the inequality 0 < X < t, we
choose the f.point p such that p(z) =1 — X, then pqA.

THEOREM 2.1 ([2, 11]). Let f : X — Y be a mapping, A and B
f.sets of X and Y, respectively. The following statements are true :
(2) f(A) Cf(4), fN(B")=f"}BY.
(b) AcC f7Y(f(4)), F(f7YB))CB.
(¢) If f is one-to-one then f~1(f(A)) = A.
(d) I f is onto then f(f~Y(B)) = B.
(e) If f is one-to-one and onto then f(A) = f(A').

Let f : A — B be a mapping. Clearly, for every p € X, f(p)
is a fpoint in Y, and if supp(p) = z,, then supp(f(p)) = f(=p),
F)Yf(=p)) = p(z,). B p € Y then f~*(p) needs not be a f.point
in X. If f is one-to-one and p € f(X) then f~(p) is a f.point in
X. In this case, if supp(p) = yp, then supp(f~'(p)) = f~'(y,) and
F X (yp)) = p(¥p)-

LEMMA 2.3 ([11]). Let f: X — Y be a mapping and p € X.

(a) If for BCY f(p)gB then pqf~(B). -
(b) If for AC X pqA then f(p)af(A).

DEFINITION 2.2. Let A be a f.set of fts X.

(a) A is called a f.semi-open set of X if there exists a f.open set U
of X such that U c A c U ([1)). i

(b) A is called a f.semi-closed set of X if there exists a f.closed set
V of X such that Ve Cc A C V ([1]).

(¢} A is called a f.semi-nbd of a f.point p if there exists a f.semi-
open set V such that pe V C A4 ([5]).

A fset A is f.semi-open iff A’ is f.semi-closed ([1}).
DEFINITION 2.3. Let A C X be a f.set. Then

A=nN{B|AC B, B is f.semi-closed }
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and
A, =U{B|B C A, B is f{.semi- open }
are said to be f.semi-closure and f.semi-interior of A, respectively ([2]).

Obviously, A C AC A and A° C 4, C A ([12]).

3. Fuzzy S-continuous mapping
Let f be a mapping from a fts X to another fts Y.
DEFINITION 3.1.
(a) f is called a f.continuous mapping if f~(B) is a f.open set of
X for each f.open set B of Y ({2]).

(b) f is called a f.irresolute mapping if f~}(B) is a f.semi-open set
of X for each f.semi-open set of ¥ ([12]).

f.continuous mapping and f.irresolute mapping are independent con-
cepts.

DEFINITION 3.2. f is said to be {.5-continuous mapping if f~!(B)
is a f.open set of X for each f.semi-open set B of Y.

Clearly, {.S-continuous implies f.continuous, and {.S-continuous im-

plies f.irresolute. But that the converse need not be true is shown the
following Example 3.1.

EXAMPLE 3.1. Let A;, A2, By and By be fsets of the unit closed
interval I in R defined as follows :

1

1 ( 0, 0S$S§

0, ogxgg . 9

Ai(z) = 1 Ay(zx) = ¢ 0.3, §<xs§
0.3, g(l‘Sl 9

02, Z<z<l
\ 3

1 , 2

[ o, 0Ss< 0, 0<z<3

1 2 1 2

B = . —_ < — B = R - < =

1(z) =< 0.3, 3<z<3 2(z) = { 04, 3<z<3
2 2

0.6, §<x$1 | 02, §<x§1.
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(a) We consider f.topologies 1 = {I,0,4;} and 7 = {I,0, B;}.
Let f:(I,7) — (I, 7;) be the mapping defined by

z, stg
f(z) = 3

<z <1

Wi @
IA

1
x—g,

Then f.is f.continuous but not f.5-continuous.
Let B be the f.set of I defined by

(0.1, 05:1:5%

1 2

Be)={0s, ler<?
(z) 0.9, 3<x_3
.0'8’ §<$£1.

Since By C B C By, B is a f.semi-open set. But f~1(B) is not
a f.open set. Clearly, f is f.continuous.
(b) We consider f.topologies 7; = {I,8, A3} and 7, = {I,0, B,}.
17 : (I,n) — (I,73) is identity mapping, then 1j is
firresolute. If B is the f.set of I asin (a), 17 (B) = B is a
f.semi-open but not f.open set. Thus, 15 is not f.S-continuous.

THEOREM 3.1. Let f: X — Y. The following are equivalent:
(a) f is a £.5-continuous. i
(b) For every f.semi-closed set B in Y, f~'(B) is a f.closed set in
X

(c) For every fset A in X, f(A) C f(A).

(d) For every fset B inY, f-Y(B) C f~Y(B).

{e) For every p € X and each f.semi-open set B in Y containing
f(p), there exists a fopen set A in X such that p € A C
f=(B).

(f) For every p € X and each f.semi-open set B in Y satisfying

f(p)aB, there exists a fopen set A in X such that pqA and
AC f~YB).
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Proof. (a)=+(b) can be easily seen.

(b)=>(c): Let A be a f.set in X. Then f(A) is a f.semi-closed set
in Y. Since f'”l(i(_é_)-) is a f.closed set, f1(f(A)) = f~{f(4)). By
Theorem 2.1, f(A) C f(A). o

(c)=>(d): Let B be a f.set in Y. By hypothesis and Theorem 2.1,
fF-YB)c f1B).

(d)=(a): Let B be a f.semi-open set in Y. By hypothesis and
Theorem 2.1,

FE) c f(B) = £1(B).

Since f~1(B')  f~YB")and f~YB') C f~UB"), f1(B') = f(B').
Hence f~1(B) is a f.open set, that is, f is a f.5-continuous.

(a)=(e): Let p € X and B be any f.semi-open set in Y such that
f(p) € B. Since f is {.S-continuous, f~(B) is a f.open set. Therefore,
pe f-Y(B)= A C f-YB).

(e)=(a): Let B C Y be & f.semi-open set and p € f~1(B) be any
f.point. From hypothesis, there exists a f.open set A in X such that
p€ AC f~Y(B). Hence f~1(B) is a f.open set.

(a)=(f): Let p € X and B be any f.semi-open set such that f(p)qB.
Clearly, f~1(B) is a f.open set. By Lemma 2.3, pqf "}(B) = A C
-1(B).

{f)=(a): Let B C Y be any f.semi-open set and p €; f~*(B). Then
f(p) €1 B. By Lemma 2.2, choose the f.point p’ as p'(z,) =1 —p(z,)-
For this p’, we have f(p')qB. From hypothesis, there exists a f.open
set A such that p'q4d C f~1(B). Since p'qA,

p(zp) + A(zp) =1 ~ pl(zp) + Alzy) > 1.

Thus A(z,) > p(z,). That is, p €; A. Hence p€; A C f~'(B) and so
f~1(B) is a f.open set.

THEOREM 3.2. f: X — Y is a £.5-continuous iff for every f.set B
inY, f~1(B,) C (f(B))".

Proof. Let B C Y. B, is a f.semi-open set in Y. Clearly, f~1(B,)
is a f.open set and

7B C (F7H(BL)) C (F7H(B))"-
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Conversely, let B be any f.semi-open set in Y. Then B, = B and so
fY(B) = fYB,) C (f7(B))".
Hence f~1(B) = (f~'(B))°. This shows that f~*(B) is a f.open set.

THEOREM 3.3. Let f : X — Y be bijection. f is a f.5-continuous
iff for every f.set A in X, (f(A)), C F(A%).

Proof. Let A C X be afset. f~1((f(A)),)is a f.open set in X. By
Theorem 3.2 and f is onto,

FHANS) = (P € (FHFA))° = 4°.

Since f is onto,

(f(A))o = F(£7H(£(A))0)) C F(A°).

Conversely, let B C Y be any f.semi-open set. Immediately, B = B,.
From hypothesis,

FFHBY?) D (F(F(B))), = B, = B.

This implies that f~1(f((f~*(B))°)) D f~}(B). Since f is one-to-one,
f~UB) C (f71(B))°. Hence f7}(B) = (f"*(B))o, that is, f71(B) is

a f.open set.

THEOREM 3.4. Let X and Y be fts’s such that X is product related
toY andlet f: X — Y be a mapping. Then if the graph g : X —
X x Y of f is f.S-continuous, then f is also f.5-continuous.

Proof. Let B be a f.semi-open set of Y. Then we have f~(B) =
1N f7Y(B) = ¢g"}{1 x B). Since g is a f.S-continuous and 1 x B is a
f.semi-open set of X x Y, f~}(B) is a f.open set of X. Hence f is a
1.S-continuous.

THEOREM 3.5. Let f: X — Y be one-to-one and f.5-continuous.
IfY is f.semi-T,, then X is £.T; (1=10,1,2).

Proof. We give a proof for 1 = 1 only; the other cases being similar,
are omitted. Let p and g be two distinet f.points in X.
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When z, # z,, we have f(z,) # f(z;), and by the f.semi-T; prop-
erty of Y, f(p) and f(q) have f.semi-open semi-nbds U and V such
that f(p)qV and f(¢)qU, respectively. By hypothesis and Lemma 2.3,
S7HU) and f~}(V) are f.open nbds of p and ¢ such that pqf (V)
and ¢qf~}(U), respectively.

When z, = 24 and p(z,) < g(z,)(say), then f(z,) = f(zg). Y
being f.semi-T;, there is a f.semi-open semi-q-nbd V of f(g) such that
f(p)aV. By hypothesis and Lemma 2.3, f~1(V)is af.q-nbd of ¢in X
such that pqf~1(V). Hence X is £.T}.

DEFINITION .3.3. Let f : X — Y be a mapping between two fts’s.

f is said to be a f.S-open mapping if f(4) is a f.open set in Y, for each
f.semi-open set A in X.

Obviously, f.5-open implies f.open, and f.S-open implies f.presemi-
open.

THEOREM 3.6. Let f : X — Y be bijection. If f is a f.5-open
mapping, then f~Y(B) C f~Y(B) for each f.set B of Y.

Proof. Let B CY. Clearly, (f~1(B)) is f.semi-open set in X. Since
f is {.S-open and bijection,
FLHBY) = (F(f~ 1B

is f.open set in Y. This implies that f(f~1(B)) is a f.closed set in Y.
Thus,

B = f({~4(B)) c f(F7X(B)) = f(f(BY)-

Since f is one-to-one,
FAB) CFUFEBY) = FU(B).

THEOREM 3.7. Let X,Y and Z befts’sand f : X — Y, g:Y —

Z. If f and g are f.S-continuous (or f.5-open) mappings, then go f is
too.

Proof. Since

(g0 f)(A) =g(f(A))

and
(g0 f)™H(B)=fYg~"(B))
for AC X and B C Z, it is clear.
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