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Abstract

This paper developes a multiperiod trading model of securities price formation which extends
the notion of market created risk introduced by Kraus and Smith [1989]. It is shown that stock
priée volalitility.can depend on combinations of market parameters known to the market partici-
pants only imperfectly. Resulting portfolio rebalancing equilibria generate self-justifying price

movements while market fundamental remain unchanged.

I. Introduction

Economists have tried to rationalize the volatility of security price movements for

long.” Early theoretical discussion had addressed the issue around the existence of

* Associate Professor of Finance, Hallym University

1) Keynsian claim for the desirability of active government intervention in the fiscal or the mo-

netary policy is baesd, in part, on the observation that asset prices seemed to be unduely
volatile.
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speculative ‘bubble’ in dynamic asset market. In dynamic rational expectations eco-
nomy, the existence of multiple equilibria is not uncommon and may lead to highly
unstable price patterns or bubble. The latter arises essentially due to the lack of per-
fect arbitrage because of the mismatch between the life spans of the market and mar-
ket participants. In the sunspot literature prices might move only because the partici-
pants believe they will. The source of such a belief, say sunspots, market psychology,
animal spirits etc., has been termed extrinsic uncertainty, contrary to that on the mar-
ket fundamentals which is called intrinsic uncertainty.”

In financial economics, the issue has been closely related with the asset market’s
informational efficiency. While the dissatisfaction with the idea has long been around,
especially among the practitiohers, a serious question was frist raised by Shiller[ 1983]
which argued that the stock price movements has been far too volatile to be justifed
by the subsequent dividend payments which is thought to represent the relative stabi-
lity of the underlying economy or market fundamentals. Though many of his claims
have been critically reexamined since then, the very notion of excessive stock price
movements has been firmly placed as a unresolved problem. The idea of excessive
volatility seemed to -have gained ground by the world wide stock market crashes hap-
pened around 1986. In Korea, it has been confirmed that stock prices have been ove-
reacting to “randomly” arriving new information.”

On applications level, the volatility can be treated within a model as a trading noise
as, for example, in Black[1986] or Amihud and Mendelson[1987]. However, for an
analytical purpose, not to mention of getting normative solution for the problem, the
nature of noise needs certainly to be analyzed.

One way to do this is to study the market microstructures, namely to analyze the
institutional structure that affects the price movements.” The other is to incorporate
the trading mechanism that potentially create volatility in the equilibrium process of
price formation, as is done by Kraus and Smith{1989]. They have shown that beliefs
about market states, in particular, the distribution of securities endowment, known

only imperfectly, may lead to a pooling equilibrium price that will eventually be bro-

2) The terms originated from Cass and Shell[1983].
3) See Kim et al [1988].
4) See, for example, Scholes[1973]) or Amihud and Mendelson[1987].
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ken to a different price on a later trading in which the uncertainty about the endow-
ment are resolved. Within this framework securities price can change without corres-
ponding changes in the market fundamentals.

While successful in demonstrating the possibility of excessive volatility in an intuiti-
vely appealing way, their analysis seems to have a few shortcomings. Most of all, the

role of market parameters, intrinsic as well as extrinsic, in forming stock prices in
each trading periods is unclear. Instead, they seem to suggest the inabilities of inves-
tors to tell the exact distribution of securities endowments causing the uncertainty
about market state. However, the distribution itself should be a result of market equi-
librium, under the given set the market parameters, which investors need not know.”
This is inevitable with the simple dichotomized market structure used in their model,
where there are only two classes of utilities, one with the risk neutral and the other
with the log utility. Another consequence of their market structure is that it can not
explain why a market state or any market parameter that might have resulted the pa-
rticular state should remain unknown. Thus it does not follow from their analysis that
the market persistently generate volatile price movements.

This paper builds on the notion of market created risk by Kraus and Smith[1989]
and attempts to incorporate explicitly the parameters of beliefs as well as ‘market’
fundamentals in a familiar framework of mean-variance model. In addition to exten-
ding their results for a more familiar market setting, this paper brings forth a few
important insights on the formation of stock price, market risk premium and the issue
of why the stock price should exhibit a persistent volatility.

The contents of the paper is organized in the following order. Section I describes
the market setting. In section II portfolio rebalancing quilibria are derived and chara-
cterized. Section HI explicitly derives the risky asset prices under portfolio rebalancing

equilibria and examines their properties. Section N contains concluding remarks.

5) In fact, Kraus and Smith[1989] refers vaguely to markert states, which they actually
identifies with the distribution of the securities endowments.
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II. Multiperiod Model of Securities Trading

There are three dates, t=0, 1 and 2. The final date, t=2 is when each security
makes its final payment and dissolves. No interim payoff occurs. There are two secu-
rities, one riskfree, the other risky security. The latter may be considered as a market
portfolio.” Riskfree security pays r, which is known in each period, units of numeraire
good at t=2 per each unit purchased.” One share of risky stock pays R units of the
good at t=2 with a given probability distribution, its mean and variance denoted by
u and o® respectively. Each market participant or investor, indicated by superscript
h=1, 2, -, starts period 0 with endowments z, zi, shares of the riskfree and the
risky securities respectively. The states of nature affecting the payoff of risky security,
are assumed a common knowledge, though itself may be imperfectly known?®

Each investor trades xi, k=0, 1, shares of each securities at t=0 to maximize the
expected value of the derived utility as of date 1. In the following the superscript will
be suppressed unless required for clarity. Date 2 can be considered as an artificial
date at which all the uncertainties, including those of market states, are resolved. On
the other hand, t=1 is considered to be the final trading date at which remaining
doubts about market states, if any, becomes irrelevant. Uncertanities about market in-
clude the distribution of investors’ utility parameters, the security endowments and
even the choice of (or beliefs about) parameters®, yu, o> For convenience, it is assu-
med that dates t=0 and t=1 are close enough that no intertemporal arbitrage bet-
ween the two dates is meaningful.

As usual it is easier to describe the optimization process backward at t=1, at which
the market reopens after the initial trading at t=0 and y}, k=0, h = 1, 2, --*, shares

are traded. An investor’s portfolio problem at t=0 is described by

6) The analysis can be easily extended to many risky assets with results similar to that follows.

7) Its price is therefore known in each period and can be taken as one. -

8) For example, the choice of distribution parameters y, o%>, may be a common knowledge.

9) Note that while the true parameters remain unchanged investors may have only its probability
distribution (or belief about) at t=0.
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Max Elaw—(B/2)w’] (»
Yo 1

with o = yr +yR, o >0, > 0
subject to Yo+ y15 = XotXis,

where s is the market price of one share of risky security and E denotes the expecta-
tion about R. In keeping with the focus here E is homogenuous across investors as
well as across time, that is Et = E, t = 1, 2, h=1, 2, ---. The uncertainty about the
market state at t=0 is introduced by probability m., m = 1, 2, -*M. Each market state
corresponds to a set of values for utilities, a. and B., endowments, Zom, Zin, Xom, Xim,

and p., ol The portfolio problem at t = 0 can be written as

Max Z. mn E[Eionr —E(B/2w.?] (2)
X0, Xt

subject to o + x;p = z + zip

where p is the market price of the risky share at t = 0 and the terms in the bracket
indicates the derived utility as of date 2, with @* being the wealth for y?%, y1, the solu-
tion to problem (1). However, y%, y3, in problem (2) are now market-state depen-

dent, namely y&, ¥y, respectivelyto be precise.

III. Portfolio Rebalancing Equilibrium

The solution to (1) can be given as
vi = [—(Gdr + xisp)] (p—so)/[(@? + 6*—2rs + r’s?)] 3

where ¢" =a"/p" Those investors for whom ¢ < [p—rs+o% (u—rs)Iyi+ (xo+xis)r
= xbr+xisr for all y;>0 would hold only riskfree assets. Aggregating (3) over the

10) See equation. (5) below.
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investors who hold nonzero amounts of the risky security and assuming that aggregate
number of shares are 0 and 1 respectively for the riskfree and the risky securities,

we can derive the market price as"

s = (B+o’—cp)/[(p—0c)r], c=Zien a'/b"

with H = {h/yt # 0} 4

Set H in (4) contains only the investors who chooses to hold nonzero amounts of the

risky share. For later purpose, we note that

9s/9r > 0, 9s/ou > 0, (provided that (u—c)*> o), 9s/ 9c*> 0
as/dc > 0, ¢’/ ac > 0

The aggregate utility parameter, ¢ in (4), is partially determined by the market pro-
cess while ¢" themselves are exogenuously given, if only known subjectly to the inves-
tor. Therefore, the market price itself does not reveal the true distribution of the pa-
rameters without a' knowledge of the distribution of the security holdings at equilib-
rium. It should be also noted that the distribution of security endowments, xi, k=0,
1, h = 0, 1, -+, does not appear in (3) and (4) beacause they are assumed out as
a common knowledge throughout the different trading dates. This is reasonable since
only aggregate number of shares is necessary information for trading purposes™ which
is often one of the most easily accesible and stable data for the market.

*

Substituting (3) for y%, y%, ©* in problem (2) can be rewritten as

o' = {rl(sa—p)xtn + 2 + ZpJ(R—150) (Un—15m) +cH(R—150)}/Da,
= Yot 04— 2nI'Set r'sh (5)

11) The expression (4) may appear to be counter intuitive in that the higher variance implies
the higher price. This is so because the variance contains the level of price itself. Letting
p*=E(R/s) and o*2 = var(s), equation (4) can be rewritten as s = c(u* —r)/(u**+o**—
u*r)

12) This can be easily from equation (3) where each investor’s trading does only on his or her
own number of shares and share price. The reason why aggregate number of shares does
not appear in (4) is because of our simplifying assumption that Z;xt=0 and 1 respectively
for k = 0, 1. Otherwise they should be present in (4).

—129—



It can be easily checked, using (1), (3) and (5), that. Ecw* reduces to E: in problem
(1) if p = s for some market state m,in which case the two problems become indis-

tinguishable.”” If p+# s. for at least one m, problem (2) with (5) can be solved to

yield

g = Zn Malch(se—p) —r(zb+2p)] 0%/Da ®)
! o Mo 1{(Sn—p)6%/Da

By construction, equation (3) and (5) impliy that a portfolio rebalancing must occur

at t = 1. Aggregating (6) yields

P=2Zn OnSm,
On = [Malca—15n) 64/Dnl/[Za Mnlca—rsn)? 6%/Dal &)

Equations (3), (4) and (6), (7) constitute portfolio rebalancing equilibrium except for
some trivial cases where p in (7) become identical to s in (4) for some market state.
Comparative statics results with ex post sﬁare prices s. hold exactly the same as be-
fore. In addition, ex post prices are independent of probability belief m., while the ef-
fect of belief on ex ante share price is ambiguous.”’ The latter can be illustrated in
relation with the familiar notion of market risk. premium which can be written as

MrPs = (Pa—180)/Sa— T = fa(tn =€)/ (i + 04— Catn) — T

It can be easily shown that the ex post market risk premium is strictly decreasing

in utility parameter c.. Ex ante market risk premium is similarly defined as

mrp’ =Zn /p— 1= ZayaMIpPn
Yo = [MuSu(ca—150)/Dinl/ [ Zausn(ca=rsm) /D]

The weghts for the ex post market risk premiums can be shown to be strictly increa-

13) This is essentially the case of separating equilibrium discussed in Kraus and Smith[1989].
14) Note that

950/ 0m0=0, 9Zn(NMnSn)/dMn="Sn+ Zxtm(dm/ M) s
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sing in ca. Thus market risk premium, in the ex ante sense, does not necessarily dec-
rease with the risk aversion parameter.

While the portfolio rebalancing prices above may appear to depend on the artificial
division of trading dates, it can be easily shown that, should there be more trading
dates before t=1, the equations for security holdings and for the price remain to be
of the same general form as those in (6) and (7) except for the fact that the interim
price p would replace s in (7). In this sense, rebalancing may persist relative to inte-
rim price price p which by itself is the pooling price in the sense of Kraus and Smith
[1989]. Such a rebalancing may continue as long as the price reveal unambiguously
the distribution of utility parameters.

As is clear from the configuration of equilibrium prices,sources of such a rebalan-
cing colud be any set of imperfectly known market parameters of {a, y, o’}. Further-

more, aggregate number of shares could easily be incorporated as such a parameter
within the present model. It is unlikely, however, that the distribution or the aggre-
gate number of shares, given the accesibility of the data,would cause a market uncer-

15)

tainty.

V. The Volatility of Stock Price

Given the portfolio rebalancing equilibria derived above, share prices are likely to
be volatile simply because there are likely to be more trading as long as the ‘true’
state of nature remain unknown. As observed earlier, this is likely so for the market
state associated with the aggregate utility parameters even if parameters of the states
of nature, or those of exogenous market parameters for that matter, remaining uncha-

nged. Since more trading does not necessarily mean more volatility, a deeper question

15) This is in contrast to Kraus and Smith[1989] where such a data is the source of a pooling
equilibrium price like (7). With a log utility case, as used in their results, utility parameters
plays little role but the distribution of shares can not be aggregated out. This is why the dist-
ribution of shares is the source of the volatility in Kraus and Smith[1989]. They also had
to introduce risk neutral investor to circumvent the problem caused by a signgle utility para-
meter of log utility.
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10

to be answered must be whether equilibria associated with market created risk leads
to a higher volatility than with no such a risk. To study the nature and the extent
of such a volatility in a tractable way, we will abstract from other sources of volatility
but that of utility parameters. Utility parameters are often the least known data of the
market but also is closely related with what might be called an ‘investor psychology’.
Assuming that p and o® are a common knowledge and there are M distinct values
for the equilibrium utility parameter, ¢, m=1, -, M, each corresponding to a market

state, the eugations for the price in each date can be written as,

so = (40— cap)/L(p—cu)r] (8)
D= Zud%Sm, 8= [Mn(cn—150)/Dunl/[Zamtn(ca—15n) /Dl (9

In (8) and (9), a market state refers to that for c. only. Note that t=0 price is a
weghted average of s, where weights can be considered to be market-state-adjusted
probabilities for different utility parameters.”

To study the volatility of stock return under different prices, define a relative mea-

sure of volatility as,
v=[var(R/p) A var(R/p) 1" = p./p (10)

If the relative volatility measure is greater (less) than one, then the return variance
under price p is greater (less) than that under a benchmark price p.. If the conditio-
nal price s. and the (portfolio) rebalancing equilibrium price p are used for p., v
measures the volatility of stock price under the rebalancing equilibrium relative to
that with no market created risk. Since &% in (9) does not depend on it follows
that

Proposition 1. The relative volatility for (p, s») is independent of the risk free rate.

16) To be considered as probabilty weights, (Cn—rsnm)/Dn must be nonnegative for all m. It is
assumed that other market parameters are such that the nonnegativity holds.
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11

However, the volatility measure is not independent of other parameters.
Since s. is conditional on a market state, it is reasonable to think of an expected

measure of relative volatility defined as
v"=[var(R/p)/var(R/ ZuftuSn) 1*= Zullnsn/ P Gh))

The following two results show the cases where the rebalancing equilibria with the

market created risk generate more volatility in the stock return in the sense of (11).

Proposition 2. The expected volatility, v*, is greater than (less than, equal) if and
only if
e <(2, =) Z8 Malca—150) / Dal/[Z%m0(co—rsm)/Dal for all k<M.

Proposition 3. Suppose A cn,=c for all m. The expected volatility, v*, is greater than
(less than, equal) if and only if

1 T e (5, =) T T Melcn—rSn)/Dal/[Z¥ mu(cn—1rsn)/Dal
for all n<M.

The proofs for the two positions above, making use of a straightforward application
of the first and the second order stochastic dominance for the two probability distri-
butions m and & with the convex price function s = s(c), are omitted.

An intuitively more appealing result for the volatility can be obtained by restricting

the probability belief on market states as following

Proposition 4. Suppose
Znl(ca—r8n)/Dul/[Znu(cn—15n)/Da ] 2n/k and T4 ftu(cn—rsn)/Dal =k for
all k<M. If the common knowledge belief, n., is such that the higher share
price, in ex post sense, is more likely, that is, m. increasing with s., than the

volatilty increases in the sense that v > 1.

(proof) By a direct differentiation of (cn—rsm)/D. with respect to ca, it can be
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shown that it is monotonically increasing in .. Since s is also a monotonic increasing
function of c., it follows that n. is increasing in s. if and only if it is increasing in
(ca—150)/Da. Let gu=[(ca—18n)/Dnl/[Zin(c;—rs;)/D;] and A =% gn. By construc-

tion, q./Ax is a probability measure. Since
>, g(k/A)/k <n/k = Z,(17k) for all n<k

and 1/k is also a probability measure for each k, it follows that g./A. stochastically
dominates 1.k, in the first order sense. Since n is strictly increasing in q, it follows
that

2}‘:1 qm; 22}‘;1 q,(k/Ak)n, 22}‘:111; for all k<M.

The assertion holds by proposition 2 above since p is increasing with (ca—rsm)./ Da.
QED

V. Conclusion

The existence of self-fulfilling stock market equilibrium with price volatility demon-
strated in this paper is perhaps not surprising. Our contribution lies mostly in the ex-
positional strength in that the set of parameters for generaring the volatility is much
more diverse and their relation much more complicated than the first impression on
the soufces of volatility. Furthermore, the utility parameters and the beliefs on them
are shown to be important in creating the volatility. These factors are undoubtedly
what people have in mind, at least partially, when they say stock prices are sensitive
to market psychology'™. Recall that the volatility obtained here is essentially of the
nature that imperfect knowledge of market parameters persist. In that sense stock pri-

.ces tend to be volatile with true parameters, so called market fundamentals remaining
unchanged. However, the true states of market parameters may never be known but

only the beliefs about them are realized in the subsequent trading periods. In that

17) See Shiller[1983].
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13

cases the portfolio rebalancing equilibrium persist on the realized beliefs.

On the methodological level, it may be argued that the simple market setting used
in the paper needs to be generallized, in particular that of quadratic utility. Its use
may be defended,however, on the ground that it generates intuitively pleasing results
in a tractable way and yet they do not depend on the objectionable property of the

function, namely increasing relative risk aversion.
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