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Abstract

In this paper we study a mathematical programming model for the single-card KANBAN system
in 2 multi-stage capacitated general-type-structure production. Until now this production type
setting has not been studied. The modeling of this problem results in a complex integer program-
ming which can be modified to the more simple integer programming model. We present a heuristic
method and some numerical examples. Though the presented method doesn’t always find an
optimal solution. this method guarantees to find a feasible solution. We expect this work to
be practised in the real fields.

1. Introduction production and inventory control system. The basic

idea of KANBAN system is JIT. The JIT denies

Recently a great deatl of attention has been arised any inventory(safety stock, cycle stock etc.) and

to the Japanese production and inventory manage- it is similar to zero inventory. Now, the KANBAN

ment techniques. In particular, the just-in-time system and JIT system become fundamental no-

(JIT) system with KANBAN has received most of tions in field production and inventory system.
this interest. The KANBAN systern is a multi-stage Many researchers study on this systems.
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In the KANBAN systems, the production is or-
dered and delivered by ‘KANBAN’ card(‘KAN-
BAN" means a card or a fag in Japanese). At each
stage inventory level is determined by the number
of ‘KANBAN’ cards (we write "KANBAN card’
by KANBAN). The optimal operating of KANBAN
system minimizes the number of KANBAN in a
feasible preduction planning schedule. As the nu-
mber of KANBAN circulating at a stage is lessened,
the operating efficiency of that stage is increased.

The operating of KANBAN system is divided by
the single-card and the dual-card system. Dual-
card system . At each stage. there are 2 kinds
of KANBAN. Production card and delivery card
are divided and operated mutual dependently. The
principle of this system is the same as that of single-
card system. Single-card system(Fig. 1) . At each
stage the card is one kind. 1} KANBAN is attached
to empty container in P* and container is filled
with item n in P". When container is filled fully.
it is sent to . 2} When the first plece of a full
container in " is used in $(n){the production pro-
cess of the immediate successor), the KANBAN
is'detached and kept aside. 3) At the end of each

time period, all the KANBAN that are detached
during the time period are collected and sent back
to P*. 4) Then these KANBAN serve as the new
production order in P".(*Unless S{n) use any
piece of container in P, then P* carmot produce)
Accordingly, if any stage is halted, then all stages
are halted.

*Four important natures of KANBAN systen.
1) The total number of KANBAN circulating bet-
ween P and I" is unchanged over time{the change
of the number of KANBAN is only possible by out-
sider to input or to drain into KANBAN system).
2) The maximum inventory level in I is limited
by the number of KANBAN circulating between
P and I'. 3) The movement of KANBAN between
P and I" is triggered by the inventory withdrawal
from I" in S(n) (i. e the immediate successor). 4)
By circulating KANBAN within every stage, all
the stages in a production setting are chained toge-
ther. The upstream stages can actually be self-ope-
rated. As described above, the optimal operating
of KANBAN system depends on the numnber of KA-
NBAN determined at the starting time.

The KANBAN system was originally designed

stage n+1

----= . item flow

F:“ : stage n's production process
" : stage n's inventory point

stage n stage n-1

—= : KANBAN flow

Fig. 1 single-card KANBAN system operating
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by Toyoda to realize JIT production. After success
of KANBAN system, there have been several artic-
Iés of KANBAN system compared with MRP sys-
tem[3], simulation analysis of KANBAN system
and MRP system[2. 7], and an endeavor to integ-
rate KANBAN system and MRP system[6, 71. etc.
Many qualitative analysis papers have been conti-
nuously presented. But there were not many ma-

thematical apprcaches to KANBAN system. Ki-

mure and Terada formulated the pull system and
gave a simulation model of fluctuation in production
and inventoryf2]. Bitran and Chang presented a
mathematical programming model for the KABAN
system in a determinated mulii-stage capacitated
assembly-tree-structure production setting and dis-
cussed solution procedure to the problem and add-
ressed three special cases of practical interest[1].

Among the above articles, Bitran and Chang’s

1 production process

v: inventory point

: item flow

|
li . KANBAN flow

¥
\/

Fig. 2 general-structure production process
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study was epochal in the field of mathematical anal-
ysis of KANBAN system. The optimal operation
KANBAN system was studied in serial-production
setting and in assemble-tree-structure production
setting. But until now general-type-structure pro-
ducticn setting has not been studied. It is more
applicable in real manufacturing situation. This pa-
per extends Bitran and Chang's assemble-tree-st-

ructure to the general-type-structure.

2. Model Description

In the general-type-structure production setfing
system, any stage can send items to several succe-
ssors of stages and any stage can receive items
by several predecessors of stages. The model in

this paper is presented in Fig. 2.

Assumpftions

1) Transfer time of KANBAN is zero. 2) KAN-
BAN detached in I" in period t are available as
production orders in period t+ 1. 3) In each stage
. the planned amount in period t is always pro-
duced. 4) There is no stop by unexpected trouble.
5) There is no distinction among containers in the
same stage. But there are distinctions among con-
tainers in other stages. 6} The stage of complete

vroduction s one,

Parameters

" I container capacity. the number of units of
item n in a full container. o {1, 2,-}

B - production capacity. the number of fuil co-
ntainers of item n, at 7 in period t. B [0, 1.7}
{n=1--, N: t=L-, T)

S(n) . set of immediate successive stages of
stage n(n=1,-, N), ex) S(5)={2, 3}

P(n) . set of immediate preceding stages of
stage n(n=1,--, N), ex) P(5)={6, 7}

N{S(n)} ! the cardinality of S(n}, ex) S{(5)=
{2, 3} N{s(B)}=2

N{P(m)} : the cardinality of P(n), ex) P(5)=
{6, 7} N{P(B)}=2

¢"* . the number of units of item n which are
required to make one unit of item in S(n) 3 &™*
i1, 2,}(n=1,"-, N)

Ze™ . the number of units of item n which are

5

required to make one unit of each item of the stages
in S(n)

Vi © the number of full containers having a KA-
NBAN attatched to it(n=1,-, N) i.e. initial in-
ventory

Wy* . the number of units of item n which are
used in S(n). The units are remained in a contai-
ner which are filled partially. whose KANBAN has
been detached, at the end of period G ¢ Wy {0,
1, ~ a"—1}{n=1,-~, N) i.e. initial inventory

Wy s<lg"—1
Z W <N{SG) e — 1)

X! IS production requirement, in terms of the
number of full containers of item 1. at stage 1
in period t.

.. the number of full container production
quotas whole planning horizon is defined as =
max{0, Z[{e™ - o'/ a") - @ — (W oM ]— Vil

Variables

A" the number of detached KANBAN of item
r which respectively trigger the production of a
full container in P’ in period t(n=1,"", Ni t=
L. T).
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¥ . the number of KANBAN of item n which
are detached from their associated containers in
I in period t(o=1,-+, N3 t=1-+, T).

Ur . the number of detached KANBAN of item
n which are available at the end of period t and
have not triggered any production yet{n=1,"",
N: t=1,-, T).

V# . the number of full containers of item n
which are available in 7" at the end of period t. (n=
1,-+N; t=1,-, T

W1 the number of units of item n which are
remained in a partially filled container. whose KA-
NBAN has been detached, in I" at the end of period
t.(a=1,~+, N: t=1,-, T).

Uy . the number of detached KANBAN of item
n which are injected into P* by management at
the beginning of the planning horizon(n=1, N
N). (*decision variable)

We will use ZJ to denote the smallest integer
which is larger than or equal to Z and "'ZJ to denote
the largest integer which is smaller than or equal

cto Zo ex) TL21=2 "L.2;=1

The generaltype structure KANBAN system
mode} has several characters.

Initial inventory level of stage n is V- a"+Z:Z
Wy

X?, P are variables in each period, at set-up
time let B"=0 i.e. in that period production

doesn’t occur.

Q"=£x,-” can be calculated retroactively by Q.
If initially inventories are sufficient, then &'=0.
Total number of KANBAN which are used in
circulating P and I* is fixed.
-+ Y- —Xr—U0r=0,
n=1, , P =100, T rormeemeevecainnnninn: (0

V-t XY — V=0,

nwn=1,, N: t=1,, T (2)

At the state n, production arnounts are restricted
to available rmmber of KANBAN, capacities and
avariable amounts of items of immediate predeces-

sors of stage n(=p(N)).

XU+ Yier
<br
-1
<@-z Xr
=1
0‘.” . V_ k+W_ k.n_i_ak . Xlk
<( e } any k=P{(n),
ek.n - an
ﬂ:I,"', N r:l’...' T ‘.....................(3)

At complete stage(stage 1), production schedule

must be accomplishec_i.

o Vi W 0ol - Xie? o - X

any REP(0), t=1, v, T reevrversvrrserenmians (4)
The number of detached KANBAN during period

t equals the number of used KANBAN which are

immediate successors of stage n{=5(n}).

Yo' =0 n=1,, Ni t=1,, y SCITETT T IR (5)
Sin)
Yr= [Z(S’H ot Xi— Wf-;"")/a"]
The inventory level of I is calculated at each
period.
Sin}
E[m_lu.s_mms_eu.s N G.s N X!s]+au . Y;"=0 (6)
Uy . nonnegative integer n=1,+, N - (7)

If {Ur V7, Wre, Y7l osatisfies
above restrictive formula (1) — (7}, then the follo-

Theorem 1.

wing is satisfied.

a) Ur, V7, W, X7, ¥ are nonnegative inte-

gers.
Sin}

b) Yr<Xp+Yi-i"s T Writ X7+ Vi) - a2,
Fin) ¥
Z(W;—;”"ﬂ‘e”"‘ D an)

o) Ur+Vy=Ur+vr+¥rr
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Theorem 1 has the following preperties © a) all
variables are integers. b) no shortage occurs at
any stace ¢) the number of KANBAN always equals
to initial number without withdrawal or input by
outsider, d} at any period, the sum of partial inve-
ntory is less than capacity one. container in that

stage.
Ubjective function is defined as

Min £ CTO+ Vit DI =1/ G)] -oom ®)

n=1

C* I the accurmulated value of one full container

of item n.

It includes labors, materials. production and inve-
ntory cost etc. "=N(S(n))

Above formula is upper bound of the total value
in the system at any time t, and it means that
inventory level is maximum. Since Uy is a uni-
gue variable among of the objective function variab-
]es. ‘we can change 3 CLUs+vyr+or(1—1/0%]
to E CUy", If the number of KANBAN is small,
the KANBAN circulate more faster and the efficie-
ncy will increase. It is consist of the basic objective
of KANBAN. We define Model M.

Medel! M Min Z Uy
s.t. (1) (0

Above problem is a complex integer program-
ming. We try to make more simple integer progra-
mming than above problem. H initial number of
KANBAN {U> is determinated, then KANBAN
system operates automatically. KANBAN system
satisfies the following properties. f UV WX Y
and (U VWX Y7 are the feasible solution of Model

M and <Uw=<0p, then (UVWXYV=XUTF

WX I KUy is determined as particular value,

other variables are automatically determined urmi-
guely. Uy is a decision variable. Same as above,
{Us 1s the partial feasihle solution of feasible solu-
tion (U V W X Y>., When Mode! M is changed
to model M1, the following properties are satisfied.
Model M has a feasible solution ~—Model M1
has a feasible solution. If Model M1’ s partial feasi-
ble solution {I//? is a partial feasible solution of
Model M, then two model have the same optimal
value <I%?. Model M1 can be rearranged as

N
Model M1 Min £ C'U”
a=]
Sia}

s.t. ¥ Wﬂn.s_{_an . Vo”+a" IéX*ﬂ
[CY i
_Z E en.; . as . !SZO
o=l
5md,
EX +ZIE o X7

i=1 3 i=2

s (M1-1

— W) 1y
a

+I—E2>0 ~+ (M1-2)
af af S,
(—-)(VJ’+EX*J - (—) T Z(e™ - o+ Xi— W)
i =1
_ek.:e - Xﬂ.‘_ek.n . aﬁ_aﬁ+(_.T)
a
+af-1220  any REP(p) - (M13)
={0.1,, BTt = (M1—4)
Ur={0,1.2,---, } - (M1-5)
1
€=mint-), =1, T3 n=1,, N
a

1. Model M has a feasible solution
{~7 Model M1 has a feasible solution. 2. Two

Models have the same optimal value.

Theorem 2.

3. Solution Method

In practical KANBAN system, the system is pro-
vided with encugh KANBAN to run the system
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at starting time. When the systemn goes stable,
the operator cut down the number of KANBAN
until optimal number is reached. Model M1 is a
complex integer programming and it is hard to find
its optimal solution. So we search a heuristic me-
thod. Model M1 is an equation to find the initial
value of KANBAN system. The following method
concentrates on finding a feasible solution. Model

M1 is divided by thress steps.

STEP 1. find a feasible solution <X/} in equa-
tion {M1—1> of Model ML.
Supplementary Solution Method 1
(SSM1D

STEP 2. check if <X/ satisfied equation

{M1—3) of Model M1.
Supplementary  Solution Method 2
(SSM2)

STEP 3. find the minimum of (U7 in equation
{M1—2 of Mode! M1
Supplementary Solution Method 3
(S5M3)

SSM1 (searching a fasible solution)

STEP 0. X! =Xl fort=1,, Tn+lm<nan

(X is given as a production plan.
1 ste
STEP 1. Q"< MAX {0,—- [Zem o' - X
{1 $

Sin)
—a" - Van_z Wﬂn.sj}

i
a’?

ST
EZ e o - X7

i=]

Qr +— Maxio, ¢

5ny -1
—g" - Vy—T W l—Z @}

i=1
(=2,, T
t<= T
(@ can be found by recursive cal-
culation if

X/ is given.

STEP 2. X< MIN{Q", Bl if t=1, go to
STEP 3, else t< i—1, go to STEP
2.

STEP 3. if p*<@Q/ . then infeasible. If B =@
and #=N, check if all sclutions of P
{n) is made. If all of them are found.
then apply Supplementary Solution
Method 2, and set m <m=+1 and go
to STEP 1. ¥ all the solution of P(n)
are not found, then set n<n+1, go

to STEP L.

SSM2. (check if there are shortages and supple-

ment)

STEP 0. get <X/> found in SSM 1

STEP 1. select a k in P(n) P{n) < P(n)—k

STEP 2. check if the following equation is satis-
fied

&

o4 '
= (v +2XH
o ,

=1

= - X+ o —a >0}

ignore p —a'—1, there is no trouble.

If satisfied, go to STEP 3,
else X=X, — (VA +I X9

=1

of S
) £ B o X W)
(- RS

._.ek.n - X;u_&_f.n . an___an}
go to STEP 3.

STEP 3. if P(n)=0, go to SSMI, else go to
STEP 1.

SSM 3. (find the minimum of <Us)

STEP 0. get <X/ found in SSM 1 n<1
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STEP L. t< 1 Uy <1
STEP 2. if Uy<{1, then Uy <1

if U721, then Up=MAX|Up, Um
te—t+1,

Ur=3% Xr—

i=7

Sind;
(T ™ot XE W)

Eoi=g

1
)1+ i +<T, go to STEP 2.
a

if T, n+n+1 if n<N, go to
STEP 1, else terminate.

The above method finds a feasible solution but

not optimal. Since there is no method to find a

feasible solution in general-type structure KAN-

BAN system. This work is practical in the real

field.

Example

We apply this method to a general-type-structure

production process which is shown at {Fig. 2).
The basic data is shown at {Table 1>. The basic

Table 1. Example Data

assumptions are same to those of Model M. By
S55M1 and SSM2. the feasible solution is obtained
{{Table 2).

4. Conclusion

The operation of general-type KANBAN system
is studied in this paper. The general-type KAN-
BAN system is modeled in integer programming
whose optimal solution is very hard to find. A heu-
tistic solution method for general-type KANBAN
system that ¢an be used in the real fields is propo-
sed. But this model ignores the processing time
and the fixed period time which must be considered
in the real fields. Considering those factors in mo-
deling and developing a method for an optimal so-
lution remains as further study areas. Also we ex-
pect this model to be improved by using Network
modeling method.

stage 1 2 3 4 5 6 7 8
a” 10 15 10 20 10 10 15 20
Erestd =1 et1=2 et1=1 £=2 &= et=2 =2

es=1 et=1
st whl=5 whl=0 |w*'=5 jwtP=0 (ufi=5 | uTi= w*=5
wi=5 wi=0
S(n) 1 1 1 2.3 5 4,5 4
N(S(n)} i 1 1 2 1 2 1
P(n) 2,3.4 5 5 7.8 8,7
N(P(n}) 1 1 2 2
W 2 3 5 3 6 2 8 ]
" 240 240 480 240 960 2880 2160 480
/) 24 16 48 12 L] 228 144 24
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Table 2. Feasible Solution

stage ne 1 2 3 4 5 6 7 8
period 1 10 10 15 10 30 18 50 20
2 10 10 i5 10 30 1% 50 20

B 3 10 10 15 1¢ 30 18 50 20
4 10 10 15 10 30 18 50 20

5 10 10 15 10 30 18 50 20

period 1 3 0 1 0 4] 0 0 G
2 4 2 8 1 9 24 5 0

QF 3 5 3 10 2 20 60 30 1
4 6 4 13 3 24 72 36 6

5 b 4 12 4 24 72 36 6

pericd 1 3 ¢ 1 0 1 0 ] 0
2 4 2 3 1 16 -24 5 0

X 3 5 3 11 2 20 60 30 1
4 6 4 13 3 24 12 36 6

5 6 4 12 4 24 72 36 6

" 1 1 1 3 1 1 1
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