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ABSTRACT

The objectives of this thesis are : first, to estimate the parameters and Pr[X < Y] in the
Marshall and Olkin’s Bivariate Exponential Distribution; and secondly, to compare the Bayes
estimators of Pr[X < Y] with maximum likelihood estimator of Pr[X < Y] in the Marshall and
Olkin’s Bivariate Exponential Distribution,

Through the Monte Carlo Simulation, we observed that the Bayes estimators of Pr{X<Y]
perform better than the maximum likekihood estimator of Pr[X < Y] and the Bayes estimator
of Pr[X < Y] with gamma prior distribution performs better than with vague prior distribution
with respect to bias and mean squared error in the Marshall and Olkin's Bivariate Eponential
Distributon.
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Seoul, 151-742,

— 101 —



A Study on Estimators of Parameters and Pr[X<Y] in Marshall and Olkin’s Bivariate Exponential Model
Jae Joo Kim et al,

1. Introduction

Recently a number of papers dealt with the problem of estimating P=Pr[X<Y] in the
normal case, Church and Harris (1970) derived the Maximum Likelihood Estimator (M, 1., E, )
of P, while Downton (1973) derived the Uniformly Minimum Variance Unbiased Estimator (U,
M. V. U.E,). Both papers are based on the assumption that the distribution of Y is known and
a random sample X is observed,

In the problem of life testing and reliability analysis, the exponential distribution plays a
central role as useful statistical model, The problem of estimating P in the exponential case has
been considered in some papers, Tong (1974) derived two expressions for the M, V, U E, of P,
Kelly and Schucany (1976) derived the M,L.E, and U, M,V.U.E, for P,

However, in all the pervious studies, they have assumed the stochastic independence among
the components of system,

But occasionally, independent assumption is not applicable in the practical situation, Natu-
rally, it is more realistic to assume some forms of dependence among the components of
system, This dependence among the components arise from common environmental shocks and
stress, from components depending on common sources of power, and so on,

Awad, Azzam and Hamdan (1981) derived the M,L, E,, moment type estimator and Mann-
Whitney type estimator for P in Marshall and Olkin’s Bivariate Exponential Model (BVE),

In this paper, we study the Bayes estimator of P when X and Y have a bivariate exponential
distribution in Marshall and Olkin’s BVE and compare with M, L. E, of P,

The Marshall and Olkin’s BVE occupies an important place among bivariate life ditributions
in that it has the bivariate loss of memory property and its marginals have the loss of memory
property, Marshall and Olkin’s BVE is a bivariate model for the life times of the components
in two-components system,

It was assumed that the system is subject to shocks governed by three indepentent Poisson
Processes with parameters A;, A; and Ao, It was further assumed that three types of shocks
were fatal to the first component, the second component and to both components, respectively,

It X and Y are the life times of the two components, then

Fx, =Pr{X>x, Y >y)]
:exp["/hx—/izy“/{omax(x, y)] .1

It follows that

. A
P=Pr[X<Y]= fxq aF (9 =34

This model is applicable as a failure model for the systems where there exists positive
probability of simultaneous failure of exponential components,
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The structure of this thesis is as follows :

We introduce the M, L. E, of parameters derived by Proschan and Sullo (1976) and obtain the
Bayes estimators of parameters in Chapter 2,

We introduce the M, L,E, of P and obtain the Bayes estimators of P in Chapter 3,

We compare the performance of the M, L. E. and Bayes estimators of P in a moderate sized
samples through Monte Carlo Simulation in Chapter 4,

2. Estimators of Parameters

In this Chapter, we review the results of Proschan and Sullo (1976) on the M,L.E. of
parameters and then consider the Bayes estimators of parameters,

2.1. Maximum Likelihood Estimators of Parameters

Consider a parallel system with two components where lifetimes are X and Y from (1.1). By
Bemis, Bain and Higgins (1972), we have the likelihood function expressed as follows :

LA =22 A% A7 (o+A)™ (A+A)™

exp[—-/llgxi—-/lziﬁ_‘,;y,—«AoiZ:f.lmax (x:;, )], (2.1.D
where
A:(/lo, /11. /12)»
x =(x, %, -, %),
2:(3719 J&, ) yn),
nlz,n I(x;<y.),

It
-

nz=2"l I(x:>y),

i=1
n0='2:1 I(xt‘zyi),

n=ny+ 0+ n,

From (2.1.1), Bemis, Bain and Higgins have obtained the maximum likelihood equations as
follows :
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Mot =3y,
/fz+ﬂo Az ™!
e SR L B L I émax(x., ). (2.1.2)

As noted by Proschan and Sullo (1976), the M, L.E, of A=1{(4o, A1, A2) is as follows :
For n;=0, for some i=0,1,2, the ML E, of A is given by

”;
AI:{;;:;& n/ Bk xi, if mp<n
NI gy, eeeeeeennes if m,=n
e "'—ﬁ_‘ i f <n
zz{n__nj n/ Dty if m @ 13
n/z:‘ L Vi, e lf nm=n

and

= {[n-( Ay Th¥e )]/2 _max (x;, ), if #<n and m<n

n—mn;
0 if my=n or m=n

The M, L.E,’s given by (2.1,3) are unique with the following exception :
If w, =n or m,=n, then A4 and Ao, A and 4, are not unique respectively,

If #=n, the M_L E.’s of A do not exist,
If all #; >0, i:=0,1,2, the likelihood equations can be solved numerically using an iterative

procedure as follows :

n
AP (g ) [ B

A m+1) (n +$(m)nl)/‘éyl
and
Aém-%l);:[n.«(mé m)+nlt(m))]/él max (x, ¥).

Where
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2%
o _—_N
fz _n_nx ’
- /1(”')
{ )ZA{M):_A‘()II) ’ (2' 1'4)
and
;m)= A;m)
A +AE
2.2 Bayes Estimators of Parameters
2,2.1, vague prior
We assume a quadratic loss function givn by
(A, AD=(A—AD3% i=0,1,2 (2.2.1)
and the vague prior distribution for A is as follows :
2U0r Ay &) Sy Ai>0, >0, i=0,1,2 2.2.2)
Ag AT A3
To simplify the likelihood function of the » observations, let
tl_ é xu
e
L= Z Yis

and

b= gllmax (x5 ).

From (2,1,1), (2.2.1) and (2,2,2), we derived the joint posterior distribution of A as
follows :
”(AO, Ala AZIQ]_‘_)_

ch(Am Al; AZ)L(:YJ Zl/\o- /11; Az)

=KAFTE APTA AP72 (At Ao ™ (Az+A) ™
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- expl—Aih — Az — Aok ]
ng zj nl m) Aah—q,+l+m Ar,+m~q‘m A;,ﬁ-».—c.—l

l
cexp[—Aih— A — Aok ], (2.2.4)

Where

- ﬂ ( )( y L =g titm+10)

me—G+I+m+1
to

=0 m=0

I'mtm—c—m+1) F'imtm—g—I+])

tu,+n.~—c,—m+1 tu,+n.—q‘—l+1
1 2

(2.2.5)

’

!

I

(

, 0,

I&.l_ﬁ;.‘

=(Zmax(X, Y), 2X, RY, M, M),

and
g: (COy (’"‘1’ (:2)
Then, the marginal posterior of A is as follows :

”l(/‘llgf_)
:jo‘“ [° 7 (Ao, A1, Add}) dA: dAo

iy & m, M Fg—G+i+m+1) 'm+m—g—I10+1)
=K 3 B (OO St e

0 m=0 [

s Rtmramm oAb 30>, (2., 6)
Similarly,

2 (ﬂzlﬂ_iﬁ

=[7 [ 7 A, AddD) dh dio

5y :‘j (nl)(n2) I'imy—g+i+m+1) 'm+n—a—m+1)

— .l
=K, Z to— Gt i+m+1 mtm-—m+l
o ty 41

,Mn‘vnz—c.—l e R 4,20, (.07
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and

o (/lolé_i)

=" [ G A Adad) dhi die

8 M M M'im—m—ag—m+l) I'(m+m—g—I+1
-k B B ¢y Tpmsacnt Ladpoas el
1 2

=0

CApraritmogtAb L 20>0, (2.2.8

From (2,2,1), (2.2.6), (2,2,7) and (2,2,8), the Bayes estimator for A is as follows :

/1;:‘/:0 A 7(1(/11'(_11._) dA

(ng—¢g+Ii+m+1) I'lm+m—c—m+2)

- 2y 3 n,
=K, = mzjo (1 )(m) taro—a+l+m+1 ti:.+n.~c.—m+2

Iyt m—g—Ii+1)

mtm—a—I+1
t

Similarly,

="k m(hald?) dis

_ mom o M Me—q+l+m+l) F'm+m—c—m+1)
—Kl lgo mgo (l )(m) tat.—c.+l+m+1 ltin.+n.—c,im+1

A mtm—g—1+2)

mtm—c—I+2
&

and

/16'2‘/0“=° /10 Iro(/lol_dJ:) d/lo

2 M M, D(g—c+I+m+2)
B (@ Lmcadinn

=K, 3

{=0

 mtm—a—m+1) I'im+tn—c—I0+1)

t;a.+n,~—c,-m+1 t;.-f-n.-—c,—l-&-l

2.2.2. gamma prior
We also assume quadratic loss function given by
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LAy A= Ai—AMM2 i=0,1,2 (2.2.9
Now, we consider a gamma prior distribution instead of vaque prior distribution
Let the gamma prior distribution be

glAn A ADxg (g (A)&(d), A>0, i=0,1,2 (2.2.101

where

&A)xAr T e @:>0, 8,>0, A, >0, i=0,1,2

From (2.1, 1), (2.2.9 and (2,2,10), the joint posterior p.d.f. of A is as follows:

7 (Ao, A, Adld})
o g(Ae A1, A2) » L(x, yldo, A1, A2)
=K, ARt ARTATE AR (A A0) ™ (Ao Ao) ™
s expl- A4+ B1) —Az(f+82) — Ao (b + o) ]

=K, j Ez/ln,+m+1 +m- lllnn\n,-fm m— lAn.+n,+a, -i-1
{=0 m=

’ eXP["’ A(h+8) — A (B4 B2) — A+ 80) ], (2.2.11)

where

=§ i} n, (" Fimtatitm) F'm+mta—m)
B T N L M P N LT

. C(m+m+a—I)
(b +B) ™ m*a=1(2,.2.12)

a7 =(d, o),

d =(Pmax(X,, V), £ X, 3 Y. M, N,

3y

= (ao, Bo, @y, By, ar B2). (2,2.12)
Then, the marginal posterior distribution of A is as follows :

T (llll_d_i)

:’/o‘m '/0'“0 ”(/10,/11,/12|£i) d/lz d/io
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_pmon o e F(mgtati+m) F'm+m+a—10)
_Kng mz';‘o (l ') (fh+Bo)etati+m (t‘.}l.lgz)m+ln+n—l

e Aptmreml exp(—A(B+8)), >0, (2,2.13)
Similarly,
Iz(/lz'_dl‘_)
& m M Mimgtati+m) Fi+mta—m)
“K”g‘o ,?;., SRA (h+Bo)™ratitm (aiﬁz)“"‘l*“‘"'
s Aptmtasitl exp(—A(4+82)), A:>0, (2.2.14)
and
ﬂo(/‘olii)

el m M Dmtmta—m) (m+mta—1)
"'Kﬁg, mj-o (l )(m) (t1+ﬁl)”‘+"'i"‘_”‘ (h";ﬁz)"‘“"i“_l
CARtarm=l oy n (A (B +80)), A0, (2.2.15)

From (2.2,9), (2.2.13), (2.2.14) and (2,2.15), the Bayes estimator for A is as follows :

f*zj:o /11 .”h(/lll_l_iz.) dAl

=3 3 (7‘)(:) Fm+at+itm) I'im+mta—m+1)

n
i=0 m=o0 ([°+Bo)"~+ﬁ+’+"' (4 +By) mrmta-m¥l

L mtmtae—1)
(E +Bz)n,+m+m—l

Similarly,

v A & Mmoo M I'ngtati+m) I'im+mta—m)
A e R e

. P(”;+ng+az—l+1)
(gt ) 7o mra- Tt

m=0

and

se_pr B M . I'(ngtay+i+m+1l) I'(mp+m+a—m)
ar=ERA 2 (N RO (ot g iwian
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IF(m+mta—1)
(+ By mtmta!

3. Estimators of Pr[ X< Y]

In this Chapter, we obtain the M,L,E. and Bayes estimators under the vague and gamina
prior distributions for P and quadratic loss function,

3.1. Maximum Likelihood Estimator of Pr[X < Y]

In section 2,1,, we obtained the M, L E . Thus, using the invariance properties of M, L E_,
we obtain the M, L. E, of Pr{X<Y] as follows:

A

u A
B=B[X <Y = +—s—a |
P=pri S )

where 4, A and A, are the M, L.E.’s of A, A, and A, of the Marshall and Olkin’s BVE given in
{2.1,3) and (2.1.4).

3.2. Bayes Estimators of Pr[X < Y]

3.2.1. vague prior
In this subsection, we consider the Bayes estimator for Pr[X < Y] with vague prior, From
(2.2.4), we obtain the Bayes estimator of Pr[ X< Y] as follows :

E[P(X<Y)]

E[Ao+ /&1+/12

“f f f /lo+j—_i PR 7 (Ao A, Adld]) dhe dAL dA,

=K S“ 2 ZG (—1)mtm=a-m=p+l Ll)‘ 1

{0 m=o p=1 4=0 =0 q! e

[ n [ 2 } [ mtn—a—m+l l [ mt+mtg—a—m—p+1 J

m P 14
A motltmtr+l) FQm+m)tg-—c—a—Il—-m—p—r+2)
faa,—-a,+1+m+7+1 t%(nﬁwb)+q—cxv'<a~v1—m—p—r+2
Ly nz mitng-ci—m+l
+IX1 2 2 (__ 1)n.+n.- a-m+1
i=0 m=o0 §=0
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(I

cT(my—q+Il+m+s+1) F'Qm+n)—a—g—I—-m—s+2)

1
[ i) (e 1) 7 (3.2.1)
where
n=b—4
n=m—Gc+Il+m+s+1,
:tz—tn

rn=2m+m)—c—G—I—-m—s+2,
rn=mt+m—c—-—m+1
nn=mtmtqg—c—m—p+l1,

and K!is given in (2,2.5).

3.2.2 gamma prior
Now, we consider the Bayes estimator of Pr[X < Y] with gamma prior, From (2, 2.11), we
obtain the Bayes estimator of Pr(X <Y | as follows:

E[P(X<Y)]
=Elpg i)
([ (A *
= [ [ ] i te Ay Add?) dhe dis dis
— L & < & mtmta—m—p (l) 1)' 1
=K, 123 m2=0 g1 g‘ g (=D q! (h+B)*P70
m) (7 mt+nta—m mtmtat+g—m—p
1SN G , ]
 Tmtatitm+r) IF'Qmtn)tatatg—Il-—m—p—r)
(k+ﬂo)n.+a.+l+m+r (tz+B )2(n.+n.)+a.+as+q I—-m—p—r
n3 n mitngt+a,—-m a—m 7n nz n1+m+al_m
Kz Lgo 7?:‘0 §0 (_1)”‘+”1+ [ll] [m] [ N ]

cDM(met+a+i+m+s) Qi +m)+a+a,—I—m—s)

’ fol""”“’l (mx+n)"" (nx+n)™" dx, (3.2.2)
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where

n==4+p.

n=lk+B -t—p,
L=wtavti+m+s,

n=hL+f -t —ph.
rn=2(m+m)t+ata,—I—m—s,
e=w+nta—m,
rn=mt+tmtat+qg—m—p,

and K;!is given in (2,2.12),

4. Empirical Comparison

In the previous Chapter, even though we obtain the M, L. E, and Bayes estimators of 1’= Pr
[X < Y] for the Marshall and Olkin’s BVE, the exact distributions of such estimators are very
difficult to derive analytically, Thus, through the Monte Carlo simulation, we compared the
performances of the M, L.E. and Bayes estimators of P,

The efficiency of the estimators of P is measured in terms of the estimates of the bias and
MSE. The estimates of the bias and MSE were obtained from 1000 trials and »=5 under the
vague prior distribution with co=¢, =¢ =1, and under the gamma prior distribution with ¢.=
a1 @ = o= = 2= 1,

To generate the exponential random variates in our simulation study, we used the subroutine

at Seoul National University, In each situation generating two dependent exponential random
variables of the Marshall and Olkin's BVE, we use the method proposed by Friday and Patil
(1977),

From Table 1—-6, we observe the following facts for the Marshall and Olkin’'s BVE

(1) The Bayes estimators of P performs better than the M. L E, of P with respect to hias
and MSE in most cases,

(2) The bias of Bayes estimator of P with vague prior distribution is less than the bias of
Bayes estimator of P with gamma prior distribution for fixed Ao=1, 0<<A;, A<1.

(3) The MSE of Bayes estimator of £ with gamma prior distribution is less than the MSE of
Bayes estimator of P with vague prior distribution,

(4) The MSE of Bayes estimators of P increase as P increase,

5. Concluding Remarks
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In this thesis, we considered the problems of the estimation of parameters and Pr[ X< Y] in
Marshall and Olkin’s BVE,

In Chapter 2, we introduce the M,L E, of parameters and obtain the Bayes estimators of
parameters under the quadratic loss function and the vague, gamma prior distributions, we
observed the M, L, E, of parameters cannot be found explicitly in general case,

In Chapter 3, we introduce the M, L,E, of P and obtain the Bayes estimators of P under the
quadratic loss function and vague, gamma prior distributions,

In Chapter 4, through the Monte Carlo simulation, we observed the following facts :

(1) The Bayes estimators of P performs better than the M,L.E, of P with respect to bias
and MSE in most cases,

(2) The Bayes estimator of P with gamma prior distribution performs better than the Bayes
estimator of P with vague prior distribution with respect to bias and MSE in most cases,

Table |, Estimates of Bias of Pr[X< Y] for =5 in
Marshall and Olkin's Bivariate Exponential Model

(Ao A A Pr[X<Y] M,L.E, BE(vague) BE(gamma)
1.00 0,25 0.25 0.1667 0, 0775 0, 0454 0, 0581
1.00 0.25 0.50 0. 1429 —0, 0051 0, 0575 0, 0678
1.00 0.25 0.75 0. 1250 —0, 0024 0, 0619 0, 0757
1,00 0,25 1.00 0.1111 0. 0923 0, 0646 0, 0816
1.00 0, 50 0.25 0. 2857 —0.0129 0, 0054 0, 0125
1,00 0,50 0.50 0. 2500 0. 0897 0. 0166 0, 0249
1.00 0. 50 0.75 0, 2222 —0. 0062 0. 0255 0. 0371
1,00 0. 50 1,00 0. 2000 0, 0883 0. 0286 0. 0438
1.00 0,75 0.25 0. 3750 —0, 0109 —0, 0107 —0.0176
1.00 0.75 0. 50 0, 3333 —0, 0092 —0, 0026 -0, 0044
1.00 0,75 0.75 0. 3000 0, 0664 0. 0033 0, 0064
1,00 0.75 1.00 0,2727 0, 0638 0, 0024 0. 0122
1.00 1,00 0.25 0, 4444 —0. 0050 -0, 0239 —0, 0413
1.00 1. 00 0.50 0, 4000 0. 0061 -0, 0223 -0, 0291
1,00 1. 00 0.75 0, 3636 0,0233 —0,0174 —0, 0190
1,00 1,00 1,00 0. 3333 0, 0421 —0.0131 —0, 0092
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Table 2. Estimates of Bias of Pr{X < Y] for #=5 in
Marshall and Olkin's Bivariate Exponential Model

(Ao A1 A2)  Pr[X<Y] M,L.E. BE(vague) BE(gamma)
0.25 1,00 0.25 0. 6667 —0.1143 —0, 0682 —0. 0781
0.25 1.00 0.50 0.5714 0. 0047 —0. 0697 —0, 0547
0.25 1.00 0.75 0. 5000 0. 0079 —0. 0655 —0, 0387
0.2 1,00 1.00 0. 4444 —0.0531 ~0, 0559 —0,0277
0,50 1.00 0.25 0.5714 —0.0147 —0, 0559 —0. 0693
0,50 1.00 0,50 0. 5000 —0.0717 —0. 0464 —0. 0485
0.50 1.00 0.75 0. 4444 —0. 0082 —0. 0453 —0, 0377
0,50 1,00 1.00 0. 4000 —0.0342 —0, 0346 —0. 0289
0,75 1.00 0,25 0. 5000 —0. 0156 —0. 0390 —0, 0564
0,75 1. 00 0.50 0. 4444 —0, 0083 —0, 0318 —0, 0387
0,75 1,00 0.75 0. 4000 -0, 0149 —0. 0296 —0,0302
0,75 1,00 1.00 0. 3636 -0, 0030 —0, 0223 0. 0203
1,00 1,00 0,25 0. 4444 —0. 0050 —0, 0239 —0, 0413
1,00 100 0.50 0. 4000 —0. 0061 —0, 0223 —0.0291
1, 00 1,00 0.75 0. 3636 0. 0233 —0. 0174 —0, 0190
100 1.00 1,00 0,3333 0. 0421 —0,0131 —0, 0092

Table 3. Estimates of Bias of Pr[X < Y] for n=5 in
Marshall and Olkin's Bivariate Exponential Model

(Ao Ar A2 Pr[X<Y] M,L.E. BE(vague) BE(gamma)
0.25 0,25 1. 00 0. 1667 -0, 0158 0. 0073 0. 0263
0.25 0, 50 1.00 0. 2857 -0,0310 —0. 0270 —0, 0029
0,25 0,75 1. 00 0. 3750 ~-Q, 0097 —0,0432 -0, 0166
0.25 1,00 1. 00 0, 4444 -0, 0531 -0, 0559 -0, 0277
0, 50 0.25 1. 00 0. 1429 -0, 0192 0. 0373 0. 0542
0. 50 0. 50 1.00 0. 2500 0,0177 0. 0020 0. 0162
0, 50 0.75 1. 00 0. 3333 -0, 0184 —0. 0234 -0, 0094
0. 50 1,00 L. 00 0. 4000 -0, 0342 —0. 0346 —0, 0289
0.75 0,25 1. 00 0, 1250 -0. 0107 0. 0533 0. 0697
0.75 1, 50 1. 00 0, 2222 -0, 0164 0. 0161 0. 0310
0.75 0,75 L. 00 0. 3000 0, 0237 —0. 0066 0. 0025
0,75 - 1,00 1. 00 0. 3636 - 0. 0030 —0,0223 —0,0203
1. 00 0, 25 1. 00 0,1111 0, 0923 0. 0646 0. 0816
1. 00 0, 50 1.00 0. 2000 0. 0883 0, 0286 0. 0438
1.00 0,75 1. 00 0,2727 0, 0638 0. 0024 0. 0122
1. 00 1,00 1. 00 0, 3333 0. 0421 —0.0131 -0, 0092
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Table 4, Estimates of MSE of Pr[X < Y] for n=5 in
Marshall and Olkin's Bivariate Exponential Model

(Ao A A2 Pr[X<Y] M.L.E, BE(vague) BE(gamma)
1. 00 0,25 0.25 0, 1667 0. 0650 0. 0205 0.0134
1.00 0,25 0,50 0, 1429 0. 0221 0. 0153 0.0133
1.00 0.25 0,75 0. 1250 0. 0199 0,0139 0.0132
1.00 0.25 1,00 0,1111 0. 0680 0, 0127 0.0133
1,00 0,50 0,25 0, 2857 0. 0346 0.0333 0. 0149
1.00 0,50 0.50 0, 2500 0. 0627 0, 0248 0, 0132
1.00 0,50 0,75 0, 2222 0. 0285 0. 0208 0, 0125
1. 00 0,50 1.00 0. 2000 0. 0641 0.0179 0.0124
1.00 0.75 0,25 0, 3750 0. 0358 0. 0412 0. 0164
1. 00 0,75 0,50 0. 3333 0. 0346 0. 0322 0. 0146
1.00 0.75 0.75 0, 3000 0. 0500 0, 0271 0.0138
1,00 0.75 1.00 0,2727 0. 0537 0. 0230 0.0131
1.00 1. 00 0.25 0, 4444 0. 0365 0. 0423 0.0184
1. 00 1,00 0.50 0. 4000 0.0385 0, 0366 0.0170
1,00 1.00 0,75 0. 3636 0. 0412 0, 0314 0, 0155
1. 00 1. 00 1. 00 0, 3333 0. 0454 0,0273 0,0145

Table 5. Estimates of MSE of Pr[X < Y] for =5 in
Marshall and Olkin's Bivariate Exponential Model

(Ao A ) Pr[X<Y] M,L.E. BE(vague) BE(gamma)
0.25 1.00 0,25 0, 6667 0, 0814 0. 0379 0, 0232
0,25 1. 00 0, 50 0,5714 0, 0323 0, 0412 0,.0218
0.25 1. 00 0,75 0. 5000 0. 0396 0, 0410 0. 0219
0.25 1.00 1,00 0, 4444 0. 0542 0, 0379 0, 0225
0,50 1.00 0,25 0,5714 0, 0320 0. 0414 0. 0231
0,50 1. 00 0.50 0. 5000 0. 0520 0. 0371 0. 0206
0. 50 1.00 0.75 0. 4444 0. 0396 0. 0346 0. 0202
0,50 1.00 1.00 0. 4000 0, 0456 0. 0321 0. 0200
0.75 1,00 0,25 0, 5000 0, 0358 0, 0433 0. 0212
0,75 1. 00 0,50 0. 4444 0. 0370 0. 0367 0. 0187
0.75 1,00 0.75 0. 4000 0. 0398 0. 0324 0.0177
0,75 1,00 1.00 0. 3636 0. 0418 0. 0294 0. 0166
1. 00 1.00 0,25 0.4444 0. 0365 0, 0423 0, 0184
1. 00 1. 00 0,05 0. 4000 0. 0385 0. 0366 0. 0170
1,00 1.00 0,75 0. 3636 0. 0412 0, 0314 0, 0155
1. 00 1.00 1.00 0. 3333 0. 0454 0. 0273 0.0145
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Table 6. Estimates of MSE of Pr[X < Y] for #=5 in
Marshall and Olkin's Bivariate Exponential Model

(Ao At A Pr[X<Y] M.L.E. BE(vague) BE(gamma)
0.25 0.25 1. 00 0. 1667 0. 0279 0. 0094 0, 0103
0.25 0.50 1,00 0, 2857 0. 0394 0. 0214 0, 0175
0,25 0.75 1. 00 0. 3750 0. 0449 0. 0305 0. 0215
0.25 1,00 1,00 0. 4444 0, 0542 0, 0379 0. 0225
0,50 0,25 1,00 0. 1429 0, 0207 0.0112 0, 0112
0.50 0.50 1.00 0. 2500 0, 0426 0. 0196 0. 0139
0.50 0.75 1,00 0, 3333 0, 0404 0. 0259 0.0174
0.50 1.00 1. 00 0, 4000 0, 0456 0, 321 0. 0200
0.75 0, 25 1,00 0. 1250 0.0193 0.0119 0.0122
0.75 0. 50 1,00 0, 2222 0. 0305 0,0178 0. 0126
0,75 0.75 1.00 0. 3000 0, 0444 0. 0245 0, 0145
0.75 1.00 1. 00 0. 3636 0. 0418 0. 0294 0. 0166
1.00 0.25 1. 00 0, 1111 0, 0680 0.0127 0, 0133
1.00 0,50 1,00 0, 2000 0. 0641 0.0179 0,0124
1,00 0.75 1,00 0. 2727 0, 0537 0.0230 0, 0131
1,00 1. 00 1. 00 0. 3333 0, 0454 0, 0273 0.0145
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