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ON A CERTAIN CLASS OF DIRICHLET 
SERIES 

Ibrahim Abou-Tair 

1. Introduction 

Tbe Dirichlet series witb which tbis paper is concerned are 

L(s ,a) = ε cos(2πna)n- S 

and 

L'(s ,a) = ε sin(2πna)n-S 

n=l 

with the condition 0 < a < 1 
In particular for a = 1/2,1/3,1/4,1/6 the series L(n , a) and L ’ (n ,a)can 
be expressed in L- series 

Dirichlet L- series are defined by 

Ld = Ld(S) = ε Xd(kW S, 

where Xd(k) is a character modulo d which will be referred to as the 
modulus and s as the degree or order if s is a positive integer n _ Tbeir 
properties have been summarised eleswhere [3]- If Xd(k) is real , the L• 

series is divided into two types denoted by Ld if X d( d - 1) = 十 1 and L_d 
if Xd(d - 1) = - 1. T hree series will be referred here namely 

L 1 
• + Z- S + r s + ‘ = ((s) 

L_3 l - s - 2-' + 4 -, - 5- s + --‘ 

L- 4 1- ' - 3-' + 5-' - r ' + -
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Thus for a = 1/2,1/3,1/4,1/6, L(n , a) a.nd L*(n , a) ha.ve the following 
expressions (see a.lso [4]) 

L(η ， 1/2) 

L(π ， 1/3) 

L(π ， 1/4) 

L(n , 1/6) 

(1- 21-")Ll (n) 

= -T1(1 - 31-")Ll(n) 
= -2"(1 - 21-n)Ll(π) 

2- 1(1 - 21-n) (1 _ 3' - n)L1 (n) 

L*(n , I/2) = 0 

L*(n,I/3) T'v생L_3(n) 
L.(n) L*(η ， 1/4) 

L*(n , I/6) T 1 얘( 1 + 21-n)L3(n) 

lt is well known tha.t L1(2n) = 0 a.nd Ll (2n) = Rπ2\ where n ÎS a positive 
integer a.nd R is a. ra.tiona.l number. Simila.rly, it ma.y be shown [IJ that 
L.(1-2n) = 0 and L.(2n-l) = R’π2n-1 W here R' is a rationaJ number 
These are special cases of the following theorem due to [3J 

Theorem. For a positive inleger m 
(a.) Ld(1- 2m) = 0, L d(2m - 1) = R'd-t 7r

2m- 1, 
L_d(-2m) = (- I)mR'(2m)1/(2d)2m ; 

(b) Ld(-2m) = 0, Ld(2m) = Rd-tπ2m 
Ld(1 - 2m) = (_I)m R(2m _1)1/(2d)2m-l ; 

where R and R' are ratioπal numbel.s depeηding on m and d 

For a 폼 1/2 ,1/3,1/4,1/6 , L(n , a) and L*(n, a) cannot, in genera.l, be 
expressed in L- series. The aim of this pa.per is to extend the above resu lcs 
to the cases in which a ￥ 1/2,1/3,1/4,1/6(0 < a < 1) 

We also give a recursion formulas for determining F( -n, a) , n E N, 
where F(s ,a) is tbe Lerch' 
senes 

F(s , a) = ε e2τnaln -.!. 
n:;;l 

This enabl않 us to extend a resuh of Ka.i Wang [2J to obtain an expo
nential surns of certain recursion formul a.s by means of Bernoulli numbers 
and Bernoulli polynomials 
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2. Analytic behaviour of L( s, a) 

Lemma 1 

f∞ cos(2πa) - e- .1.3- 1 
L(s ,a) = T'; ~ \ I f( s) Jo e' + e- ' - 2 cos(21Ta) 

Re(s) > 1 

Proof Make the substitution u = nt in the Euler ’s in tegral for f 

f(s) = 10∞ e-u u' -ldu , Re(s) > 0, 

and we obtain for Re( s) > 1 

효 cos(2πna)n s = - L 힌∞ ∞s(2πna)e-n' t'- l dt 
n=1 r (s) n=1 Jo 

Thus 
、 ∞ 

L(s ,a) = T'; ~ ' I ε ∞s(2πna)e 씬，-1 dt . 
f( s) Jo ~ 

The validity of the interchange of summation and integration is not diπ}

cult to establish. Let H(t , a) be defined by 

H (t , a) = ε cos(2πna )e- nt , Re(t) > 0 
n=1 

뿔 { e-n('-2πa‘) + e-n (t+2πna.i) } 

Make use of ε응1 r - n = l /(r - 1), to obtain 

We have 

L 1 
H(t , a) = ~(고그다，' - ， + 고강김 τ ) 

ι ‘ 

cos ι7r a - e- t 

H(t,Q) = -
e' + e- t - 2 cos 21Ta 

This completes the proof of the lemma 

The function H(t ,a) ,O < a < 1, is analy“c near t 0 therefore it 
can be expanded as a power series in t. 、ν'e have 
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Lemma 2. The Taνlor series expansion oJ H (t , a) is given by 

H (t, a) = J + ε -걱L→t2n+ 1 ， Itl < 2π8(8 = rnin{a, 1 - a}) , 
2 ' ~(2n+l)1 

ψheπ the coefficient an sati챔es the recurrence relation 

l 
an = -，c-----~ 

2(1 - cos 2πa ) ’ 

2(1 - cos 2.,,-a)an = 1 - 2 효 (찮 1)an _ k ,n 2: 1 

Proof It is to be noticed tbat H (t ,a) + ~ is an odd function, since 

et - e- t 
H (t ,a)+;;=nt .• , -_. -n ... n . . \ =-(H (- t ,a) +;; ) 

2 2( e' + e-' - 2 cos 2.,,-a) 

It f，이lows tbat H (t , a) + ~ = ε응o 걷풍Ij! t2n+ 1 whicb is valid near zero (in 
fact v따id in tbe disk Itl < 2π8， wbere 8 = min{a, 1 • a ), whκb extend to 
tbe nearest singularities 土2.，，- ai and 士2πi(1- a) of H(t ,a)). T be relation 
2(H(t ,a) + ~)(e' + e- ' -2cos2 .,,- a) = e' - e- ' gives 

。o 00 -I 2n 00 4- 2n+l 
'{2 ε -뜯기t2n+t }{ε 스~-cos2πa} = ε -느-

’‘=0 ‘“… HW Jl~ (“…)1 --- - . ) ~ (2n 十 1 )1 

Thus we obtain tbe formula 

ξ {2 효 an-k 1 }t2n+1 - 2 ms 2πa 효 」느t'n+ l 
,1= O k=o (2k)’(2n-2k+1)l r - --- . -~(2n+1 ) 

ξ~ t 2n+t 

~ (2n + 1)1 

which can be written in tbe form 

효{2 효 (2π ~ 1L)~n二늑 }t2n+1 → 2 cos2πa 증 」느t2n+t 
n;:::;Q k= O \ 2k ) “… “ )1" - --- - -~(2n+1) 

ξ t2n+ 1 

갇Ó (2η + 1)1 
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Thus for the coefficient an we have the recurrence formula 

끼
 
” ( 1 

ao (1 - ∞s 27ra )an 
(1-cos2 7r a) ’ 

1- 2 효 c댔 l)an_ k， n 2': 1 

The first few terms are easily determined to be 

al 二
2 + cos 27ra 

2(1- cos2πa)2 
a2 = 

Cos22πa + 13 cos 27ra + 16 

2(1 - cos 27ra)3 
% 
-
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Theorem 1. The function L( s , a) defined in lemma 1 by 

L(s ,a) = 上 /∞ cos 27ra - e-t ts ldt, Re(s) > 1 
r( s) Jo e' + e- ' - 2 cos 2π 

has a holomorphic exlensioη to the whole complex s - plane 

Proof Recall from lemma 1 that H(t ,a) = 날딸텔뜨 Let us define 
the functions P(s ,a) and Q(s ,a) for Re(s) > 1 by 

P(s ,a) = I H(t ,a)t'-ldt , 
‘ O 

Q(s ,a) = 1∞ H(t ， a)t'댐 (6 = rnin{a, 1 • a}) 

The integral ft' H(t , a)t'-ldt exists and converges uniformly in any finite 
region of the complex s- plane, since the function e-땐'(')+l(e' cos(2 7ra) • 

l)/(e' + e- ' - 2cos(27r a)) is bounded for all values of Re(s) , and we can 
compare the integral with that of 1/t2 • Thus Q(s , a) is an entire function 
Recall from lemma 2 that 

H(띠) = J + ξ an 기2n + 1, t E [0, 이 
n=O \‘“ 1- 1)! 

the convergence being uniformly on [0 , 이 We deduce for R e( s) > 1 that 

r ó ∞ ” 
P(s ,a) = 1. { 二 + ε -二L-1t2n+1}ts-1df

A 2 n=o l“n + 1) 
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That is 

P(s , a) = 」 I ts-I따+ ξ{」L- / 6t2n+s 
Jo - --, ~'(2n+ 1)! Jo 

83 응o 82n+ .s+l 

감 + 싫 (2n + 니!(2n +s+ 1 ) 

Thus P(S , a) is a meromorphic function on j; with simple poles at the 
pointes 0, - 1, -3 , -5 , . . . , Since 1/[ is an entire function , we may extend 
L(8 , a) to the whole of j; by 

(2) 
P (s , a) , Q(s , a) 

L(s, a) = --- + 
r(s) , [ (s) 

Since Q(s , a) and 1/1' are entire functions, t he singularities of L(s , a) can 
only be those of P(s , a)/1'. We have seen that P (s , a) has simple poles 
at 0,-1 ,-3 ,-5 , η Since 1/[ has simple zeros at 0, -1 , -3, -5 ,'" it 
follows that L(s , a) is regular for all values of s in the complex plane , 

Theorem 2 
(i) L( - 2n,a) = O,n E N 
(ii ) L(O, a) = - ~ and 
(iii) L(l - 2n , a) = -an -1 , n E N 

Proof The proof depends on the partial fraction (2) of L(s , a) and the 
fact that 1/ 1' has simple zeros at -n (n = 0,1,2," .). We have 

P( -2n, a) , Q( -2n , a) 
L( 2n,a) = ----- + ---- = 0,n e N 

r( -2n ) , r( -2n) 

Thus the proof of (i) fo l1ows. To prove (니 ) and (“ i) we take the limit of 
(2) as s • 1 - 2n , Therefore we have 

L(l - 2n ,a) = 
" .. ,P (s ,a) , Q(s ,a) , 

s• 1-2n ‘ r( s) ’ 1'( s) , 
’ P(s,a) 

s....:ï :.2n r( s) 

T hus 

00 f:.2m+s- l 

L(1 - 2n ,a) = 쐐n 꾀 걷 (2m + s - 1)(2m _ l), a m - 1 
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Since r has simple poles at -n(n = 0,1,2 ‘ .) with residue (-I)" /(n)! , 
we conclude that 

lim r(s)(2n + s - 1) = Res(r, l - 2n) = --L
(2n-l) !' 

Thus we obtain 

L(I - 2n,a) = 
&2n+ .s - l 

s→1안"r(s)(2n + s -1)(2n _ 1),an
-

1 

= -an-l > n εAI， 

where an can be determined by (1). For s = 0, we have 

1;:3 .l-S 

L(O , a) = lirr.! - n n f \ = lirr.!-;;r→= 二
;:::ô 2sr( s) ,• Ö 2r(1 + s) 2 

This completes the proof of T heorem 2 

The first few values of L(1 - 2n, a) , n E N , are given by 

L( - I ,a) 

L(-3 ,a) = 

L(-5 ,a) = 

L(-7 ,a) = 

1 

2( 1 - cos 27ra) 
2 + cos 2πa 

2(1 - cos 27ra )2 
cos22πa + 13 cos 27ra + 16 

2(1 - cos 27ra)3 

Cos32πa + 60cos2 2τa + 297 cos 27ra + 272 
2( 1 - cos 27ra)4 

3. Analytic continuation of L*(s ,a) 

Similar results and statements of those of ~2 can be obtained for 
L*(s , a). Here we state these main results 、vαhout proof, since methods 
of proof used in ~2 can be applied in analogous way here. 

Lemma 3. L* (a ,s) = 꾀j암H‘(t ， a) t'-Idt ， Re(s) > 1, 빼eπ 

W(t , a) = -，-，띤감E 
e' + e-' - 2 cos 2πg 
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Lemma 4. Th e funclion H* (t , a) has the Taylor seπes expaη510η 

H" (t , a) = ε bnt>n, It l < 2π8( ó = rnill {a , 1, -a} ), 

ωhere th e coefficient bn salisfies the recurrence relation 

(β찌3야) %F= s잉l뼈I 
2(1- c∞cos 2상π7ra이) 슨섭~ (α2았k서세 )! ! 

The fìrst few tenns are found to be 

b1 
sin 2πa 

4(1-cos2πa)2 

b2 = 
cos 2πa+ 5 

48( l - cos 2m)3 SIn ι7ra 

cos 2 2πa + 28 cos 27r a + 61 
l440(l - cos 2m)4 Sln ιra b3 = 

Theorem 3. The funciion L' (s , a) can be extend to a holom07'phic func 
tion in th e who/e complex s - plane . M oreover th e partia/ fractioη expanS20n 

of 1' (s , a) is given by 

(4) 
P ' (s , a) , Q ‘ (s , a) 

L‘ (s,a) = --- + --
r(s) , r(s) 

ψhe7'e P *(s ,a) a뼈 Q*(s , a) are defi7때 for R e(s) > 1 by 

r(s , a) = fo' H" (t , a)C해 Q*(s ,a) = l∞ H"(띠)t，-I dt , 

ψhere the J:μnction H ‘ (t , a) appea7'S in the integrand is given in /emma 4 

Proof It can be shown, as in Theorem 1, that the functioll Q ‘ (s , a) is an 
entire function and that P ’ (s , a) is a meromorphic function with sir매le 

poles at O, -2, -4, -6, -- SlI1ce l/F has Slmple zeros at O, 2, 4, -6, - , 
it follows [rom (4) that L’ (8 , a) is regular for all s Ef 
Theorem 4. (i) L*(l - 2n ,a) = 0, (i i) L ‘ (-2n , a) = (2n )!bn (n = 

0 ， 1 ， 2ν . ), ψ，he7'e bn is given by (3). 
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Here a,'e some va/ues of L*( -2n , a) (n = 0,1,2,"') 

L"(O,a) 

L*( -2, a) 

L"( - 4,a) = 

L’ (- 6,a) = 

sin 2πa 

2(1 - cos2πa) 

sin2πa 

2(1 - ∞s2πa)2 
cos 2πa+5 

2(1 -김묘7ra )3 S잉m ιι7πr 

cos강227ra + 2잃8 ∞S 27rπ7ra + 611 . ~ 
2( 1 - cos 27ra)4 잉nπa 
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4. Exponential sums of certain recursion formulas 

In this sect ion let Bn (:τ) be the nth BernouUi polynomials; defined by 
the power ser ies 

-J. _rt 00 .J k 

냥늠τ = ε Bk(X)뇨 
k=O 

and Bn = Bn(O) is the nth Bernoulli number 
For the special case a 긍(，. < m) the coe댄cients an and bn in the 

recursion formulas (1) and (3) will be denoted by an (긍) and bn ( 궁) respec
tively 

In this section we wi ll prove the following result: 

Theorem 5. Lel m > 2 be a fixed positive integer aπd /et a be an integer 
such that a 줄 o (mod m). Then for n ::::: 1, 

E1 e 2πi.Ct.ì/man (조) =-윤(B2n - m2nB2n (뜯 [뜯])) 
"(= 1 ’ “ ’‘ ”‘ ”‘ 

and 

뚱
1 

e-2Tm/mbn(l) = 」L-(B2n+1 - m2n+1B2n+I(으 며)) , 
?=l 

m (2n + 1)1 

ψhere an (궁 ) and bn (숭 ) aπ given recursive/ν by (1) and (3). 

For the proof we shall need the following theorem : 

Theorem 6. For η “ positzve integer 



224 Ibrahim Abou-Tair 

(a.) F(1 - 2n , a) = -an_l 
(b) F(-2n,a) = (2n) !bni ‘ 

where F(s , a) is the Lerch zeta-functioπ as deβned in the lntroduction 

Proof Reca.1l th a.t F (s ,a) sa.tisfies the following function a.l equa.tion 

F(sζ찍씩， a찌a띠) = 믿二펀펀(씬e감F센πm세세빠빠써‘서이싸“써써(1ι“서써1-닝써페-→녁쉐s샤씨씨씬)/2꺼/η간센2삿〈 
l‘““/ 

where ((s , a) is the Hurw띠 zet a.- function , defined for Re( s) > 1 by the 
senes 

((s ,a) = ε (n + ats, 0 < a < 1 
n =O 

The functional equation of F(s , a) ca.n be written in the form 

(5) F(s , a) = 
) 

시
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By observing t hat 

F (s ,a) = L(s ,a) + iL’ (s , a) , 

we find th a. t 

(6) 
r(1 - s) 

L(s,a) -，~-，τ; sin(-πs){ ((1- s,a) + ((1- s , 1- a)} 

‘“/ 
a.nd 

(7) 
r(1 - s) 

L- (s,a) = ---τ cos( πs) { (( 1 - s,a) - (( 1 - s, 1 - a)}. 

l‘“ l 
The fu따unκC야t íona뼈la때a떼I equa.와때tμion (α에6이)， 、w파! 

Theorem 2 for L(1 - 2n , a) give the f이lowing identity : 

(8) 
+1 (2π j2n 

((2n , a) + ((2n , 1 - a띠) =터(- 1니l )nγn+l ' - "/ . . aμ써? 
(2n + l )! 

Similarly, the f unctiona.l relation (7) , w빼 s = -2n , a.nd tbe value ob
t a.l야d in Theorem 4 for L ’ (-2n , a) give t he identity 

(9) ((2n + l ,a) - ((2n + 1, 1- a) = (- l t(2π)2n+lbn ， n = 0, 1,2, 
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Now the first part of the Theorem foUows [rom the functional relat ion (5) , 
W빼 s = 1 - 2n , and the identity in (8) . T he second part of the Theorem 
f이 lo\'‘’s from the functional equation (5) , with s = -2n, and the ident띠 
in (9). 

p,.oof of Theorem 5. The proof of Theorem (5) foUows now from Theorem 
(6) and the following result of K. Wang [2J. 

Theorem. Let m > 2 be a fix ed positive intege1" and let a be an intege 1" 

such that a 좋 o (mod m). Then f0 1" n 으 1, 

El e-2*,a7/mF(1 - n냥) = i(Bn - mnBn(융 -[움J)) 
",/;1 

5. Evaluation of L(2n, a) and L' (2n + 1, a) 
Values of L(2n , a) and L" (2n + 1, a) , n E N , depends on the determi. 

nation of ((-n ,a) , which 、.ve try to find in this section 
Recall tbat 

((s ， a)= ~느 /∞ 주닫t'-'dt ， Re(s) > 1 
r(s) Jo 1 - e 

The function te-a'/(l-e-') is analytic near zero. Let ε;:";0(( -1)’‘ /n!) Cn tn 

be its expansion abou t zero, which is vaild for It l < 2". Let G(t) = 
e-at /(l - e- t). The relation 

(G(t))(l - e- t)/t = e-at 

glves 
∞ (- l t ∞ (- lt ∞ ( _a)n 

(ε -7-cntn) (ε --「tn) = ε 다「t . 
n=O ’‘ n=O ‘“ ’ ‘l n=o 

J.e 
∞ ;.., ( 1)n ∞ (-at"n 
ε(ε j Cn_k) t

n 
= ε 다「t 

n=O k=o (k + 1)!(n - k) n=o 

Therefore we obtain the recurrence formula 

m ( 
co = 1, 펴 
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The first few cn are found to be 

Cl = • "2 + a 

C2 = $ + a(a l) 

C3 = 탄(2a2 - 3a + 1) 

C. -上 +a2 (a2 -2a+1) 
30 

It is 、vell known that , the function ((s , a) can be extend as a mero 
morphic function to the entire s- plane by t he contour integral 

씨
 

( f (l- 5)e ‘ 1rS [ tS- 1e-at 
((5 , a) = 

- , -
2~i - Jc .1 

- -e 

where C is a loop a round t he positive real axis 
If 5 is an integer, then the integrand in (11) is single valued and we 

obtain 

강nn ! r 던객;rfdt 
2π i Jc 1 - e- t 

(-ltn ! f , tC.t ,"_n_l dt 
= l (--「)t

27ri J l t l~8' 1 - e- t 

I ∞ (-1) ,m\ ,_n_ldt 
(- lrn! ，，~ 1 _ .( ε 「7Qntm)t-”← 1

27rt J t |= 5 m=o : 

∞ (_l)m I 1 f2π 
( - lt n l 앓 #Cm(섬 t m- n- 1 dt ) 

Hence for negative integers, the value of ((5 , a) is given by 

(12) ((-n ， a)=--느Cn+l (η = 0,1,2,' 
n+1 

We find from (1 0) and (12) that 

(( -n , a) 

((O,a) 

((- l ,a) 

(( -2, a) 

(( -3, a) 니
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Lemma 5. For n a ppsitive integer, 

(( - n , 1 - a) = (-l t +l(( -n, a) 

Proof Let s = 1 + 2n in the function al relat ioD (6). Sinæ the left- hand 
side of (6) is regular and si따e r(l - s) is regular in the s- plane except 
for simple poles when s is a positive integer, we must bave 

(13) (( -2n, 1 - a) = -(( -2n, a). 

Si때larly， let s = 2n in (7). The same argument sbows that 

(14) ((1 -2n ,1- a) = (( 1-2n ,a). 

Theorem 7. 
(a) L(2n ,a) = (-lt+l않원C2n ， 
(b) L*(2n - 1, a) = ( _l)n點히C2n-l 

Proof As r( s )r(1 - s) = csc(πs) for non- integral s then tbe function 
rela tions (6) and (7) can be written in the form 

페
 

( (2π) 5 ,1 
L(s,a) = -- sec(-πs){(( 1 - μ)+ ((1 -s ， l- a) } 4r (s) ---' 2 

and 

(16) 
(2π ) 5 I 1 

L·(s, a) = - - csc(-πs){ ((1 - s, a) - ((1 - s , 1 - a)} 4r(s) --- '2 

respectively 
Let s = 2n in (15) and using the relat ion in (13) , we obtain 

(2π )2n 
L(2n,a) = (-Un-----1<(1 2n,a). “‘n - 1) 

Tbe first part of tbe tbeorem follows now from the relation in (12). Simi 
larly, the relation in (1 6히) , 、w‘v새’ 

+μ1 (2π껴)2n-l 
L*(2n - 1, a) = (- lr+ 1 ')~~'~ ) _ ')\1 (( -2n + 2, a). 

“““ 2) 
The second part of the tbeorem now follows from (12) 
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