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A CLASS OF GENERALIZED TRANSFORM 
AND THEIR APPLICATION IN THE 

BOUNDARY VALUE PROBLEM OF HEAT 
CONDUCTION 

A‘ Siddique 

1. Definition and Inversion Formula 

We consider the self adjoint Bessel differential equation as 

d ，~， ,dy 
P(x) -; [Q(x) ~' ] + [R(x) + S(x) ]y = 0, 

dx'~ ' ~ ' dx 샤
 

1 ( 

with the conditions 

y(a) + hlyl(a) = 0 

y(b) + h2y'(b) = 0 

where P(x) = (x)1+2a , Q(x) = (x)'-2a , R(x) = >..2 ß2 X 2β S(x) = (0:2 

V
2ß2) , and a, b are the inner and outer radii of the cylinder and h" h2 are 

the independent radiation constant. 
The general solution of (1. 1) can be 씨ilten as 

(1.2) 

y(x) = x"[C1 J"(.hß) + C2χ (>..xß)] 이
 이 

/ 

1 
l 
i 

( 

where C, and C2 are arbitrary constants and J"(>..xβ) and κ(>"xβ) are the 
Bessel’s functions of first and second kind respectively. 

We want to obtain solutions of (1.1) which satisfies the condi tions (1.2) 
Hence we have 

C,[J" (>"aß ) + 암 {o:J"(>..aβ) + >"ßaß J，ι (>..aβ)}] + (1.4) 

C2 [κ(뻐)+ 암{o:κ(>..aß ) + >..ßaβκ， (>..aβ)}] = 0 
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206 A. Siddique 

and 

CJ [J.ν(뼈) + 양 {aJv (뻐) +À뼈Jv 뼈}] + (1.5) 

C2 [κ(써) + 렇 {aκ뼈 + Àβ/lYv'뼈}] = 0 

From (1.4) and (1.5) , we can deduce that 

CJ 

C2 

[Jv (Àaβ)+ 완 { aJv(.Xaβ) + ÀßaβJι (Àaβ) } ] 
[κ (Àaβ)+ 땅 {aχ(Àaβ) + Àßaβκ' (Àaβ)}] 

[Jv(Àbβ)+ 땅 {aJv(Àbß) + ÀßbβJv'().bB)}] 
Iκ(Àbβ)+ 완 {aκ(Àbβ) + Àβbβχ，().bß)}] 

에
 η
 

l ( 

Thus the function given by (1.3) is the solution o[ the equation (1. 1) , 
with the conditions (1.2), if À‘ is a root of the transcendental equation 

[ι (Àaβ) + E{aJv뼈 + Àßaβι (Àaβ)}] 

[κ뼈 + 양{aκ(뼈) + Àß/lYv' (À IP)}] (1.7) 

[κ (Àaβ) + E{Qκ(Àaβ)+ 써aBκ (Àaβ)} ] 

씨/1)+ 딸 {aJv ( À/I) + Àß/I Jν 뼈} ] = 0 

Now introducing t he following notations 

h 
φ 1 .V(Àaβ = [Jv(뻐) + J {μ(Àaβ) + Àßaß JV ' (À aβ) } ] 

h 
φ2ι (Àaβ) = [κ (Àaβ) + -l{Qκ(Àaβ)+ 써aβχ' (Àaβ)}] 

a 

íl J •v (써) = [κ(뼈) + t 2 {aχ(뻐) + ÀßbßYv' (À bß)}] 

íl2.v (뼈) = [Jv(뼈)+ t2 { aJv (À bβ ) + Àß/I Jν (À IP)} ] 

’ 

(1.7) can be written as 

[J.ν (À념) + φl .v(Àaβ)][κ (Àbβ) + ílJ ， v (À bβ )] (1.8) 
-[κ (Àaβ) + φ2ι (À년)][Jv(Àbβ ) + íl2,v( Àbβ )] = 0 
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Let À;(i = 1,2, .. . ) be t he positive roots of the equat ion (1.8) . Then from 
(1.4) and (1.5) , we have 

and 

y;(x) = -;;:-으뜨二 [Jv (À;xl1 )φ 2 ，v(À념) - κ(À념)와v(샤β)] φ2 ，v(:\iaβ )l ... V\.'.t.... J"" :i,v 

y;(x) = "으뜨二[Jv(À념)rh.v(À; If) - κ(À;션)!ì1 ，v (.Å;If)] (1.9) 
!ì2ι(À;bß) ’ v 

Then the following functions are the solution of the equation (1. 1) with 
the conditions (1.2) : 

Cv(h 1 , h2 ， À i Xβ) = [φ2 ，v(À;aβ) + !ì2 ，v(À‘bβ ) ]JvCÀ;Xβ) (1.1 0) 

-[φ l ，v(À;aβ) + !ì 1 ，v (.Å;If)]κ (À‘션) 

:\ow according the theory of sturm-Liouville [1] , the functions of the sys
tem (1.10) are orthogonal on the internal [a , b] with weight function x, 
that is 

t XCv(hl' h2 , À‘xβ)Cν (hl> h2 , À;xβ )dx = 0 i ￥ J (1.1 1) 
니 a 

I xC;(h 1 ， h 2 ， À ‘xβ)dx = IICv(h1 , h2, À;xβ) 11 2 

“
g 

U sing some well known properties of the Bessel’s functiollS [2 , pp. 634 , 
968, 969] we can easily derive 

I ICιCα띠씨vι( 

where 

• a2 P(μA시’zo; a; v이) - lV(À;xß ， a ， b) !V(Àι a, b) 

{b2Q(시xß ， b, v) _ a2 Q(시zβ ， a ， v)} (1.1 2) 
,,2 

十공(À‘xβ ， a, b)W R(Àix l1 , b, v) - a2 R(À;념， μ)} 

M(.Å ;션 ， a ， b) φl ， v (À‘aβ) + !ì 1 ， v(À;bβ) 

!V (À ‘%, a ,b) = [φ 2 ，v(À i aß ) + !ì2 ，v( À‘bβ)] 
P (AlZG, μ， v) = [J:(À‘μβ) - Jv - 1 ( À iμβ)JV+1 (시μ11)] 
Q(À;x l1 , μ ， v) = [Jι ( À;μ11) κ-1 ( Àiμ11) 

과ßJV- 1 (À;xβ)κ ( À;μ11) 
-Jv ’ -1 (Àiμ11)κ(À‘μ11 )] 

R(A,%, μ ， v) = [Y}(À;μ11 ) κ_1(À‘μ11)κ+1 (시Lβ)] 

(113) 

‘ 
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where a, b = μ. 

If a function J(x ) and its first derivative are piecewise continuous on 
the interval [a, b], then the relation 

T [J(x ), a,b,v ; À;] = Jv(시) (1.14) 

= t xJ(x)Cv(h I， h싸β)dx 

defines an integral transform , where 시 are t he positive roots of the equa
t ion (1.8). To obtain the inversion formula , let 

J (x) = ε ajCv(h" h2 , À;xß ) 페
 

1 ( 

mul t iplying both sides by xCv(h) , h2 , 사1β) ， (k fixed ) , integrating with 
respect to x between a and b, we get 

a; = J 

f;xJ(x)Cν ( h" h2 , 시zβ )dx ~ I J ß 
Cv ( h[ , h2, 시zμ) 

IICv(h) , h2 , ÀjXβ) 11 2 

L (À‘ x ß ) j = 1,2,3 
IICv(h ), h2, 시zβ) 112 ’ 

J 

에
 

l ( 

Hence 
∞ j 'v(Àjxß) 

J(x) = ε1In (l L ‘ (.1 \ 11 ,. Cv (h) , h2 , ÀjXß
) 

m -( 

where summation is taken over all the positive roots of the equation (1.8) 

2. Some Properties ofthe Generalized Integral ’I'rans
forms 

The following properties can be easily verified from the definition of 
the transform 
(i) 

T[aJ (x) + ßg(x) , a, b, v; 씨 (2.1 ) 

= aT [J(x ),a,b,v : À;] + ßT[g(x ),a,b,v; 새 

‘ 
띠
 

( 

T [J( ax) , a, b, v ; À;] = 숨T[J(x) ， a ， b ， 세 (2.2) 
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(iii) Transform of 

Let 

d2 f , 1 df 
g(x) = ~τ + -- -?f dx2 ' x dx XZ 

1 = t x[J" (x) + 람(x)]Cv (h l， h2, 냉)dx 

t xJ" (x)Cν (h" h2, Àixß)dx + t 1' (x)α (h" hz ， ÀiXβ)dx 

{xCV (h
" 

h2, 상)1'(x)}~ - Àλ‘a앤t x벼z념βCα;μ(h" hμ2 ’， À시@녕쐐‘J년폐z녕에β%야앙)νf싸l' 

t 1'(x)Cv(h" h2
’ 
녕)dx + t 1'(X) Cv(h"h2 ' 않)dx 

{X[Cv(h" h2, Àixβ ) 1' (x )] • [시ßxβC:(h" h2, Àixβ)f(x)]}~ 

+ l b 

x- 1 [λ‘ x2βC: (h" h2, À; xβ)+ 시C~(h" h2, 상)lf(x)dx 

As the function Cααv (l 
Weh따ave e 

(2.3) 

9v(λ) = f z(f” + ifI - 잃f)Cv (h" h2 , 냉)dx (2 .4) 

二 {X[Cv (h" h2, 시zβ ) 1' (x)]- [À ißC:(h" h2, Àixβ )f(x)]}~ 
-À;]vf(시) 

which on simplication gives 

9v(λ) = Ecu(h1 , h2재)[J + h앓]x=b (2.5) 

+ÀiaC:(h" h2, λaβ)J(a) - Àf!v (λ) 

Transform of x V
• From the defini tion we have 

T[x V , a, b ， 씨] = t xv+' Cv(h " 써Zβ)dx 

using the result [2, p. 634] 

J xP+1 z(x)dx = X P+1 ZP+1(X) 
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where Zp(x) is one of the Bessel functions , and after the simplification , we 
obtain 

T[x V , a , b, /1; À‘l 
"v+ 1 .. 

= ζ.，..- [ζ + 二JCV (h) , h2, Àibβ) Àf 'b . h 
,.v+l 

+눈Cv(h t. h2 ， 뻐) 

(2.6) 

(v) Transform of a constant. We can easily derive 

T[8, a , b, 0 ， 시 = 
””” 

、
L
’

% 

꺼

t
 

‘A 

‘A 

2 

2 

’h 
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l 
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jn 
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”
이
 
이
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’orh 

L
‘ 

6
까
‘
 뻐
 

3. Particular Cases 

lf we take a = 0 and β = 1 in (1.1) and h) = 0 in (1.2), then it wouJd 
correspond to a known resuJt [3 , pp. 149- 154J. Several other cases can be 
derived by specializing the parameters in (1. 1) with respect to the choice 
of the boundary conditions. 

4. Problem of heat conduction in the cylinder 

Let us consider a cylinder of radii a , b, height h and syrnmetrical a long 
z-axis, having a heat source inside which leads axially symmetrical tem
perature distribution . Let (r, 0, z) be the cylindrical coordinate system 
and the heat is conducted symmetrically with respect to z- axis. The 
temperature function IJ is the function of space and time 

The heat conduction equation is given as 

ßIJ ‘ 
pc :，~ = k\i' ''IJ + ç(r, z , t, 0) at (4 .1 ) 

where ç(r, z , t , IJ) is a source function 
The use of subst itutions 

ç(r,z ,t,O) = 0(I"Z,t) + ε(t)O(r ， z, t) 

u(r찌) = O(r,z ,t)exp{- fo' f(y)dy} 

(4.2) 

( 4.3 ) 
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<p(r ,z ,t) = 0(r,z ,t)exp{-l f(y)dy} (4 .4) 

the heat cond uction、 equation (4.1) reduces to 

2 ψ(r， z , t) 
-_ = k\l‘ u+ "" "' 
8t p 

(4.5) 

where k I< / pC , k the diffusivity, I< the therma1 conductivity, p the 
density and C is the specific heat, and boundary condit ions are 

u(a,z ,t) + h 1흙(a ， z ， t) = '7a(z ,t)forallO <z< h,t>O (4.6) 
ur 

u(b, z, t) + h2흙(b， z ， t) = ηb(μ) for all 0 < z < h, t > 0 
ur 

where h1 and h2 are independent radiation constants. The initial condi
tíons are 

and 

1ψ" h, t) = 0 for all a < r < b, t > 0 

u(r,o,t)=Oforalla<r<b, t >O 

(4. 7) 

u(r ,z ,O) = uo(r,z) , for all a < r < b,O < z < h (4.8) 

where ηa(z ， t) , '7b(Z, t) and uo(r, z) are the known functions 

First phase. Let us consider that the density p of the cylinder is constant 
Then equation (4.5) becomes 

82u 18u 82u 
K(-- + + -응)H(r， z ， t)-~"，~=O (4.9) 8r2 • r 8r . 8ι ’ 8t 

Applying (1. 14) in (4.9) with respect to r and taking a = 0 = v due to 
the choice of the boundary condi tions 

a2fl ai <

j( ã
Z

2 - 굉 H(Ai , z, t) - 10:u + klþ(z , t) (4.10) 

where 

aCo( h1, h2, Aiaß)ηa(z ， t ) bCo(h \, h2 ,).,‘bØ)'l/b(Z, t) 
ψ (z ， t) = -- U \'- J. } '-","' - I" I u. \-'-j -~U\ ' - .l } . -." . . 

h1 h2 
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ow using fin때 Fourier sine transform to equation (4 .1이 with respect to 
z , using (4.7) , we have 

떻 +k摩 + Af빼， m , t) = - k7þ,(m , t) + Ç(.\‘’ m , t) “ 11) 

where 

and 

[ 앓짧s잉SIn띠(펀댈빨~)싸d따z 댐띈gF감원짧r뇨섯써u，떼， (nι찌， 

ψk씨， (m찌떠째’」씨tη)= [ψ(ζ t) sin (빨)dz 

r h ’., 
~(λ ， m , t) = I ç(시 ， z , t) sin (二끈)dz 

“ o Tl 

Again Laplace tran sform in va따ble t to equation (4.11) and using (4.8) 
glves 

L[u,(n , m , t)] [uo,, (n , m)] 

[p+파자누펌)] 
+ L [~(시 ， m ， t)] 

[p + k(사 +캘침)] 

kL[ψ， (m ， t)] 
[p+펴자누펄)] 

(4 .12) 

On using inverse Laplace transform in (4.12) , then app lying co nvolution 
theorem of Laplace transform to it and again using the inversion theorem 
of finite Fourier since transform to this result, we have 

i(n z , t) = a 홍 u，(찌 t) sin (빨) (4 .1 3) 

And lastly using (1.1 7) to (4.13) , we have 

。 ∞ ∞ 1 

u(r,z ,t) i§ ξ~ IICv(h\ , h, ‘ R\ii? [때(n ， m) (4.14) 

exp { -k(사 + 띈)}t-파ψ，(m ， u) - ç(.\ ;,m, t)} 

exp{ -k(사 + 편)}(t - u)du] sin(빨)Co(h J， h2써) 
where IICv(h\ , h2 ,.\‘xß)112 is given in (1.1 2) 

Second phase. Here we take the composite cylinder of vari able density 
and suppose p = por2, po is constant 
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(4.15 ) 

The equation (4.5) reduces to 

nu --
& 
-& 까

U
7
 

-
?
ι
~
 

-F

’ 

’ -
o 

T 
-
ny 

μ
u
R
 

-+ μ
 
-강
 

a 
꺼
O
 

+ U 
-T 

η
O
 끽
0
 

---r 
+ U 

} J 

nO 

:o m 

(4.16) 

Using (1. 14) to the equation (4.15) with respect to r , we have 

d2 u du. G(시 z , t) 
K- - - + --「- - Afki = kψ(z ， t) 

dz 2 dt ' p。

where ψ(z ， t) is given in first phase analysis and 

rb ~(7‘ z ,t) fJ ll ß 
G(시 ， z ， t)= 1 "τ:.:..::..!.CO(h " h2 , \rμ )dr 

Now applying Fourier sine transform in (4.16) with respect to z as in first 
phase due to (4.7) , we get 

(4.17) 
G,(>'i , m , t) 

띔 + kC; 0" + >.;)us(n, m , t) = kψ， (m ， t) + -.\.•-dt -, h2 -l/--"\ -/ T"\ -, -/ PO 

where kψ，( m , t) is given in the first phase and 

fh ~(r ， z , t) 
G，(시 ， m， t) I ':>,- ,-,-, sin(mπz / h )dz 

Further, the Laplace transform of (4.17) with respect to t , due to (4 .8) , 
gIVes 

kL [ψ， (m ， t)] 
( 4.18) 

ψ + k(사+ 말;< )] 
[uo,, (n , m)] 

ψ + k(시 + 딴쉰)] 
+ L[0，( 시， m , t) ] 
ψ + k(사 + 댐침) ] 

L[u,(n , m , t)] 

On using inverse Laplace transformin (4.18) , then apply convolution theo 
rem of Laplace transform to it and further appJying the inversion theorem 
of finite Fourier sine transform to this result, gives 

(4.19) U(n, z, t) = E 홍 μo(η ， m , t) s빼πz/ h) 
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And fin a lly using (1.17) in (4.19), we have 

u(r,z ,t ) = ; 증 흘{IIα(h" h2 , Àixβ) 11 2} -IUO( n , m ) exp{ -k(사 + 편)}t 
rt 

(J I I '\ ;::.， 시 ， m ， t) ， 1 1\ 2 , m2π2 

L{kψ， (m， u) - Gs~τ"' "J} e xp{ -k(사 + τi- )}(t - u)du ]] 
ιu 1'0 “ 

s in (빨)CO (h 1 ， h 2캔) (4.20) 
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