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ON PERTURBATIONS OF NONLINEAR 
SYSTEMS OF VOLTERRA INTEGRAL 

EQUATIONS 

A.A .S. Zaghrout 

1. Introduction 

The mathematical literature on this sub ject provided a good infor­
mation concerning the existence, uniqueness, stability, and continuous 
dependence of solutions of various classes of Volterra integro-differential 
equations, see for example, ([4 ,5,7]) . Once the existence and uniqueness 
have been established , a quite different analysis is required for finding 
asymptotic properties of the solutions. We shaU discuss and compare 
the boundeness and asymptotic behaviour of solutions of the perturbed 
Volterra integral system with that of the corresponding unperturbed sys­
tem. 

Consider the perturbed nonlinear system of Volterra integral equations: 
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with the initial condition 

x(to) = f (to) = Xo # 0 

and the corresponding unperlurbed nonlinear system 

ν(t) = f(t ) + Ig(꽤(s) )ds ， 이
 
“ / 

1 ( 

W까h the init ial equation 

y(to ) = f (to) = Xo ￥ o 
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where x ,y E Rn, an n - dimensíonal Euclídean space 
We use x( t) = x(t; to , xo) to denote the solutíon of (1.1 ) passíng through 
Xo at t = to 뻐d y(t) = y(t , to ,xo) to denote a solutíon of (1.2) passing 
through Xo at t = to. The symbol ] ‘ ] wi ll denote some convient norm on 
Rn as well 앓 corresponding consistent matrix norm. 

Our main hypotbeses are 
i) f E Rn 'is a continuous function and has continuous derivat ives on 

J = (0 ，∞) 
ii) 9 ε Rn is a continuous function and the part ial derivatives g" gx , g,x 

are continuous fo r all 0 < s < t < ∞. 
페 h E Rn is a continuous and has continuous derivatives with repect 

to t on 0 < s < t <∞ 

The nonlinear variation of constants formula of Brauer [21 has been 
used to obtain various results on the effect of a perturbation of Volterra 
integral system. He has shown that if y(t ) is a solution of (1.2), the 
corresponding variational system of (1.2) is 

z( t )=U+ 뀔(t;s ， y(s))z썩， z(to ) = U (13 ) 

where U is the uni t matrix. Let φ(μoxo) be the so lution matrix of (1. 3) 
with respect to the solution y(t) of (1.2) . Then t he solutions of (1.1) and 
(1.2) with the same ini t ial values are related by 

x(t) = y(t) + 멜(씩(s))[h(s ， s, x씨+ J: 앓(s ， T, x( T ))dTlds , 

For more details see Brauer [2J 

We need the following defini t ions ‘ 

Definition 1. The solution ν (t) o[ (1.2) is said to be globally uniform 
stable in variation if there exists a constant M such that 

]y (t , to ,xo) ] :::; M]xo ] 

|φ (t ， to ,xo)] :::; M , 

for all t 즈 to and ]xo] < ∞-
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Definition 2. The solution y(t) of (1 찌 is said to be exponentiaUy asymp­
totic stable in variation if there exist constants M > 0, a > 0 such that 
ly(t ,to ,xo)1 ~ Mlxolexp[-a(t-to)] and Iφ (t ， to ， xo)1 ~ M exp[-a(t - to)] 
for all 0 ~ to ~ t and Ixol is suffìciently small ‘ 

Definition 3. The solution y(t) of (1.2) is said to be uniformly slowly 
growmg m 、rariation if and only if for every a > 0, there exists a constant 
M such that 

Iy(t; to, xo)1 ~ M lxol exp[a(t - to )] 

때(t ; to, xo)1 ~ M exp[a(t - to)J 

for 때1 0 ~ to ~ t , Ixo l < ∞ 

Remark 1. We say that a continuous function z(t ) is slowly g rowing if and 
if for every a > 0, there exists a constant M , which may depend on a 
such that 

Iz(t)1 ~ M exp [at ], t 2': O. 

2. Main Results 

1n thi s section we state and prove our main results on the boundedness , 
stability and asymptotic behaviour of the solutions of the perturbed of 
Volterra integral equation (1.1) under some suitable assumptions on the 
perturbation term . Our results , in this section depend on the following 
two lemmas (Pachpatte [6]) 

Lemma 1. Let u(t) ,p(t) aπd q(t) be real-valued nonnegative continuous 
fun ctions defined on J , for which the inequality 

u(t) S Uo + I p(s)u(s)ds + l p(s)(l q(r)u(r)dT)ds, t ε ι 

holds, where μo zs a nonnegative coηstant. Then 
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Lemma 2. Let u(t) ,p(t) , and g(t) be r，πea띠따l-valtωu e뼈d nonrηnegatμ1ηv야;e contμznηnu 

f1μ‘mctions defiπed on J , for which the inequality 

u(t) 5 uo + lp(s)u(s)(u세 
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holds, ψhere Uo is a positive constant . Theπ 

where 

u(t) ~ 따 exp파(s)uoexp패r)dr)JR(s)ds ， t E J, 

R (s) = 1 - Uo I p(7-)exp(/ q(k)dk)dr, t E 1. 
Jto ι to 

Ip(r) exp패k)dk)drl ~ UÕ
1 , t E J 

Theorem 1. Assume the followings 
i) The solution y씨(t떠t샤) of (1 . 2잉~ is unψ7ππrmππn미l니lωy s외10때뼈ψ비lωyg때rOlωWI띠zn째l맹9 zn varπi띠때a 
ii ) The function h(t , s ’ x) in (1 .1) and its derivative h,(t ,s ,x) salisf:ν 

Ih(t , s , x)1 ~ p(t) lxl , t E J 

l 'μ ( t ， s , x) 1 ~ p(t) . exp (O't) . q(s) .1패 O ~s~ t < ∞ 

where 0' is a positive constant, p and q are continuous functions defiπed 
on J such that 

[ " Mp( s)exp([ 0

00 

Mp( s)exp([!Mp(r) + q(r )exp O'r ]dT ) ds ~ k , 

where M is a positive constant. Then aIl solution of (1. 1) are slowly 
growzng ‘ 

Proof Using the nonlinear variation of constants formula developed by 
Brauer [2] , the solutions of (1.1) and (1.2) with the same initial values are 
related by (1.4) 
Using the assumptions (i), (ii ) and (1.4) together with the definition of 
uillforrnly slowly growing in variation of the solution y(t) of (1.2) , we get 

Ix(t)1 ~ Mlxol exp O'(t ω) + I M exp Q(1 s) P(s)lt(s) |ds 

+ l M exp Q(i s) l p(s) exp a s q(T) lx(? )|drds 

Multiplying both sides of the above inequality by exp( -at) and applying 
Lemma 1, w뼈 u(t) = X (t) exp( -at) , we have 

lz(t)| S Mltolexpa(t - to)[1 + I{Mp(s) e쇄[Mp(r) + exp( O'T) 

q(T)]dr} ds , 
~ M lxol exp O'(t - to )[ l + 샤 
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The above estimate yields the desired result if we choose M and IXol small 
enough. This completes the proof. 

Now we apply the above technique to investigate the nonlinear system 
of Volterra integral system of the form 

I(t) = f(t) + l g(파(s))ds (2.1) 

+ l z(s)h(s, r싸x(to) = f(to) = Xo 

as a perturbation of the system (1. 2) . h(t ,x ,z) and k(t ,s ,x) a.re continu 
ous on 0 ::; s ::; t < ∞， Ixl < ∞ The solution of (1. 2) and (2.1) with the 
same initial values are related by (Brauer [2]) 

x(t) = y( t) + 흙(t ， s ， x(s))x( s싸 x(s) , (2.2) 

￡ k(s , T, z(T))dT)ds 

Theorem 2. Assume 
i) The solution y(t) of (1 .2) is globallν uniformlν stabZe iη variatioη 
ii) The fun 

Ih(t,x ,z)l::; p(t)(lxl + Iz l), t E J 

Ik(μ ， x)l::; q(s)lxl 0::; s::; t < ∞ 
where p and q are coηlinuous funclions defined on J such that 

l∞{MP(s)M lzo| exp(l q써)싸)}ds < ∞ (2.3) 

ωhere 

R(t) = 1 - M lxoll Mp(R)exp( I q(r)dr)dr, (2.4) 
ν '0 ι '0 

M> O,xo ￥ o are constants. Then all solutions of (2.1) αre bouηded 0η 
J 

Proof Using (2.1) and the assumption (i) , (ii) we have 
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Applying lemma 2 and using (2.3) and (2 .4), inequality (2.5) reduced to 

|x(t)| S Mlzolexpl{Mp(z) M빠xp패r)dr)째 

The above estimation in view of the assumption (2.3) implies the bound 
edness of all solutions of (2.1) . This completes the proof 

Remark 2. We note that theorem 1 implies not only the boundedness, but 
the stability of the solu tion x(t) of (2.1) if Ixol is small enough. Howevel 
the above estimation does not prove the asymptotic stability 

Theorem 3. Assume 
i) The so/ution y( t) 0 f (1 잉 IS U때‘tnπnI띠Iμψfoπrm미lωys따Iωoψ떼lωy growzng zn va삐a1'Za‘ 

i“비i) The functions h and k in (2.1) satisfy 

Ih(t ,x , z)1 :::; p(t)(lxl + Iz l), t ε J 

Ik(t ,s ,x)l:::; exp(at). q(s)lxl , 0 S s S t < ∞， 

where a is a positive constant and p and q are coηtin uous function defined 
on J such that 

jt{Mp(s) exp(as)Mzo exp(-ato) (2 6) 

exp( I q(r)exp(ar)dr)/R(s)}ds < ∞， 
Jto 

ψhe ，.e 

R(t) = 1 - M|zo| exp(fto) l Mph) exp(@T) 

e째파(r) exp(ar)dr)dT， M > O,xo t 0 

are conπ따~st띠an띠dι. Thenπ all so이/u띠‘“따t“ions of (:α2.1υ1υ) arπ-e slιow따j 

Proof As in Theorem 2, the solutions of (2.1) and (1.2) w때 the same 
initial values are related by (2 .2). Using the assun빠ions (i) , (ii) and (2.2) 
we have 

Ix( t) 1 :::;ν (t)1 + 1,‘ |φ (t ， s ， x(s))lx(so) 

h(s, z(s) , l lk(s, 7, t(7)|d7)ds 
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!.e. 

Ix(t)1 :S; M lxol' exp o:(t - to) (2.7) 

+ j Mt exp a(F s) I(s) P(s) (|z(s)| + l exp QS q(7)#(T) |d? )ds 

Multiplying (2 .7) by c>t and applying lemma 2 with u(t) = Ix(t)1 exp( -o:t) , 
we obtain 

fx (t) f exp( - o:t) :S; M fxof exp(-αt) . exp{ M p(s) exp( o:s) . M Ixol exp( -o:t) 

exp(관xp(m). q(r)dr)jR(s)}ds 

The above estimation yields the desired result if we choose M and Ixol 
sufficiently small and all solutions of (2.1) grow more slowly than any 
positive exponential. This completes the proof 

The next theorem shows that under some suitable conditions on the 
functions h , the exponential asymptotic stability in 、 ariation of the so­
lutions of (1.2) implies that all the solutions of (2.1) approach zero as 
t →∞ 

Theorem 4. Assume 
i) The solution y(t) of (1 잉 zs ex때poneθπ띠!lia미lμlων asym때l 

1νJariation 

ii) The functions h and k in (2.1) satisfy 

Ih (t ,x,z)f :S; p(t)( lx l + Izl) , t E J, 

Ik(t ,s,x)f :S; exp(- o:t)q(s)lx(s) l, 0 으 s :S; t< ∞ 

where 0: is a positive constaπ t， P and q are continuous funclion defined on 
J such that 

where 

f{Mp(s)exp@) M lzo| exp(Qto) (2 8) 

exp(폐(r)exp(얘r)dr)j R(s)}ds < ∞， 

ms) = 1 M|zo| exp(Qfo) I Mp(7) exp(-aT) 

exp(l q(T) exp( QT)dT)dT 
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Then all soIulions of (2.1) app1'Oach ze1'O as 1 • ∞. The p1'00f is similm' 
to that of Theorem 3, and so is omitted. 

Now we shall study the asymptotic behaviour of the perturbed Volterra 
integral equations allowing more general perturbations than we previously 
allowed. 
Consider the system 

X(t) = f (t) + 파(t ， s )[x(s) , g(s , x(s) ，강(s잭(T))dT )]ds ， (2 .9) 

as a perturbation of the system 

ν (t) = f(t) + 과(t ， s)y(s)ds , 
m n / “ 

( 

where a(t ,s) is an n x n conl inuous matrix, x ,y ,f ,g and k are as defind 
before. 

It is known [5] that the resol vent system corresponding to the system 
(2.10 ) is 

7" (1 , s) = a(t ,s) + 깐(1 ， u)1' (u , 

and 따 solution is called the resolvent Kerne l. If a(t , s) is locally L' in 
(I ,s) and if 7" (t ,s) exists and is locally V in (I,s) , then the system (2.9) 
may be written in the equivalent from “variation of constants for‘mula" 

x(l) 二 y(t) + 파(t ， s)g(s ， x(s) ， 꼼(S ， T， X(T))dT)ds ， (2 때 

where y(t) is the solution of the linear system (2.10) given by 

y(t) = f(t) + l' 1' (t ,s)f(s)ds ,t ~ 0 (2.1 3) 

Our next theorem shows that under some suitable conditions on the 
perturbation term 9 and on the function k , the uniform slowly groving of 
(2.10) relative to its resolvant kernel implies that aIl solutions of (2.10) 
are slowly growing 

Theorern 5. Assume 
i) The solution ν (t) of 잉.10) is uniformlν slowly growing 1'elative 10 

ils 1‘esolvent kerneI. 



On Perturbations of Nonfinear Systems of Vofterra 203 

ij) The pedurbation g(t , x , z) satisfies the inequa/ity 

Ig(t,x,z )l :S: p(t)(lxl +exp(ä)lz l), t E J 

aπdg" p(s)ds< ∞，1': > 0 is a constant. 
iii) Th e fuηctioπ k( t , s, x) satisfies the inequa/itν 

Ik(t , 5 , x)1 :S: q(s) lxl , t ,s, E J 

and 
L∞ q(s)ds < ∞ 

씨 TheTe exists a constaη1 N such that 

L∞ Mp(s)exP(l' [M(p(r) + q(r )exp(êr)]dr )ds :S: N 

ψheTe A1 is a constant in deβnitioπ 3. Then all solutions 0 f (2. 9) are 
slow/ν growmg. 

Proof As before, by using the variat ion of constants formula , the solution 
of (2.9) and (2.10) are related by (1.12). Using the assumptions (i i), (i ii ), 
(2.12) together with the uniformly slowly growing of (2.10) relative to its 
resolvent kernel, we obtain 

Ix(t)l :S: ly( t)1 + i' ls ， ( t ， s)llg(따(s ), 파(s ， r , x(r) )dr ) Ids , 

l.e. 

Ix(t)1 :S: Mlxol e째(ä)+ 10' Me째ε(t - s)p(s)(lxl (2.14) 

+I':S fo' q(r)l x(r)ldrds 

Multiplying both sides of (2.14) by exp( -ä) and applying lemma 2 with 
μ(t) = x(t) exp( - él) we have 

l.e. 

exp( -ct) ' lx (t)1 :S: MlxolM exp( - I':s) ‘ p( s) ( Ix I 

+ exp( l':s) l' q(")lx(r) ldr)ds 

exp( εt)lx(t)1 :S: Mlxol[ l + J Mp(s) exp(fo' (Mp(r) + exp(fr)q(r))d,')ds] 
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H ence 

Ix(t)1 :::: Mlxolexp (éi) [l + N]. 

The above est imation yields tbe desired result if we choose M and Ixol 

small enough , and the proof of the lheorem is complete 
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