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Introduction 

A complex n • dimensional KaehJerian manifold of constallt holomor 
phic sectional curvature c is called a complex space form, wlllch is denoted 
by Mn(c ). The complete and simply connected complex space form con
sists of a complex pro jective space C p n, a compJex Euclidean space C n 

。r a complex hyperbolic space CH ’‘, accordi ng as c > 0, c = 0 or c < 0 
The induced almost contact metric s tructure and the Ricci tensor of a 

reaJ bypersurface in M ,J c) are respect ively denoted by {4>, <, >, ç, 미 and 
s 

T he study of real hypersu따ces of C p n was ini tiated by 때mgi [13], 
who proved tha t all homogen∞us hypersurfaces o[ C pn couJd be divided 
into six types which are said to be of type All A2 , B , C , D and E . More
over, he showed that if a real hypers urface M of C p n ha.s two or three 
dist inct constant principal curvatures , then μ is locally congruent to one 
o[ the homogeneous ones of type A!) A2 and B ( [14]). 

Recently, a characterizat ion of the class of hypersurfaces 、vi th more 
thall t hree dist inct prillcipal curvat ures of C p n is studied by Kimura [5], 
who proves the following interes ting result : 

Theorem K . Let M be a real hypersurJace oJ CP치n > 3), then M 
salisfies S 4> = 4>S iJ and only μ M lies on a lube oJ radius r over one oJ 
Ihe Jo llowing f( aehlerìan submaniJolds : 

(Ad a hype'1J/ane c p n-l ’ 
(A2 ) a tolally geodesic C p k, (1 < k :::; n - 2), ψhell; 0 < r < ~， 
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(B) a copmlex quadηc Qn l , ωhe 1'e 0 < l' < ~ and cot2 2, 二 n - 2, 
(C) Cpl X c p (n- 1) /2 , where 0 < l' < π/4 ， cot2 21' = l/(n - 2) and 

(n :::: 5) is odd, 
(D) a complex Gmssmann G2 ,5(C ), ψhere 0 < l' < ~， cot221' = 3/5 

and n = 9, 
(E) a He1'mitian symmet ,-ic space SO(10)/U(5) , wheπ 0< ,. < π/4 ， 

cot221' = 5/9 and η = 15. 

On the otber hand , real hypersurfaces of C H n have also been inves. 
tigated by many authors (Berndt [1] , Ki , Nakagawa and S배 [3] , Ki and 
Suh [4] , Montiel [9], Montiel and Romero [10] and Suh [12]) 

Using some results about focal sets, Berndt [1] proved the following 

Theorem B. Let M be a connected 1'eal hypersurface of C H"(n 즈 2) 
Then M has constant principal CU'1JatuTes and ç is pnncipal if and only 
if M is locallν cong,'uent to one of the following: 

(Ao) a horospheTe in C H n’ 
(Al) a geodesic hype1'sphere 0 1' a lube ove1' a complex hype1'bolic 

hyperplane CHn-l ’ 
(A 2 ) a tube over a totally geodesic submanifold CH k fo 1' k = 1,2, 

n-2 , 
(B) a iube over a totallν real hypeTbolic space RHn 

lt is necessary to remark that real hypersurfaces of type Ao or A I 
appearing in Theorem B, are totally 1J- umblical hypersur[aces with two 
distind constant principal curvatures. In the paper of Montiel [9] the real 
hypersurfaces o[ type Ao in Theorem B is said to be self• tube. 

In particular, it is proved in [4] that a real hypersurface of C H ’‘ (n 즈 3) 
satisfies 5 q, = q,S if and only if M is of type Ao, Al ' or A 2 

We now introduce the notion of a pseudo- Ryan real hypersurface in 
Mn(c) , which is defìned by < R(Z, W)SX , Y >= 0 for any tangent vector 
fields X , Y, Z and W ortbogonal to Ç, where R is denoted by the Rieman
nian curvature tensor of M. The main purpose o[ the present paper is 
to investigate pseudo• Ryan real hypersurfaces of M n(c) , c ￥ o by using 
above classification theorems. 

1. Pre liminaries 

Let M be a real hypersurface o[ a complex n-dimensional complex 



Pseudo-Ryan real hypersurfaces of a complex space form 129 

space form Mn(c) , c ￥ 0, n ~ 3 and let C be a unit normal vector field 
on a neighborhood of a point x E M . We denote by J the Kaehlerian 
structure of Mn(c). For a local vector field X on a neighborhood of x in 
M , the transformation of X and C under J can be represented by 

JX = 1>X + η(X)C， JC = -(, 

where 1> defined a skew- symmetric transformation on the tangent bundle 
of M , 1] and ç being denoted by a 1- form and a vector field on a neighbor
hood of x in M respectively. Denoting < , > by the ind uced Riemannian 
metric on Al, it is seen that < ç, X >= η (X) for any tangent vector X 
on M. By the properties of the almost complex structure J , we see that 

1>2=-1+ 1] 0 (, 야 = 0 ， η 。1> = 0 ，1](0=1 ，

where 1 denotes tbe identity transformation , tbe aggregate (<þ, <, >, ç, 깨) 
is called an almost contact metri c structure. Furthermore, the covariant 
derivatives of the structure tensors are given by 

(1.1) (V'x <þ )Y = - < AX,Y > ç + 1)(Y)AX, V' xç = <þAX, 

wbere V' is tbe induced Riemannian connection on 1\1. and A denotes the 
shape operator in the direction of C. The tangent space of M at x will be 
denoted by Tr (J\1.) ‘ 

1n the sequel, the ambient Kaehlerian manifold is assumed to be of 
constant holo lTlorphic sect ional curvature c, which is called a complex 
space form and denoted by Mn(c). Then the equations of Gauss and 
Codazzi are respectively obtained: 

< R(X, Y)Z, W > 

(1.2) 

- 감< Y, Z >< X , W > - < X , Z >< Y, W > 

+<<ÞY,Z>< φX， W> 

- < 1>X , Z >< 1>Y, W > -2 < 1>X , Y >< <þ Z , W >} 
+ < AY, Z >< AX, W > - < AX, Z >< AY, W >, 

c 
(1. 3) (V'xA)Y - (V' yA)X = ~{η(X)Y - 71(Y) q,X - 2 < <þX , Y > 0 , 

4 

where R denotes the Riemannian curvature tenso r. The Ricci tensor 5' 
of M is the tensor field of type (0,2) given by 5 ’(X ,Y) 二 Tr{Z • 
R(Z, X)Y}. Also , it may be regarded as the tensor field 5 of type (1 ,1) 
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defined by S'(X, Y) =< SX, Y >. Thus, by means of (1.2) the R.icci 
tensor S of M is given by 

야
 ν 

l ( 
S = S{(2n + 1)I - 3” 없} - P, 

where P = A2 
- hA and h = TrA 

The strudure vector ç is principal, namely, if 

(1.5) Aç = O:ç, 

where 0: is the principal curvature corresponding ç. In this case, it is 
known that 0: is a locally constant on M (see [4] and [8]) . T he covariant 
del‘ ivative gives 

(\7 x A)ç = û:fþAX - A <ÞAX, 

배ere we have used the second f，“o아rmu빼l 
equ뼈a와tion of Codazz깅i (μμ1.3야) yields 

(1.6) Aq,AX = ~(<þA + A <þ)X + ~<þX 
/ . ~l. 

2. Pseudo- Ryan real hypersurfaces 

Let M be a real hypersurfaces of a complex space form Mn(c) , c ￥ 0, 
n 즈 3. The real hypersurface M is said to be pseudo- Ryan if RS = fç for 
any function f on M , that is , < R(Z, W)S(X) , Y >= 0 for any tangent 
vector fieJds X , Y, Z and W orthogonaJ to ç. Then by the properties of 
the Riemannian curvature tensor, we obtain 

< R(Z, W)S(X ), Y > + < R(Z, W)S(Y) , X >= 0, 

whjch together with (1.4) gives 

(2.1) < R(Z, W )(P X) , Y > + < R(Z, W )(PY ), X >= 0 

for any X , Y, Z and W in çκ where e denotes the orthogonal compJement 
of ç in Tx(M) for any x in M 

Let X he a principaJ curvature vector of A orthogonaJ to ç wit h prin
cipal curvature À. Then , by t he definit ion of P , we have 

(2.2) PX = o:I X , 
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where we ha.ve put 0'1 = .\2 - hλ Simi la.ry, for AY = μY we ha.ve 

(2.3) PY = 0'2Y, 0'2 = μ2_hμ 

Accordingly, (2.1) turns out to be (0'1 -0'2) < R(Z, W)X, Y >= 0 뻐d 

hence 
(2 .4) (.\ μ)( .\ + μ - h) < R(Z, W )X , Y >= 0 

for any Z and W in e .. 
If we put X = W a.nd Z = Y = øX , then (1.2) is reduced to 

< R(X， øX )(여X) ， X> = c+ < AøX,X >< AX ‘ X> 

- < AX,øX >< AøX,X > 

for a. unit tangent vector field X orthogonal to ç. Combioing the last two 
equa.tio따 a.nd ma.king use of (2.2) and (2.4), we get 

(2 .5) (.\ - μ)(.\ + μ - h)(c+.\μ) = o. 

00 the other ha.nd , for a. unit ta.ngent vector Z orthogonal to ç, the 
Gauss equation (l.2) implies 

< R( øZ, Z)X,Y > = ~ { < Z,øX >< Z,Y > - < Z,øY >< Z,X > 

+ < øX,Y >}- < Z,'þAY >< Z,AX > 

+ < Z ,<þAX >< Z, AY > 

~ow ， ‘ve t a.ke an orthogona.l frame {E1 , . .. , E2π-2 ， Ç} of 끄(M). Then the 
la.st relationship leads to 

2n-2 
ε < R(ØEi' 과)X ， Y >= nc < øX , Y > -2 < øAY, AX > 
‘= 1 

‘· ’ 
Let AX = .\X a.nd AY = μ Y for X and Y ε 싼 We then have 

ε < R(øE
‘
,Ei )X,Y >= (nc+2.\μ) < øX , Y >, 

wh뼈 together with (2.4) yields (.\ - μ)(.\ + μ - h)(nc + 2.\μ) = O. From 
this fact and (2.5), it follows that 

(2.6) (.\ μ)(.\ + μ - h) = 0, 

1 ‘ 
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which is equivalent to Q] = Q2 because of (2.2) and (2.3) . 
In what follows, we denote by P( Qr) and A(시 the eigenspace of P and 

A for each point x in ιf associated with eigenvalue Qr and >. respectively 
Summing up, we have 

Lemma 1. Let M be a pseudo-Ryan real hypersurface of M n(c) ,c f 
0’ n ~ 3. [f AX = >.λX and A rþX = μ rþx j.ψ0 1' a1때 X E P(ψa이1나)，’ t/; 

h띠ave rþx E P꺼(μ@α’iηl니) and (α2.6) J 
Since P can be regarded as the symmetric linear t ransformat ion 01 

Tx(M) for each x in M , the orthogonal complement e. can be decomposcd 
as f01l0ws 

ç.L = P(Qd Ell P(Q2) Ell ... Ell P(Qp) , 

where Q , ,' .. , Qp are mutua1ly distinct at x in M 
For unit vectors X E A(시 and Z E A(o-) such that X ‘ Z and rþX (E ç.L) 

is orthonomal , we can easily, using (2 .1), see that 

(>. - 0-)(>. + 0- - h) < R(X , Y)Z , W >= 0, 

from which , by putt ing X = W and Y = Z , we have 

(2.7) (A - o)(A + 0 h)($ + Ao) = 0 

ln the same way, for Y E A(μ) and Z E A(o-) we obtain 

(2.8) (μ 야(μ + o h)($ + μ0-) = 0 

3. A characterization of pseudo- Ryan r eal hypersur
faces 

Let M be a pseudo-Ryan real hypersurface of Mn(c) , c ￥ 0, such t hat 
ç is principal . We then eas ily, ta.king a.ccount of (l.6), see that 

n ” q 
u 

( 
(2). - Q) ArþX = (띠 + a)￠X 

for a uni t vector field X E A(시. 

Lemma 2. Let M be a pseudo-Ryan real hypersurface of M n( c) , c 커 O,n 즈 
3, on which ç is pηncipal. Th en the number of distiη ct eigeπvalu es of P 

is one, thal is, p = 1. 
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Proof Suppose that p :::: 2, or any Y E A(O") C P(al) , we then have 
Qr a2 - ha, r 즈 2 because of (2.3) and hence it follows that a[ # a2 , 
namely, (.À - O")(.À +0" - h) ￥ O. Conseq뼈Itly (2.7) implies .Àσ + a = O 
because {X, <þX , Y} which we have taken orthonormal. 

Similarly we have from (2.8) μ0" + ~ = O. Thus, last two relationshi ps 
tell us that (.À - μ )0" = O. However, 0" can not be zero because of c 폼 O 
Thus, we have .À = μ ， which together with (3.1) implies that 

(3 .2) 
n u --c 

-4 떠
 

2 
、i ” 

Since .À satisfies tbe quadratic equation x 2 - ax - ~ = 0 with ∞nstant 

coefficients , it follows that .À = H a 土 VD), D = a 2 + c :::: O. But , it is 
seen that D > O. 1n fact , if D = 0, tben .À = 웅 Therefore, all principal 
curvatures of M are a , 웅 융 It means t ha t 안 = A(시 = P(a[) 
wbich implies p = 1. It is contradictory. Hence, the quadratic equation 
x 2 - ax - ~ = 0 has followiog solutions 

、(ë A 、(ê
c> 0; τ cotO or ; - tanO, (O < 0 < 김 

J=E J =E 
c < 0; v 2 - cotb 11 or v 2 - tanh 11 , (11 ￥ 이 

Since we have 0" = 융， it follows that 0" is the same as above and thus 
a l = .À 2 

- h .À a" which produces a contradict ion. Thus , we arrive at 
p = 1. This completes the proof of Lemma 2. 

By Lemma 2, it is seen tbat e- = P(a,) and dimçι 2n - 2 fOl 
n :::: 3. Hence, it follows that ç = A(시 EÐ A(μ) or A( .À) ‘ 

For the case where P(aJ) = A( .À) , we get .À = μ and hence .À is a root 
of the quadratic equation x 2 - ax - ~ = 0, which means that .À is constant. 

The case ‘w‘v애” 
case, we obtain 
(3.3) .À + μ =h 

because of (2.6) . 1t is not hard to see that Y E A(시 • rþY E A(μ) is 
injective because of .À # μ. Since it is known that dim A(.À) = dim A(μ) = 
n - 1 ([9) , [14)) , it follows tbat h = a + (n - 1)( .À + μ) ， which together 
with (3.3) yields a + (n - 2)h = O. Accordingly, we see tbat h = constant 
and thus .À and μ are constant. Tberefore , we verify, in any case, that all 
principal curvatures of M are constant. 
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Lemma 3 . Undel' tha same assumptions as that in Lemma 2, we h.ave 

Prþ = rþP i.e. srþ = rþs 

Proof Let Q = Prþ - rþP . Then we have Q(, = 0 because (, is principal and 
P야 = rþP(,. For any X E ç.L = P(ad , it is, using Lemma 1, seen thaL 
cþX E P(al ). Consequently we obtain PX = a!X and P cþX = alφX 
and thus Q X = 0 for any X E e. Therefore we have Pφ = cþP ‘ This 
completes the proof 

From Theorem 3.3 of [4] and Lemma 3, we see that srþ = </>S if and 
only if M is of type Ao, A1 ' A 2 when c < O. Thus, for À f. μ we may only 
consider the case where c > O. 1n this case we have (3 .3). The table of 
Takagi [13] gives that 

a= 아cot 2B , À = 송 co빠 5) and μ = 굉tan(0 - i) -

Thus, it follows that À + μ = 풍， which together with (3.3) implies 
that a 2 = (n - 2)c, namely, cot2 2B = n - 2. From this fact , Lemma 3 and 
Theorem K, we see that srþ = rþs if and only if M is of type A J, A2 or B 
when c> o. 

Summing up, we have 

Theorem 4. Let M be a real h. ypersurJace oJ a complex space J01~n 

Mn(c) ,c f. 0, n 2 3. Then M is pseudo- Ryan and th e structur.e vec

tor ç is principal iJ and only iJ M is locally congruent to one oJ th.e typc 

A! , A 2 or B when c> 0; Ao, A 1 or A 2 when c < 0 
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