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ON DILATION THEOREMS OF A 
CONTRACTION IN THE CLASSES A n 

Il Bong Jung* , Yong Chan Kim* and Yong Kil Park 

Let 1í be a separable, infinite dimensional, complex Hilbert space anc1 

let l(1í) denote the algebra of all bounded linear operators on 1í. A dual 
algeb7、a is a subalgebra of ι (1í) that contains the identity operator 17-i and 
is closed in the ultraweμk operator topology on l(1í). For T E L (1í), let 
AT denote the smallest subalgebra of l(1í) that contains T and I7-i and is 
closed in the ultraweak operator topololgy. Moreovej:, let QT denote the 
quotient space C1 /上 AT ， where C1 is the trace class ideal in J: (1í) under 
the trace norm, and .1 AT denotes the preannihilator of AT in C1 . One 
knows that AT is the dual space of QT and that the duality is given by 

、‘ ‘ , , / 
1 
i 

/ , , 
、 (A, [L]) = tr(AL) , A E AT, [L] E QT. 

Furthermore, the weak* topology that accrues to AT by virtue of this 
duality coincides with the ultraweak operator topology on AT . For vectors 
x and y in 1í, we write, as usual , x @ y for the rank one operator in C1 

defined by 
(2) (x @ y) (u)=(μ ， y)x ， μ E 1í 

The theory of dual algebras is deeply related to the st udy of the problem of 
S이ving systems of simultaneous equations in the preduaJ of a dual algebra 
(cf. [1 ], [3], [5], and [7]) . That is the main topic of this work. In thi s 
paper, we consider the following question: 

Question 1. Let A be a normal completely nonunitary contraction acting 
on an n-dimensional Hilbert space sμch that IIAxl1 < Ilxll for fve 1'y nonzero 
vector x and let T E A m(1í) (w ill be de껴ned belo띠， ψh t re m = 1시n+ 1 )/2 . 
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Is ii true that there always exist in variant subspaces M and N for T with 
M 그 N such that the compression T M 8 N of T to -"'1 e N is unitarily 
equivalent to A? 

The notation and terminology employed herein agree with those in 
[5], [6], and [8]. We shall denote by D the open unit disc in the complex 
plane C , and we write T for the boundary of D. For 1 ::; p < ∞， we denote 
by LP = LP(T) the Banach space of complex valued, Lebesgue measurable 
functions f on T such that IflP is Lebesgue integrable, and by L∞ = 
L∞ (T) the Banach algebra of all complex valued Lebesgue measurable, 
essentially bounded functions on T. If for 1 ::; p ::; ∞ we denote by HP = 

HP(T) the subspace of LP consisting of those functions whose negative 
Fourier coefficients vanish, then one knows that the preannihilator ..L (H∞) 
of H∞ in L1 is the subspace HÓ consisting of those functions 9 in H 1 

whose analytic extension 9 to D satisfies 9(0) = o. It is well known that 
H∞ is the dual space of L1 / Hó , where the duality is given by the pairing 

(3) (f, [g]) = ￡ l2π f( eit)g( eit)dt , fE H∞ ， [g]EL1/H~ . 

Recall that any contraçtion T can be written as a direct sum T = T1 EB 
T2 , where T1 is a completely nonunitary contraction and T2 is a unitary 
operator. If T2 is absolutely continuous or acts on the space (이 ， T will be 
called an abso/utely contiπuous contraction. The following Foias- Sz.- Nagy 
functional calculus [5 , Theorem 4.1] provides a good relatior빼ip between 
the function space H∞ and a dual algebra AT . 

Theorem 2. Let T be an absolutely coηtinuous contraction in ι (1i). 
Then there is an algebm homomorphism φT H∞ • AT defined by 
φT (f) = f(T) that has the following properties: 

(a) φT(1) = 1'H, φT(e) = T , 
(b) 11φT (f)1I ::; Ilfll ∞ ， fE H∞， 

(c) φT ZS coπtiηuous 텐 both H∞ and A T are given their weak* topolo
gzes, 

(d) the range of φT is weak* dense in AT , 
(e) there exists a bounded, /inear, one-to-one map rþT : QT • Ll/HÓ 

such that rþ춘 = φT， and 
(f) if φT is an isometry, then φT is a weak* homeomorphism of HO。

onto AT and rþT is an isometry of QT onto L 1 
/ HÓ . 

Definition 3 (cf. [4]). Let A c C(1i) be a dual algebra d.nd let n be 
any cardinal number such that 1 ::; n ::; No. Then A wiU be said to have 
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p1'ope1'ty (A n) provided eve1'y n x n system oí simultaneous equations of 
the form 

(4 ) [Lij] = [X i 0 yj ], 0 ~ i,j < η 

(which t he [L ij ] are arbitra1'Y but fixed elements from 딩A ) nas a solution 
{꾀O~ i::n ， {yj }o~j < n consis tmg of a pai1' of sequences of vectors f1'om H. 

Definition 4 (cf. [4]). The ::lass A (H ) consists of all those absolutely 
continùous contracLon T in 디H) fo1' which the funct ional calcul us φT 

I-I∞ • AT is an isomet1'Y' Furthermore , if η is any cardinal numbe1' such 
that 1 ~ n ~ ~O ， we denote by A n(H ) the set of all T in A (H ) such that 
the a.lgeb1'a A T has p1'operty (A n) 

We write simply A n for A n('H) when there is no conf삐on . 1f T E ι (H) 
and M c H is a. semi- inva1'iant subspace for T (i.e. , the1'e exist im때ant 

su bspaces ;\./1 and N2 for T with N1 그 N2 such that )V( = }./1 e N'2 = 
N1 nA당 )， we w1'i te Tj Vj for‘ the comp1'ession of T to M. 1n othe1' words , 

TM PMT IM , whe1'e PM i '3 the o1'thogonal p1'ojection whose range is 
M. Let n be any ca1'dinal number such that 1 ~ n ~ ~O . Th1'oughout 
th is pape1', we write C for the complex plane and N fo 1' the set of natural 
numbe1's. Now we are ready to show the main theorem of this paper. 

Theorem 5 . Let A be a completely nonunitary n01'mal contraction act
zng 01~ aη n-dimensional Hilbert space HnJ 2 < n ε N J whose matrix 
7'elative to some orthonormal basis {u Æ} k=l for Hn 샌5 the d마za맹g0 7ηna띠1 7ηma따trηz 

Di퍼ag밍(이P사k니씨})샌z=되1 and let T E Am(H) J’ 'u뻐ere m 미n+l니ψ)/2 . Th cn there 
exist invarianl subspaces M and N for T 띠th M ~ ιV such that the 
compression T MeAf 0 f T to M e N is μnitarilν equivalent to A. 

Proof Let H m be an m- dimensional Hilbert space. 'Ne define a normal 
operator N E ι(Hm) wnose matrix relative to some orthonormal basis 

{과)} 떤~k for Hm is a diagonal matrix 
l<k<n 

(5) Diag(시1) 사1) 샤2) 새1 ) 쌍 탱 새)， • , 채) ) , 
、------- 、---、.-' 、-‘-

(2 ) (3) (n) 

where 샤1) = Ar) = = AT) = Ak , foI k = 1, 2 , , n Since N is a 
completely nonunitary contraction, we have Pdk=l C D and it follows 
from [4, Corollar‘ y 3.5] that there exist invariant subspaces M and N fOl 

T with M ~ N such that dim(M eN, = m and TMeAf is sirr니 1 a.r to N. 
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Let X be an inverti ble operator wi th T MeN X = X N. N ote th a.t 

(6) πuC) = AC)쇄 1 :S i :S k, 1 < k < n. 

For a brief notation, we write T = TMeN. Since X is one- to- one, it is 
easy to show that there exists a linearly independent set {wii)} 1 ~i9 in 

l < k < n 

M e N such that 11ωii )11 = 1 and 

(7) T야i) _ 싸)과 1 :S i :S k , 1 < k < n. 

Taking 11 = 폐1) ， we have Tf1 = A1f1· Assume that, there exist f1 , · , A 
in M e N with k < n such that T!i = Àdi , i = 1, ... , k. Since {ω셉1 , 
1않~1)} induces an (k + 1 )-dimensional Hilbert space π， there exists a 
normal vector 1k+1 E R such that (λ ， 1k+1)=ü ， i =1 ,2, ... ,k . Say 

(8) 
k+1 

.r _ ~_ …( i) 
Jk+1 듀 LUiωk+1 , 

where ai E C , i = 1, .. . , k + 1. Then we have 

k+1 

TIk+1 = T( ε aiψ깝1) 
i =l 

k+1 

ε aiTψ셉1 
i =l 

(9) 
k+1 

ε aiÀ셉1ψ셉1 
k+1 

A γ ( i) 
k+1 ι ai따+1 

i=l 

Àk+d k+ 1. 

Hence by the mathematical induction , there exists a set {λ}뜸1 cM e N 
such that Tλ = \1; , for i = 1,2, ... ,n. Let us denote 

m / , , 
、 κ = V!k. 

If we define a linear map Y : Hn • κ wlth YUk = 자 k 1,2, .. . ,n , 
then it is obvious that Y is onto and isometry. Since κ is an invariant 
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subspace for T , κ is a semi- invariant subspace for T. Furthermore, we 

have Tκy = Y A. Hence A is unitarily equivalent to Xκ and the proof is 

completé. 

Remark 6. Theorem 5 gives a solution for Question 1. 

Rema바 7. It follows from [4, Corollary 3.6J that if ,\ E D and T E A n, 
then there exist invariant subspaces M and N for T with M 그 N such 

that dim( M 8 /V) = n and T M 8N 二 '\1. This statement is a special case 

for the work of this paper. 
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